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I.    The  Fusion   Constants  of  Igneous  Rock. — Part  I.      The 
Measurement  of  High  Temperature.     By  Gael  Barus*. 

[Plate  I.] 
IXTRODUCTOEY. 

1.  JpLAN  of  the  Work. — The  present  paper  opens  a  series 
of  three  researches  made  at  the  request  of  Mr. 
Clarence  King,  for  the  purpose  of  elucidating  certain  funda- 
mental questions  in  dynamic  geology.  The  first  paper  is 
introductory,  as  stated  above ;  the  second  f  will  investigate 
the  amount  and  the  character  of  the  thermal  contraction  of 
a  molten  magma  passing  from  liquid  to  solid  ;  while  the  last 
paper  I,  in  addition  to  furnisliing  data  for  the  thermal  capacity 
and  the  latent  heat  of  fusion  under  the  given  conditions,  has 
for  its  chief  purpose  the  determination  of  the  relation  of 
melting-point  to  pressure.  I  will  anticipate  here  sufficiently 
to  state  that  not  only  is  the  rock-contraction  specified 
thoroughly  normal  in  type,  but  solidification  occurs  sharply 
at  a  definite  temperature.  Again,  compatibly  with  the  distinct 
value  for  the  latent  heat  of  fusion,  the  datum  found  for  the 
pressure-coefficient  of  the  melting-point  of  the  silicate  is  of  an 
order  identical  with  the  corresponding  constant  found  for 
organic  bodies,  fusing  normally. 

*  Communicated  by  tho  Author. 

t  See  note  in  American  Journal,  December  1891 . 

X  See  note  in  American  Journal,  .January  18iJ2. 
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2  Mr.  C.  Barns  on  the  Fui<io)i 

2.  Bemarhs  on  the  j^^'^sent  Paper. — The  following  high- 
teuiperature  work  was  done  nearly  five  years  ago.  Having 
the  present  occasion  to  corroborate  the  former  results,  I  was 
gratified  to  find  that  in  the  lapse  of  time  my  original  constants 
cannot  have  varied  more  than  4°  or  5°  at  1000°,  while  even 
this  index  of  the  time-error  of  the  method  can  be  largely 
explained  away.  It  seems  justifiable  therefore  to  give  the 
chief  features  of  my  method  of  work*  a  larger  publicity  than 
it  will  reach  in  a  ffeolooical  bulletin. 

Apart  from  this,  since  M.  H.  Le  Chatelierf  has  thrown 
discredit  on  the  platinum-iridioplatinum  thermocouple,  it 
becomes  incumbent  on  me  to  endeavour  to  restore  the  prestige 
of  the  older  couple,  lest  the  same  slur  should  also  come  over 
my  work.  Let  me  remark  in  passing,  that  though  I  have  no 
doubt  of  the  trustworthiness  of  the  ])latinum-rhodiuni  couple, 
nobody  has  as  yet  taken  the  pains  to  put  it  to  the  severe  test 
of  a  direct  air- thermometer  comparison,  through  which  I 
have  put  the  platinum-iridium  couple.  I  have  long  hoped  to 
find  the  time  to  do  this  myself. 

The  present  paper,  therefore,  though  its  main  object  is  a 
study  of  the  thermoelectric  or  thermal  behaviour  of  the 
platinum-iridium  couple,  enters  somewhat  minutely  into  high- 
temperature  air-thermometry  in  general. 

3.  Literature. — A  consideration  of  the  earlier  work,  for 
which  there  is  no  room  here,  will  be  found  in  the  Bulletin 
cited,  pp.  23-55. 

Appaeattjs  for  Air-Thermometry. 

4.  P relwiinary  Remark  as  to  Methods. — Constant-volume 
air-thermometry  is  scarcely  suitable  for  high  temperature 
work,  for  it  is  not  safe  to  bring  pressure  to  bear  on  the  white- 
hot  porcelain  bulb.  This  objection  applies  in  a  measure  to 
Deville  and  Troost's  Sprengel-pump  method,  which  has  an 
additional  incoveuience  in  not  being  continuous,  so  that  the 
fiducial  volume  is  lost.  On  the  other  hand,  the  constant- 
pressure  method  is  free  from  these  objections,  and  my  best 
comparisons  were  obtained  by  means  of  it.  Such  an  air- 
thermometer,  as  I  shall  endeavour  to  show,  is  complete  in 
itself,  admitting  of  a  redetermination  of  the  fiducial  constants 
(volume  of  bulb,  coefficient  of  expansion,  fiducial  zero)  with- 
out taking  the  instrument  apart  (§§  13,  14). 

*  Cf.  Annual  Report  of  tlie  Director  U.  S.  G.  S.,  1881-82,  p.  9 ;  ibid. 
1883-84,  p.  62 ;  ibid.  1886-87,  p.  192.  The  full  account  is  to  be  found  in 
Bulletin  U.S.  Geological  Survey,  No.  liv.  pp.  56  to  238  (1889). 

t  C.R.  cii.  p.  819  (1886) ;  Bull.  Soc.  Chim.  xlv.  p.  482  (1886). 
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5.  Porcelain  Bulls. — The  forms  of  air-thermometer  bulbs 
of  porcelain  which  I  used  are  sjiown  on  a  scale  of  5  in. 
(figs.  1,  2,  3).  They  were  made  by  Morlent  fr^res,  Paris,  of 
the  very  refractory  porcelain  of  Bayeux.  Fig.  1  is  the 
earliest  form.  Bulb  and  stem  are  in  one  piece,  and  put 
together  by  the  maker  before  firing.     In  consequence  of  the 

Fig.  1. — Xou-iuglazed,  uou-reentraut  porcelain  aiv-tlieriuometer  bulb. 

Scale  1/4. 


long  capillary  stem  (( )"  L  ceuliui.  in  bore) ,  i\.  is  all  but  im- 
possible to  glaze  these  bulbs  internally,  and  this  is  not 
attem})ted.  Their  capacity  is  somewhat  over  300  cub.  centim., 
and  the  mean  thickness  of  the  porcelain  walls  about  0"27 
centim.  The  stem,  which  is,  say,  40  centim.  long,  has  a 
volume  of  about  0*012  cub.  centim.  per  centimetre. 

To  use  such  a  bulb  for  calibrating  a  thermocouple,  it  would 
be  necessary  to  have  a  space  at  an  almost  unattainably  constant 
high  temperature  :  for  the  couple  is  practically  a  point,  and 
its  thermal  sensitiveness  is  instantaneous,  whereas  the  large 
bulb  necessarily  lags  behind  changes  of  temperature.  With 
the  object  of  eliminating  this  source  of  serious  error,  I  had 
the  bulbs  made  in  the  shape  of  fig.  2,  the  bottom  of  which 
is  reentrant,  projecting  inward  to  form   an   axial  tube,  m  n, 

Fig.  2. — Xou-iiiglazed  reentrant  porcelain  air-thermometer  bulb. 
Scale  1/4. 


closed  at  the  centre  of  figure,  m.  Into  this  tube  the  end  of 
the  properly  insulated  thermocouple  is  introduced,  with  its 
junction  at  m.  The  insulator,  §  10,  incidentally  subserves 
the   purpose  of  a  plug  for  the  open  end  of  the  tube  ni7i, 

B2 
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whereby  radiation  here  is  made  imperceptible.  In  this  re- 
entrant pattern  symmetry  of  form  has  been  sacrificed  in  order 
to  secure  gi-eater  identity  in  the  exposure  of  the  air-ther- 
mometer and  the  thermocouple.  Deville  and  Troost  condemn 
the  non-spherical  bulb,  but  I  have  not  in  my  experiments  with 
the  reentrant  form  found  any  evidence  to  agree  with  them. 
At  all  events  the  expansion  error  is  much  less  serious  than 
the  calibration  error  in  question  (§  14) . 

The  amount  of  gas  or  moisture  forcibly  retained  by  the 
lucres  of  the  non-inglazed  porcelain  bulb  may  be  greater  than 
the  manometer  pressure  indicates.  There  is  apparent  difficulty, 
moreoA^er,  in  defining  the  interval  volume,  a  quantity  which 
in  constant-pressure  air-therniometry  enters  essentially  into 
the  formulse  for  computing  temperature.  Hence  Deville  and 
Troost  devized  bulbs  which  could  be  glazed  both  within  and 
without,  as  shown  in  fig.  3.  Here  the  bulb  cdp  and  the  stem 
('/  are  distinct  parts.      They  are  calibrated  separately,  and 

Fig.  3. — Inglazed  uou-reeutraut  porcelain  air-thermouieter  bulb 
and  stem.     Scale  1  '4. 


prior  to  using  are  soldered  together  with  felspar  and  the 
oxyhydrogen  blowpipe.  The  bulb,  cdpj  ends  in  a  short  neck, 
cdrs,  just  large  enough  to  receive  the  stem,  ef,  snugly,  and 
the  canal,  cd,  through  which  the  bulb  is  glazed,  eventually 
becomes  the  prolongation  of  the  capillary  canal  of  the  stem. ' 

Bulbs  combining  the  features  of  figs.  2  and  3,  being  both 
reentrant  and  inglazed,  were  not  in  hand  at  the  time. 

Porcelain  soldering  is  difficult,  and  calls  for  skill  and 
patience.  I  found  that  after  fastening  the  bulb  to  a  rapidly 
rotating  whirling-table,  with  the  stem-axis  vertical  and  coin- 
ciding with  the  axis  of  rotation,  the  operation  was  much 
facilitated.  Symmetrical  heating  greatly  diminishes  the 
danger  of  breakage  to  which  the  bulb  is  Hable  because  of  the 
intense  heat  of  the  impinging  flame.  The  machine  is  de- 
scribed in  the  Bulletin.     Cf.  §  18. 

At  best,  however,  vacuum-proof  joints  are  sparingly  ob- 
tained, say  one  in  every  five  solderings,  and  samples  neat  in 
external  appearance  are  frequently  worthless.     If,  thei-efore, 
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ill  the  following  pages  I  have  proved  that  bulbs  not  glazed 
internally  are  quite  available  for  the  exact  air-thermometry 
of  high  temperatures,  one  of  the  serious  difficulties  which  the 
work  entails  will  have  been  removed. 

6.  Metallic  Capillarij  Tuhes* . — The  bulb  and  the  mano- 
meter are  joined  by  seamless  metallic  capillary  tubes,  about 
200  centim.  or  more  long,  and  "05  centim.  in  diameter  w^ithin. 
These  tubes  are  to  be  cut  apart  near  the  middle,  and  joined 
by  a  suitable  three-w\ay  glass  stopcock,  through  which  the 
bulb  may  be  exhausted  and  thoroughly  dried  at  red  heat,  and 
both  bulb  and  manometer  finally  charged  with  the  necessary 
amount  of  dry  air  or  other  gas. 

Capillary  tubes  may  be  made  of  either  copper,  silver,  or 
platinum.  The  latter  are  preferable  because  they  do  not 
amalgamate  in  case  of  an  accidental  contact  with  mercury. 
I  succeeded  in  making  copper  capillaries  myself,  by  filling 
a  thick  copper  tube  with  fusible  metal,  rolling  and  drawing 
the  tube  down  to  a  wire,  and  finally  melting  out  the  fusible 
core  under  slight  pressure  applied  at  one  end  of  the  tube. 
Tubes  of  the  kind  necessary,  however,  are  now  in  the  market, 
and  may  be  obtained  in  lengths  not  exceeding  5  metres.  As 
employed  in  the  work  below,  an  external  diameter  of  '1  centim. 
to  a  bore  of  "056  centim.,  or  a  volume  of  "0025  cub.  centim. 
per  centimetre  of  length,  was  found  to  insure  a  sufficiently 
rapid  flow  of  gas  from  bulb  to  manometer,  while  the  air  con- 
tained in  the  capillary  is  nearly  negligible  in  amount. 

7.  Manometer. — This  is  practically  a  U-tube,  one  branch 
of  which  is  made  of  glass,  150  centim.  long,  accurately 
graduated  in  cubic  centimetres,  Avitli  a  total  capacity  of  about 
300  cub.  centim.  Into  the  top  of  this  tube,  the  available  end 
of  the  platinum  capillary,  tapering  to  a  fine  conical  point,  is 
suitably  soldered  with  cement.  The  point  so  adjusted  is  a 
convenient  fiducial  mark,  the  registration  being  mad(^  either 
by  optical  or  by  electric  contact  with  the  mercury  meniscus 
of  the  manometer.  The  other  branch  of  the  U-tubo  is  flexible, 
and  communicates  with  a  sufficiently  large  mercury  cistern, 
which  may  be  raised  or  lowered  at  pleasure.  The  whole  is 
attached  to  a  prismatic  stand,  2  metres  high,  consisting  of 
four  uprights  rigidly  joined  at  tin;  top  and  the  l)ottom. 
Observations  are  made  for  (icpial  heights  of  the  nun'cury  in 
both  branches,  by  the  cathetometer.  A  barometer  is  attached 
to  the  stand.  Sensitive  thermometers  at  the  lower  and  the 
upi)er  end  of  the  glass  measuring-tube  show  its  temperature. 

<y.  §  18. 

*  First  u^^ed  by  Rcgnavilt  {Rcldtion  c/es  J^xp/'-r/^nrcs,  Piiris.  1847,  p.  204). 
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8.  Revolving  Muffle. — In  order  that  corresponding  indica- 
tions of  thermoconple  and  air-thermometer  may  he  compared, 
both  must  be  placed  in  a  space  at  practically  imiform  tem- 
perature, which  must  be  variable  at  ])leasure  from  ordinary 
temperatures  to  extreme  white  heat.  I  constructed  a  special 
furnace  for  this  purpose,  in  the  way  indicated  in  plan  in  the 
diagram  (fig.  4) .  The  body  of  the  furnace  is  a  thick  cylin- 
drical box,  B  B,  surmounted  by  a  hemispherical  lid,  suitably 
Fig.  4. — Plan  of  the  revolving  muffle.     Diagram. 


perforated.  In  this  cylindrical  enclosure  a  spherical  muffle, 
C  D,  provided  with  hollow  lateral  arms  or  axles,  E  F,  and 
placed  symmetrically  with  respect  to  the  centre  of  figure,  is 
free  to  rotate  around  the  horizontal  axis  of  the  arms.  If  the 
rate  of  rotation  be  sufficient,  this  insures  constancy  of  tempera- 
ture within  the  muffle  around  the  horizontal  E  F.  Two  blast- 
burners,  G  and  H,  purposely  placed  tangentially  so  as  to  be 
equivalent  to  a  force-couple,  blow  a  vortex  of  flame  into  this 
furnace,  equalizing  temperature  around  the  vertical.  Vir- 
tually, therefore,  the  muffle,  regarded  as  a  geometrical  sphere, 
has  two  rotations,  one  round  E  F,  and  the  other  round  the 
vertical  through  0.  To  make  this  apparatus  theoretically 
perfect  a  third  rotation,  round  a  horizontal  axis  through  0, 
and  perpendicular  to  E  F,  would  have  to  be  supplied.  This 
third  rotation  is  a  mechanical  impossibility,  bearing  always 
in  mind  that  cumbersome  or  complicated  apparatus  would 
rather  detract  from  the  end  to  be  obtained  than  add  to  it. 

In  the  spherical  space  of  constant  temperature  thus  obtained 
is  placed  the  bulb  of  the  air-thermometer  (not  shown),  with 
its  stem  projecting  into  or  through  the  axle  F ;  and  the  bulb 
is  held  in  position,  free  from  the  muffle,  by  a  clamp  attached 
to  the  stem  on  the  outside  of  the  furnace.  The  thermo- 
couple is  introduced  through  the  opposite  arm  E,  and  its 
junction  lies  at  the  centre  of  figure  of  the  bulb  (fig.  2, 
above).  It  is  an  essential  part  of  the  construction  of  the 
furnace  that  during  rotation  the  muffle  touches  neither  the 
air-thermometer  nor  the  insulator  of  the  thermocouple,  the 
latter  being  also  supported  by  a  clamp  on  the  outside  of  the 
furnace. 

The  practical  form  of  this  furnace,  which  after  many  trials 
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was  found  satisfactory,  is  shown  in  longitudinal  section 
(scale  i)  in  fig.  5,  where  B  B  B  is  the  cylindrical  body,  and 
AAA  the  dome-shaped  lid  (perforated  at  a  a  a)  already  re- 
ferred to.  The  burners  H  H  and  G  G,  project  into  the 
furnace  as  far  as  the  inner  surface,  and  their  construction  is 
shown.  Compressed  air  enters  the  tubes  g  g  and  h  h,  and  the 
gas  inlets  are  at  c  and  c'.  Attached  to  the  burners  are  the 
rectangular  sHdes  II  and  KK,  which  pass  through  guides 
L  and  M.  The  pins  e  e  and  d  d  further  regulate  the  action, 
by  which  the  burners  can  be  easily  inseited  in  or  withdrawn 
from  the  furnace.  Finally,  the  gas  inlets,  c  and  c',  are  each 
in  connexion  with  a  graduated  stopcock  (half-inch  clear  bore), 
by  which  the  gas-supply,  and  hence  the  furnace  temperature, 
can  be  regulated  at  pleasure.  In  this  way  the  torch  of  flame, 
fully  two  feet  in  length,  is  reduced  to  a  blue  cone  about  eight 
inches  long  by  the  blast,  which  may  then  be  further  reduced 
to  a  mere  ribbon  of  flame  by  shutting  off  the  gascocks. 
Burner  explosions  do  not  occur. 

The  muffle  proper  is  shown  at  E  C  F  D  E  in  fig.  5,  and 
consists  of  two  identical  halves  of  refractory  fire-clay,  each  of 
which  is  a  hemisphere  with  two  diametrically  opposite  gut- 
tered arms  ;  the  two  halves  are  placed  together  with  their 
flat  faces  contiguous,  but  without  cement,  and  secured  by 
surrounding  the  axles  with  appropriate  collars  of  iron,  N  N 
and  N'  N'  (fig.  5),  the  outer  edges  of  which  are  widely  flanged. 
These  flanges,  P  P  and  P'  P',  are  turned  circularly  with  their 
circumferences  bevelled  so  as  to  fit  the  grooves  of  two  pairs 
of  friction-rollers,  Q  Q  and  Q'  Q',  of  which  R  and  R'  are  the 
respective  axes,  four  in  number.  Set  screws,  T,  T',  sink  into 
the  rib  of  the  collar  and  fasten  it  to  the  axle,  asbestos  being 
usually  interposed. 

The  four  friction-rollers,  Q  Q',  are  adjustable  (see  figure), 
so  that  the  muffle  in  its  rotation  never  touches  the  walls  of 
the  furnace,  but  revolves  on  the  rollers.  Such  an  arrange- 
ment is  essential,  for  the  rolling  parts  must  be  placed  at  some 
distance  from  the  hot  parts  of  the  axle  to  slide  smoothly  ; 
and  the  friction  of  an  imperfect  mechanism  wotild,  at  high 
tem|)eratures,  tend  to  wrench  off  the  axles  of  the  white-hot 
muffle.  Another  essential  adjustment  may  here  be  mentioned. 
After  firing,  neither  do  the  axles  of  the  muffle  coincide  in 
prolongation  nor  are  they  straight.  Hence  the  friction 
rollers,  Q  Q',  rotate  on  cylindrical  rods,  R  R',  along  which  the 
former  are  in  some  measure  free  to  slide,  their  extreme 
positions  being  fixed  by  four  adjustable  collars,  X  X^ 
The  belt  pully,  Z  Z',  supplies  the  power. 
Finally,  the  figure  shows  the   air- thermometer /A;  i?  in 
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position,  supported  by  the  universal  clamp  mm,  attached  to 
the  vertical  rod  g  q.  A  similar  clamp  n  n,  on  the  opposite  side 
of  the  furnace,  supports  the  insulator  of  the  thermocouple  pp. 
The  ends  of  the  wires  of  the  latter  appear  at  a  and  /3,  and 
pass  thence  to  a  petroleum  bath  at  known  temperature,  where 
they  are  suitably  connected  with  the  terminals  of  the  measur- 
ing apparatus  (insulated  mercury  cups  submerged  in  the 
petroleum) . 

The  figure. shows  that  the  thermocouples  to  be  calibrated 
may  be  easily  inserted  or  withdrawn  Avhile  the  air-thermo- 
meter remains  in  place.  I  will  pass  over  the  method  of  ad- 
justing the  latter,  remarking  only  that  the  collar  P  has  a  slit 
cut  through  it,  from  end  to  end,  in  the  direction  of  a  radial 
plane,  and  sufficiently  wide  to  admit  the  platinum  capillary  ,9 
of  the  air-thermometer.  This  need  not,  therefore,  be  taken 
apart  to,  remove  it  from  the  muffle. 

9.  Remarks  on  the  Furnace, — The  maximum  temperature 
attainable  is  indefinitely  high,  much  higher  than  can  be 
measured  by  the  porcelain  air-thermometer.  Measurements 
may  be  made  either  while  temperature  is  slowly  increasing  or 
decreasing  ;  in  the  latter  case  the  gas  may  be  quite  shut  off 
l)elow  500°,  for  the  furnace  itself  then  cools  sufficiently  slow^ly. 
M}^  mean  rate  of  rotation  was  about  50  per  minute,  but 
smaller  rates  are  necessary  at  very  high  tem])eratures  when 
the  muffle  begins  to  become  viscous,  and  at  low  temperatui-es. 
During  the  heating  to  white  heat,  the  parts  of  the  axles 
within  the  furnace  are  liable  to  be  hotter  than  the  muffl.e.  I 
will  omit  the  method  of  remedying  this  defect,  since  it  is 
quite  absent  on  cooling,  and  since  its  effective  value  is  almost 
negligible.  Its  harmful  tendency  is  chiefly  to  bend  the  stem 
of  the  air-thermometer,  an  effect  which  can  be  counteracted 
by  rotating  the  latter  180°  from  time  to  time.  Rotation, 
moreover,  keeps  the  muffle  straight  even  when  the  clay  is 
approaching  the  viscous  stage. 

Protected  from  direct  flame  by  the  revolving  muffle,  the 
fragile  porcelain  bulbs  are  heated  with  great  regularity,  and 
the  liability  of  the  thermometer  to  ])reak  is  therefore  nil. 
The  furnace  has  been  so  made  that  the  zone  of  varialjle  tem- 
perature which  surrounds  the  stem  of  the  thermometer  is  as 
narrow^  as  possible.  Indeed  the  correction  is  almost  super- 
fluous. Were  it  desirable  to  use  a  compensator  (a  duplicate 
porcelain  stem,  closed  at  the  bulb  end,  to  gauge  the  stem 
error),  this  instrument  may  either  temporarily  replace  the 
thermocouple,  or  be  introduced  tlu'ough  an  independent 
lateral  tube,  corresponding  to  the  axles  F  F. 

In  order  to  obtain  the  zero  or  fixed  point  of  the  Ijulb,  the 
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latter  is  taken  out  of  the  muffle  and  submerged  in  water  of 
known  temperature;  but  check-readings  may  be  obtained 
when  the  (cokl)  bulb  is  in  place  in  the  furnace,  by  inserting 
the  reservoir  of  a  sensitive  mercury  thermometer  into  the  tube 
of  the  reentrant  bulb,  tig.  2. 

A  special  advantage  of  the  furnace  (which  should  always 
be  heavily  jacketed  with  asbestos  and  banded  w^ith  iron)  is 
the  fact  that  the  observer  can  get  very  near  it  without  in- 
convenience.    Rotating  parts  may  be  lubricated.     An  elliptic 

Fig.  6. — Plan  of  the  elliptic  revolving  muffle,  with  the  air- 
thermometers  in  place.    Diagram. 
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revolving  muffle  for  the  comparison  of  two  gas-thermometers 
has  also  suggested  itself,  particularly  in  view  of  the  fact  that 
since  the  stem  errors  in  this  case  vanish,  comparisons  may  be 
made  with  great  accuracy.  This  is  shown  in  figure  6,  where 
E  C  D  F  is  the  muffle  and  0/n  and  ^n  the  two  gas  thermo- 
meters to  be  compared. 

Thermoelecteic  Apparatus. 

10.  Wires  and  Insulators. — Tlie  thermocouples  used  con- 
sisted of  platinum  combined  with  an  alloy  of  platinum  and  20 
per  cent,  of  iridium.  The  wires  were  cut  in  lengths  of  a  metre 
each,  from  large  coils,  and  successive  lengths  showed  the  same 
electric  properties.  Even  when  melted  down  on  lime  hearths 
before  the  oxyhydrogen  blowpipe  and  drawn  over  again,  the 
constants  of  the  couples  were  not  found  to  have  appreciably 
{\o  P''^'  cent.)  changed.  The  wires  should  be  annealed  at  red 
heat  before  using. 

In  order  to  keep  the  wires  apart,  I  debased  a  machine  by 
which  doubly  perforated  insulators  could  be  pressed,  much  in 
the  manner  of  lead-pipe  manufacture.  The  insulators  were 
made  of  very  refractory  fire-clay,  25  or  30  centim.  long,  and 
•5  or  '6  centim.  thick,  with  two  parallel  canals,  each  *!  centim. 
in  diameter,  running  from  end  to  end. 

11.  Zero  Method. — All  my  thermoelectric  effects  are  mea- 
sured, as  electromotive  force,  in  terms  of  a  given  Latimer 
Clark's   standard    cell.      The    connexions   made   are    easily 
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understood  from  figure  7,  where  R  nnd  R'  are  rheostats,liaving 
about  35,000  ohms  available,  and  r  is  a  bridge-rheostat  con- 
taining a  duplicate  scale  of  10.  as  high  as  10,000.     The  cold 


Fig.  7. — Zero  method  of  tlieiiiK  eleclrir  nieasiiremeut.     PiapTnm. 
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Fig.  8. — Fonn  of 
double  key. 
Diagram. 


ends  of  the  thermocouple  communicate  with  the  terminals  at 
P,  under  petroleum.  Two  zinc-sulphate  Daniellsare  inserted 
at  E.  The  commutators  A  and  B  are  useful  in  measuring 
small  electromotive  forces,  since  by  simultaneously  reversing 
both  of  them,  all  disturbing  thermo-currents  in  the  connexions 
are  eliminated  from  the  mean  result.  K  is  a  duplex  key  con- 
structed as  shown  in  figure  8,  where  two  of 
the  mercury  cups  (conveying  the  battery 
current  from  E)  are  filled  to  a  higher 
level  than  the  third.  By  aid  of  the  keys 
at  C  the  resistances  r  can  be  inserted 
either  in  parallel  or  in  series.  G  is  a 
sensitive  Thomson  galvanometer. 

Tlie  thermoelectric  forces  are  directly  expressed  in  terms 
of  E,  which  is  compared  from  time  to  time  with  the  given 
standard  Clark  cell,  the  poles  of  which  are  temporarily  put 
in  connexion  with  P.  The  reduction  of  observations  is 
facilitated  by  suitable  tables,  computed  once  for  all. 

In  this  way  my  thermoelectric  data  have  the  same  hi  oh 
degree  of  constancy  in  the  lapse  of  time  (years)  as  the 
standard  cell  in  question.  I  have  found  this  method,  thouo-h 
it  is  somewhat  more  laborious,  much  more  trustworthy  than 
the  torsion-galvanometer,  with  which  I  have  also  worked  '*. 
Even  when  the  conditions  are  so  chosen  that  the  thermo- 
electric forces  are  expressed  solely  in  terms  of  the  torsion  of 
the  suspending  fibre,  it  is  not  to  be  forgotten  that  increase  of 

*  See  thi.^  Magazine,  xxix.  p.  146  (1890). 
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the  room  temperature  both  decreases  the  efTective  magnetic 
field  and  increases  the  resistance  of  the  coil,  by  a  combined 
amount  probably  greater  than  0*4  per  cent,  per  degree. 
Hence  in  a  room  of  variable  temperature  (the  usual  case),  the 
torsion-galvanometer  of  unknown  temperature-coefficient  is 
liable  to  lead  to  serious  errors. 

Eesults. 

12.  Method  of  Computation. — I  will  pass  over  this  here,  for 
the  forms  to  be  given  to  the  cumbersome  equations  depend 
upon  the  special  purpose  of  the  observer.  Suffice  it  to  say 
that  I  divided  the  total  gas  volume  into  4  parts,  viz.,  the 
volume  of  the  bulb  and  hot  stem,  the  volume  of  the  part  of 
the  stem  where  temperature  falls  off  from  hot  to  cold,  the 
volume  of  the  cold  stem  and  capillary,  and  finally  the  volume 
measured  in  the  manometer.  The  effect  of  each  of  these 
parts  on  the  final  residt  was  carefully  evaluated. 

13.  Bulb  Volumetry. — The  volume  of  the  bulb  at  zero 
Centigrade,  which  enters  fundamentally  into  the  constant- 
pressure  method,  can  be  obtained  by  Avater  calibration,  cf. 
§  18.  In  the  case  of  a  manometer  like  the  one  described 
above,  §  7,  in  which  pressure  can  be  varied  over  a  sufficiently 
wide  range  and  volumes  read  off  with  facility,  the  bulb- 
volume  may  also  be  obtained  by  airvolumetry.  For  instance, 
if  V  and  p  be  corresponding  values  for  the  volume  of  air  in 
the  manometer  and  the  pressure,  the  following  values  were 
obtained  for  the  bulb  volume,  v^ : — 

1)  =7o-24,  52-64  :         75-22, 53-41 ;         75-54,  53-38 ;         53-38,  75-53 
i;=  4-0, 126-0;  4-0,120-5;  30,120-5;  120-5,    3-0 


-A' \^ 


J 


?'„=  280-1  c.c.  281-3  c.c.  279-9  c.c.  281-3  c.  c. 

After  much  further  experimentation  I  convinced  myself 
that  the  differences  here  are  simply  thermal  discrepancies, 
and  are  not  due  to  the  non-glazed  interior  surface  of  the 
bulb.  If  the  high-temperature  datum  is  to  be  measured  with 
an  absolute  accuracy  of  1°  in  1000°,  the  r^  must  be  known 
with  a  degree  of  precision  scarcely  exceeding  "02  per  cent., 
i.  e.  to  about  O'l  c.  c.  in  the  above  case.  Supposing  sufficiently 
sharp  means  (accurate  to  0°-05  C.)  for  measuring  or  con- 
trolling temperature  to  be  at  hand  (the  above  data  were  made 
with  the  manometer  in  air),  the  stated  accuracy  is  attainable. 

14.  Coefficient  of  Expansion  of  Porcelain.— The  porcelain 
of  Bayeux,  in   addition  to    its   refractory    qualities,  has    an 
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advantago  inasuiuch  as  the  (small)  coefficient  of  thermal 
expansion  is  known  * .  The  bulbs  are  supposed  to  have  been 
so  thoroughly  fired  at  the  outset  that  all  permanent  volume 
changes  have  vanished.  It  is  clear,  however,  that  by  using 
the  above  manometer  in  case  of  the  constant-pressure  method, 
the  coefficient  of  expansion  of  the  bulb  may  also  be  measured 
by  air  volumetiy.  Let  the  manometer  volume  be  changed 
while  the  (high)  temperature  of  the  bulb  is  nearly  constant  by 
varying  the  manometer  pressure.  Then,  if  Hi,  Vi,  T^,  and 
Ho,  Vo,  To,  be  two  successive  readings  of  the  pressure,  volume, 
and  temperature,  respectively,  at  the  manometer,  and  if 
/(T)  =  (i+/3T)/(l  +  aT),  where  yS  is  the  coefficient  of  ex- 
pansion of  porcelain,  and  a  that  of  air,  it  follows  that 


/■(T)  +  20/(T')) 


^V(T,)-^/(I. 


Hi  — Hs 


(1) 


where  T  is  the  (higii)  temperature  and  v  the  zero  volume  of 
the  bulb,  and  where  S  contains  the  corrective  members  (stem 
volumes  and  temperatures) .  If  Hg  be  the  barometric  height 
for  the  day,  T  can  be  at  once  computed  by  the  ordinary 
formula,  and  /3  may  then  be  computed  from  /'(T)  in  (1).  In 
the  following  table  the  measurements  for  T  alternate  with  the 
measurement  for  /3  in  time  series,  so  that  corresponding 
values  are  given. 

Table  I. — ^Thermal  Expansion  of  Porcelain. 


Time. 

T. 

lixW. 

Time. 

T. 

|8X10". 

m 
5 

568 

m 
4 

o 

978 

8 

(564) 

22 

16 

(993) 

37 

18 

560 

24 

1002 

21 

(564) 

26 

26 

(1004) 

27 

40 

567 

32 

1006 

In  view  of  the  fact  that  the  quantities  on  which  /3  ultimately 
depends  are  of  the  same  order  of  magnitudci  as  the  stem  error 
5^  (of  which  more  presently,  §§17,  18),  this  method  cannot 
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yet  be  looked  to  for  close  results.  The  data,  crude  as  they 
are,  however,  show  that  yS  is  determinable  by  this  method 
with  the  same  degree  of  accuracy  with  which  it  is  to  be 
applied,  or  that  the  stem  error  and  jB  are  determinable  in 
terms  of  each  other  reciprocally.  In  this  respect  the  constant- 
pressure  method  of  high-temperature  air-tliermometry  is  unique, 
since  it  admits  of  easy  modifications,  hy  wliich  the  zero  volume 
of  the  hidh,  its  coefiic/'ent  of  expansion,  as  ivell  as  all  permanent 
changes  of  volume,  may  be  evaluated  without  extra  appliances. 

15.  Tables. — In  making  extensive  comparisons  between  the 
thermocouple  and  the  air-thermometer,  I  had  three  objects 
chiefly  in  view  : — (1)  To  find  out  whether  the  temperature 
indications  of  the  platinum-iridium  thermocouple  were 
regular  and  free  from  serious  anomalies,  in  other  words  to 
calibrate  the  couple  ;  (2)  To  compare  the  indications  of 
diffei-ent  non-inglazed  porcelain  bulbs,  for  which  jjurpose  I 
compared  two  bulbs  (Nos.  1  and  2)  with  the  same  thermo- 
couple under  identical  conditions  ;  (3)  To  find  whether  the 
flow  of  air  between  bulb  and  manometer  was  seriously 
retarded  by  the  interposed  lengths  of  metallic  capillary  tubes. 
This  was  discernible  by  comparing  the  data  obtained  when 
the  furnace  temperature  gradually  increased,  with  the  data 
for  decreasing  furnace  temperature  (cooling). 

Accordingly,  I  have  two  sets  of  results  in  hand,  the  first 
obtained  with  bulb  No.  1,  and  consisting  of  four  series  of 
data  obtained  on  different  days  ;  the  second  set  obtained  with 
bulb  No.  2,  and  consisting  of  five  series  of  results.  Of  these 
I  will  only  reproduce  the  latter  (Bulb  2)  here,  inasmuch  as 
these  data  are  in  many  respects  the  more  accurate.  Correc- 
tions for  the  permanent  volume-contraction  of  the  bulb 
obtained  from  volumetric  measurements  made  before  and 
after  each  series  of  heatings  are  applied. 

In  Tables  II.,  III.,  and'IV.,  "  No."  refers  to  the  thermo- 
couple used,  ^20  is  the  thermoelectromotive  force  when  the 
cold  junction  is  at  20°  C  and  the  hot  junction  at  the  air- 
thermometer  temperature  T. 
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Table  II. — Oalibratiou  of  Platiuum-Iridium  Thermocouples. 


Series  I. 

No. 

ho 

T. 

No. 

e.^ 

1 
T. 

No. 

^-.o 

T. 

microvolt. 

°C. 

microvolt. 

°0. 

microvolt. 

°0. 

37 

3440 
3570 

359 
373 

37 
37 

10640 
10850 

895 
910 

37 
37 

842 
779 

37 

8900 

37 

3700 

379 

37 

11080 

928 

37 

8160 

724 

37 

3770 

385 

39 

11090 

938 

37 

7450 

665 

39 

3850 

393 

39 

11070 

931 

37 

6580 

606 

39 

3900 

396 

39 

11050 

927  i 

37 

6080 

567 

39 

7970 

703 

39 

12120 

972  ' 

37 

5590 

529 

39 

8340 

733 

39 

12290 

991  1 

37 

5060 

493 

39 

8470 

744 

39 

12440 

1019 

37 

4730 

460 

37 

8670 

758 

37 

11720 

963 

37 

4330 

430 

37 

8800 

762 

37 

11470 

949 

37 

3940 

402 

37 

8800 

763 

37 

11400 

952 

37 
37 
37 

3660 
3370 

375 
351 
330 

Table  III. — Calibration  of  Platiuum-Iridium  Thermocouples. 


Series  II, 

Series  III. 

Series  IV. 

No. 

^20 

T. 

1 

No. 

«20 

T. 

No. 

'■■-o 

T. 

microvolt. 

°C.  j 

microvolt. 

°C. 

microvolt. 

°C. 

37 

1265Q 

1030 

39 

11900 

989 

37 

12040 

985 

37 

12870 

1048 

39 

12370 

1019 

37 

12060 

990 

37 

13250 

1075  1 

39 

12.590 

1028 

37 

12110 

990 

37 

13360 

1080  : 

39 

12850 

1051 

37 

12140 

995 

37 

11250 

934 

39 

1291U 

1054 

37 

11120 

923 

37 

10150 

8.58  I 

39 

11570 

965 

37 

10040 

847 

37 

9170 

789  \ 

39 

11080 

929  ' 

37 

8970 

773 

37 

8240 

726 

39 

9880 

846 

37 

8110 

714 

37 

7540 

671 

39 

8880 

778 

37 

7410 

659 

37 

6780 

618 

39 

8180 

721 

37 

6740 

609 

37 

6250 

575 

39 

7350   i 

664 

37 

6180 

569 

37 

56(50 

534 

39 

6780 

616 

37 

5640 

531 

37 

5220 

499 

89 

6170 

573 

37 

5140 

490 

37 

4820 

462 

39 

5550   1 

527 

37 

4740 

459 

37 

433 

39 
39 

5150   i 

4700  ; 

494  i 

458  • 

37 
37 

4350 
4140 

427 
413 

39 

4350   1 

426 

39 

403  i 

16 
Table  IV. 
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Series  V. 

No. 

^"20 

T. 

No. 

^20 

T. 

No. 

^"20 

T. 

■ 

mici-ovolt. 

°C. 

microvolt. 

°C. 

mici'ovolt. 

°0. 

38 

6370 

512   ; 

38 

9030 

774  , 

38 

7580 

071 

38 

55(50 

526 

38 

11700 

958 

38 

6860 

622 

38 

5900 

565 

38 

119.50 

978 

38 

6300 

579 

38 

5930 

568 

38 

12300 

1002  1 

38 

5740 

539 

38 

6030 

560 

38 

12430 

1006  I 

38 

5290 

501 

38 

6100 

567 

38 

11470 

935 

38 

4880 

467 

38 

8340 

734 

38 

10130 

852 

38 

4450 

435 

38 

8500 

742 

38 

9190 

790 

38 

4100 

405 

38 

8850 

760 

38 

8270 

722 

16.  Chart. — The  results  of  these  three  tables  are  repre- 
sented graphically  by  making  e^^  a  function  of  T  in  PI.  I.^ 
which  may  be  said  to  be  the  final  result  of  the  calibration 
problem  in  hand.  Caudal  dashes,  which  point  upward  and  to 
the  right  when  the  furnace  temperature  is  increasing,  and 
downward  or  to  the  left  when  it  is  decreasing,  distinguish  the 
different  series  of  points.  It  is  to  be  remembered  that  into 
this  chart  are  crowded  all  the  accidental  errors  and  observa- 
tional errors  of  air-thermometer  and  thermoelectric  measure- 
ment, when  the  whole  work  is  done  by  a  single  observer.  If 
the  curve,  PI.  I.,  be  linearly  prolonged  above  1200°,  then 
the  junction  of  the  couple  eventually  fuses  at  1800°,  as  I  find 
by  experiment. 

Discussion. 

17.  Errors  of  Measurement. — To  inter})ret  the  chart, 
PI.  I.,  it  is  necessary  to  enter  minutely  into  a  consideration 
of  the  observational  errors  which  affect  the  result  1°  in  1000°. 
The  divers  quantities  which  enter  saliently  into  the  equation 
for  constant -pressure  air-therm  ometry  are — 

t,  Ti,  Vi/r,  f'/r,  H/A,  «,  yS, 

where  t  is  the  fiducial  temperature  and  r  the  volume  of  the 
bulb,  //  the  fiducial  tension  of  the  gas  ;  where  at  the  high  tem- 
perature, Vi,  Ti,  H  are  the  volume,  temperature,  and  tension 
of  the  gas  in  the  manometer  ;  and  where  finally  r',  a,  ^  are 
the  stem  volume  and  the  coefficients  of  expansion  of  gas  and 
of  porcelain   respectively.     I  have  done  this  both   for   the 
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above  ratios  and  for  the  individual  quantities,  but  the  results 
cainiot  be  reproduced  here.  After  a  minute  and  careful  com- 
parison of  all  of  this  (see  Bulletin,  No.  54,  pp.  227-2o3),  I 
concluded  that  the  values  of  high  temperature  obtained  in 
case  of  the  two  reentrant  bulbs,  Nos.  1  and  2,  not  glazed 
internally,  were  identical ;  that  by  using  the  revolving  muffle- 
furnace  described  above  (§  8)  temperature  (increasing  or 
decreasing)  changes  slowly  enough  to  permit  the  use  of  the 
above  metallic  capillary  connexions  (§  (J)  between  bulb  and 
manometer  with  impunity  ;  that  the  platinum  -  iridium 
(20  per  cent.)  thermocouple  is  free  from  serious  anomalies  ; 
that  in  using  the  furnace  and  the  reentrant  bulb,  a  virtual 
identity  of  environment  for  the  thermocouple  and  the  air- 
thermometer  had  actually  been  secured  ;  and  that,  finally,  the 
methods  preliminarily  tested  in  the  above  pages  are  sufficient 
for  the  rigorous  solution  of  the  calibration  problem  up  to  an 
accuracy  of  1°  in  1000°. 

18.  Conclusion. — For  some  years  I  have  had  the  parts  of  a 
standard  constant-pressure  high-temperature  air-thermometer 
in  the  laboratory,  but  have  been  prevented,  by  duties  of  a 
more  immediate  geological  bearing,  from  putting  them 
together.     I  will  briefly  refer  to  these  parts  here. 

In  the  manometer,  volumes  are  to  be  read  to  '05  cub.  cm., 
temperatures  to  '07°  U.,  and  pressures  to  '01  cm.  of  mercury. 
Hence  I  surround  both  branches  of  the  U-tube  with  a  tubular 
cistern,  through  which  water  at  constant  temperature  con- 
tinually circulates.  Moreover,  both  branches  are  now  made 
of  glass  and  communicate  below,  by  means  of  a  suitable  stop- 
cock, with  an  external  flexible  tube  surmounted  by  a  mercury 
reservoir,  by  which  pressure  may  be  changed  at  pleasure.  A 
sufficient  length  of  the  metallic  capillary  between  bulb  and 
manometer  is  also  submerged  in  the  water,  so  that  the  fine 
current  of  air  within  may  enter  the  manometer,  already 
reduced  to  the  temperature  of  the  bath.  Finally,  instead  of 
employing  a  cjlindrical  volume-tube  in  the  manometer,  as 
was  done  above,  whereby  the  accuracy  of  measurement 
becomes  rapidly  insufficient  in  proportion  as  the  air-thermo- 
meter temperature  rises  (see  distribution  of  points  on  the 
chart,  PI.  I.),  the  first  100  cub.  cm.  of  the  tube  are  blown  out 
into  a  spherical  bulb,  and  the  remaining  length  of  140  cm.  of 
the  tube  utilized  to  measure  the  remaining  150  cub.  cm.  Thus 
even '01  cub.  cm.  is  appreciable,  and  the  tube  is  now  available 
for  accurate  measurements  between  about  200°  and  over  1500°. 

Again,  since  the  normal  volume  of  the  gas  actually  expand- 
ing must  bo  known  to  '01  cub.  cm.,  it  is  necessary  to  reduce  the 
stem  volume   of  variable  temperature  to  the  smallest  limits 
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possible.  To  accomplish  this,  a  platinum  capillary  tube  is  to 
be  cemented  into  the  stem  of  the  porcelain  air-thermometer, 
by  bringing  atmospheric  pressure  to  bear  on  the  outside  of  the 
exhausted  bulb,  while  the  neck  is  being  heated  on  the 
revolving  table  by  the  oxyhydrogen  blowpipe,  to  the  point  of 
sufficiently  reduced  viscosity  for  adhesion.  Experiment  must 
show  whether  the  bulb  of  the  type  figure  2  will  ultimately 
answer  all  requirements,  or  whether  a  bulb  which  combines 
the  features  of  figs.  2  and  3  will  be  necessary.  Note  that  an 
independent  method  of  standardization  of  the  non-inglazed 
reentrant  porcelain  air-thermometer  bulb,  by  thermal  com- 
parison with  a  reentrant  glass  air-thermometer  bulb^  of  known 
constants,  is  also  feasible.  Such  a  comparison  is  to  be  made 
above  200°,  to  obviate  all  moisture  and  condensation  errors, 
and  either  directly,  in  the  elliptical  revolving  muffle  (§  9),  or 
indirectly,  through  the  intervention  of  the  same  thermocouple. 
I  have  constructed  vapour  baths  (naphthalene,  diphenyla- 
mine)  for  this  purpose. 

I  may  add,  in  passing,  that  during  my  experiments  with 
molten  rock  I  was  surprised  by  the  tenacity  with  which  the 
hasic  magma  adheres  to  platinum  and  protects  it.  A  platinum 
bulb  covered  with  some  refractory  glazing  may  therefore  be 
looked  to,  when  temperatures  beyoncl  the  reach  of  the  porce- 
lain bulb  (say  about  1400°)  are  to  be  measured.  I  believe, 
however,  that  for  the  case  of  platinum  apparatus,  the  method 
of  absolute  air- thermometry  based  on  the  high  temperature 
viscosity  of  gases  is  more  promising,  if  only  some  mathe- 
matical physicist  would  give  us  an  expression  for  the  depend- 
ence of  gaseous  viscosity  on  temperature.  It  seems  strange 
that  this  important  relation  has  thus  far  eluded  search,  and 
that  little  is  known  beyonil  the  ingenious  surmises  of  0.  E. 
Meyer  and  the  empiric  law  of  my  own.  Inasmuch  as  the  time 
of  transpiration  varies  nearly  as  the  i>/o  power  of  absolute 
temperature,  the  sensitiveness  of  the  method  is  obvious. 

PJajs.  Lab.,  U.  S.  G.  S., 
Wasliington,  D.C. 

II.  The  "  Elastic  21edmm'"  Method  of  treating  Electrostatic 
Theorems.  Bt/W.  H.  Beagg,  M'.A.,  Professor  of  Mathe- 
matics in  the  University  of  Adelaide,  South  Australia*. 

IT  is  usual  to  deduce  the  ordinary  theorems  of  electro- 
statics from  the  law  that  two  amounts  of  electricity  repel 
one  another  with  a  force  proportional  directly  to  the  product 
of  these  amounts  and  inversely  to  the  square  of  the  distance 
*  Communicated  by  the  Author. 
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between  them.  Faraday  pointed  out  that  the  result  so 
deduced,  and  confirmed  by  experiment,  could  be  explained 
by  assuming  the  existence  of  an  elastic  medium,  the  straining 
ot'  which  was  electrification,  and  the  consequent  stress,  elec- 
trical force.  The  elastic  constant  of  such  a  medium  Maxwell 
l)roposed  to  call  the  "  coefficient  of  electric  elasticity."  Dr. 
Lodge  has  used  the  idea  with  the  best  of  results  in  his  book 
on  '  Modern  Views  of  Electricity.' 

The  readino-  of  Dr.  Lodoe's  book  suggested  to  me  the 
working  out  of  the  results  contained  in  this  paper. 

The  object  of  the  paper  is  to  draw  attention  to  the  advan- 
tages that  are  to  be  derived,  especially  by  the  student,  from 
taking  as  hypothesis,  not,  as  is  usual,  the  law  of  the  inverse 
square,  but  the  existence  of  this  elastic  medium.  The  hypo- 
thesis may  not  be  exactly  true,  but  it  is  as  nearly  true,  and  in 
the  same  manner  true,  as  that  a  wave  of  sound  may  be  repre- 
sented by  a  wavy  line.  We  have  as  much  right  to  deduce 
theorems  of  electrostatics  from  consideration  of  the  behaviour 
of  this  medium  under  stress,  as  to  deduce  the  laws  of  the 
interference  of  sound  from  the  summation  of  waves  on  a  dia- 
gram. In  both  cases  the  whole  truth  is  not  presented,  but 
sufficient  to  ensure  the  accuracy  of  the  deduction. 

Suppose,  then,  the  existence  of  an  incompressible  perfect 
fluid  filling  all  space  and  all  bodies — the  aether.  Suppose 
that  in  some  bodies — copper,  silver,  &c. — this  fluid  finds  no 
opposition  to  motion  ;  but  that  in  others — air,  glass,  silk, 
&c. — the  particles  of  the  body  are  so  entangled  or  embedded 
in  the  fluid  that  the  fluid  cannot  move  without  carrying  along 
the  particles  with  it ;  and  that  whenever  displacement  of  the 
medium  takes  place,  a  force  of  restitution  is  called  into  play, 
proportional  to  the  displacement,  to  the  amount  of  the  moved 
particles,  and  to  a  quantity  depending  on  the  nature  of  the 
body  in  which  the  displacement  occurs.  This  last  quantity 
is  Maxwell's  coefficient. 

In  making  these  suppositions  we  are  not  laying  upon  that 
maid-of-all-work,    the    sether,  any  burden  other  than  those 
_  she  has  for  various  purposes  been  already  taught  to  bear. 

Suppose,  further,  that  a  positive  charge  of  electricity  cor- 
responds to  the  forcing  an  extra  quantity  of  asther  into  the 
charged  body,  and  a  negative  charge  to  the  withdrawal  of 
part  of  the  aather  the  body  contains. 

Then  it  is  easy  to  show  that  phenomena  similar  to  those 
ordinarily  ascribed  to  the  attractions  and  repulsions  of  elec- 
trified particles  must  occur. 

1.  Since  the  aether  is  incompressible  and  fills  all  space,  if 
aether  be  pumped  into  one  of  the  first  class  of  bodies  (con- 

C2 
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ductors)  it  must  be  withdrawn  from  some  other  part  of  space, 
and  since  the  sether  cannot  be  got  out  of  bodies  of  the  second 
class  (dielectrics)  it  must  be  drawn  from  bodies  of  the  first 
class.  In  other  words,  if  the  dielectric  surrounding  some 
conductor  bo  pushed  back  to  any  extent,  it  will  encroach  to 
an  exactly  equal  extent  on  some  other  conductor  or  conductors. 

This  corresponds  to  the  electrical  law  that,  if  any  charge  be 
imparted  to  a  conductor,  an  equal  and  opposite  charge  will  be 
induced  on  some  other  conductor  or  conductors. 

2.  Let  us  consider  the  strain  phenomena  resulting  from  the 
simplest  case  of  charging,  viz.  pumping  in  or  drawing  out 
sether  from  a  spherical  conductor,  the  conductor  being  sur- 
rounded for  a  great  distance  by  a  medium  uniform  and  free 
from  other  conductors. 

Let  Q  be  the  quantity  pumped  in,  {.  e.  the  charge  ;  let  a 
be  the  radius  of  the  sphere. 

Then  all  round  the  conductor  the  medium  is  pushed  back  a 

Q 

distance  -. — 5,  and  at  a  distance  r  from  the  centre  of  the 
47rfr'  O 

sphere  the  displacement  is 


Suppose  that,  when  a  unit  volume  of  the  medium  is  dis- 
placed a  distance  .v,  the  force  of  restitution  is  E  .  a-. 

Fio.  1. 


Draw  a  cone  of  very  small  angle  from  0  the  centre  of  the 
sphere.  Let  it  intercept  on  the  surface  of  radius  r  an  area  s, 
and  on  that  of  radius  r  +  Br,  8r  being  small,  an  area  /.  The 
cone  being  of  very  small  angle,  and  dr  being  small,  s  =  s'. 

The  force  of  restitution  due  to  the  displacement  of  the  small 

element  of  volume  so  intercepted  is  E  .  5  .  Sr .  -^  • 

Hence  if^j  be  the  pressure  at  the  surfiice  r,  and  p  +  Sj)  that 
at  the  surface  /■  f  6/', 


8j...=  - 


E.Sr.s.q 
■Lit  I' 
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or 

When  ?'  =  oo  ,  p  is  evidentlj  zero  ; 

E.Q 
•■•      ^  =  ~4^^' 
8.  If  wo  consider  the  case  of  a  "  charge  "  imparted  to  a 
conductor  of  any  shape  whatever,  it  will  not  be  ordinarily 
possible  to  determine  the  pressure  at  any  point  in  the  sur- 
rounding medium.     The  same  difHculty  arises  of  course  in 
the  ordinary  method.     But  it  is  possible,  as  in  the  ordinary 
method,  to  map  out  the  nature  of  the  strain  in  the  medium  by 
drawing  lines  of  displacement  and  surfaces  of  equal  pressure. 
A  surface  of  equal  pressure  corresponds  to  a  surface   of 
equal  potential. 

Since  there  can  be  no  displacement  along  a  surface  of  equal 
pressure  (otherwise  the  pressure  must  vary  along  the  surface) , 
displacements  always  take  place  at  right  angles  to  such  surfaces. 
Hence  a  line  drawn  so  that  at  every  point  on  it  the  dis- 
placement is  along  the  line  is  always  perpendicular  to  the 
surfaces  of  equal  pressure  which  it  meets. 

Also  if  a  number  of  such  lines  be  taken  forming  a  tube, 
there  will  be  no  displacement  across  the  walls  of  the  tube  ; 
and  hence  if  S  be  the  area  of  any  section,  and  x  the  displace- 
ment at  right  angles  to  it,  S  .  a'  =  constant  along  the  tube. 

Such  a  tube  can  only,  of  course,  proceed  from  a  place  where 
the  dielectric  is  pushed  back  from  the  conductor  to  a  place 
where  it  is  drawn  in ;  and  if  Q  =  total  amount  of  charge  at 
one  end  of  the  tube,  —  Q  =  charge  at  the  other  end. 

Suppose  that  the  surfaces  of  equal  pressure  are  so  drawn 
that  the  pressure  on  any  one  differs  by  unity  from  the  pres- 
sure on  either  of  the  adjacent  surfaces  ;  and  tubes  of  disphice- 
ment  are  drawn  to  fill  all  space,  and  each  of  such  size  that 
the  flux  along  it,  S  .  x,  is  unity.  Then  it  may  be  shown  that 
each  of  the  cells  into  which  space  is  divided  contains  half  a 
unit  of  energy. 

For  consider  the  cell  in  the  figure  (fig.  2).  Let  its  bound- 
aries be  a  tube  of  flux  Sf,  and  a  pair  of  surfaces  of  equal 
pressure,  the  difference  of  the  two  pressures  being  Sp.  Both 
8/  and  8p  are  to  be  so  small  that  the  cell  Fig.  2. 

may  be  considered  cylindrical.  — 

Let    d    be    the    perpendicular  distance 
b(;tween  the   two  surfaces,  s  the  area  of     —     „ 
section  of  the  tube,  .x  the  displacement. 

If  a  unit  volume  bo  displaced  a  certain  (h'stance.r,  the  force 
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of  restitution  is  E.r,  and  the  energy  of  the  displacement  is 

In  this  case,  then,  the  energy  due  to  the  strain  of  the  matter 
in  the  cell  is  \ .  EaP.  d .  s. 

But  considering  the  equilibrium  of  the  element, 

( /''  +  ^p)  5  ~ps  =  E  A'^ .  s  ; 

^xd=hp, 

and  x.s  =  hf. 

Thus  the  energy  =\  .hp .hf. 

The  energy,  therefore,  in  a  cell  bounded  by  a  unit  tube  and 
two  surfaces  drawn  so  that  the  pressure  on  one  differs  by 
unity  from  the  pressure  on  the  other,  is  \. 

Hence  in  any  particular  case  of  strain,  if  we  can  count  the 
number  of  cells  into  which  space  is  divided  by  tubes  and 
surfaces  drawn  as  above,  we  can  calculate  the  total  energy  of 
the  strain. 

4.  Since  the  sether  in  a  conductor  is  to  be  regarded  as  an 
incompressible  fluid  free  from  strain,  it  possesses  the  properties 
of  a  perfect  weightless  fluid,  and  the  pressure  is  the  same  at 
every  point  of  the  conductor.  If  the  charge  on  the  conductor 
be  Q,  then  Q  unit  tubes  start  from  it.  If  the  pressure  at  the 
conductor  be  V,  each  of  these  tubes  will  cut  through  V  sur- 
faces before  it  reaches  the  region  of  zero-pressure.  Conse- 
quently the  number  of  cells  into  which  space  is  divided  by 
the  surfiices  and  tubes. of  a  system  of  conductors  containing 
charges  Qi,  Q2,  Q3,  &c.,  the  pressures  at  them  being  Y^,  Yg,  Y3, 
&c.,  is 

or 

SQY. 

The  energy  of  the  system  is  therefore  ^SQY. 

5.  As  a  particular  case,  consider  the  energy  of  strain  of  a 
charge  Q  on  a  sphere  of  radius  a,  there  being  no  other  con- 
ductors near. 

The  pressure  at  the  surface  of  the  sphere  is 

^     ««2). 


47r 
The  energy  is  therefore 


a 


'  47r     a 


The  energy  in  the  space  between  the  sphere   and  a  con- 
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centric  sphere  of  radius  a'  is  evidently 

-  '  47r    \  a        a'  / 

6.  We  may  define  the  "  capacity "  of  a  conductor  to  be 

such  a  quantity  C  that  if  Q  be  the  charge  on  it  and  V  the 

resultant  pressure,  either  the  pressures  or  the  charges  on  all 

neighbouring  conductors  being  zero,  then  Q=  V^C  ;  or  energy 

of  system  =  \  j^' 

Hence  the  capacity  of  the  sphere  in  §  5  =  ^ .  «. 

Again,  the  capacity  of  a  sphere  surrounded  by  a  concen- 
tric spherical  conductor  "vvhich  is  connected  to  the  earth  is, 
by  §  o,  477/  aa'  \ 

E  Ka'-aP 

a'  being  the  radius  of  the  concentric  conductor.  For  of 
course  the  effect  of  the  extra  conductor  is  simply  to  relieve 
all  the  strain  external  to  it.  The  encroachment  upon  the 
interior  wall  of  the  conductor  simply  causes  aether  to  flow 
away  to  the  earth,  for  there  is  no  opposition  to  this  move- 
ment ;  whilst  force  would  be  required  to  enlarge  the  outer 
boundary  of  the  conductor  (fig.  3). 

Fig.  3. 


7.  Next  consider  the  case  of  two  spheres  containing  charges 
Qi   and   Q2,   the  distance  between  the  centres  being  d,  and 

Fig,  4. 

G- . ^ 

the  radii  )\  and  r^  being  small  com]»arod  wilh  (/  (lig,  4). 
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The  pressure  at  the  surface  of  the  first  sphere  is  made  up  of  two 

parts:  ^  •  9-Mue  to  its  own  charge,  and  ^'j  due  to  the 

charge  of  the  other  sphere.     This  is  only  an  approximation  to 
the  truth,  and  the  closeness  of  the  approximation  depends  on 

the  smallness  of  ^.     Thus  we  take  the  pressure  at  the  surface 

of  the  first  sphere  to  he 

that  at  the  surface  of  the  second 


(M)' 


47r\  d        r^f 


47r\  (5?  ^'2,- 

The  energy  of  the  system  is  therefore 

^  '  47r  1    ?'j  d  y'2  J 

If  we  differentiate  with  respect  to  d,  we  see  that  there  is  a 
force  of  repulsion  between  the  spheres  equal  to 

E^  QiQo 

47r'     r/2 

This  is,  of  course,  the  "  law  of  the  inverse  square.''^     The 

F*  1 

factor  -J—  corresponds  to  =^,  K  being  the   specific  inductive 

capacity.  In  the  ordinary  statement  of  the  law  the  K  is  often 
omitted,  being  arbitrarily  taken  as  equal  to  unity. 

8.  So  far  the  correspondence  between  the  results  deduced 
from  the  ordinarj^  hypothesis  and  the  hypothesis  of  the  elastic 
medium  has  been  obvious.  It  is  not  perhaps  quite  so  plain 
what  in  this  language  corresponds  to  the  "  force  at  any  point 
due  to  the  attractions  of  an  electrical  system,''  and  in  par- 
ticular to  the  law  that  "just  outside  a  conductor  this  force 
(F)=47r/3,  or,  more  strictly,  KF  =  47rp." 

But  it  must  be  remem.bered  that  the  "  force  at  any  point 
due  to  the  attractions  of  an  electrical  system "  is  only  a 
mathematical  conception  and  not  an  actual  physical  quantity. 

It  is  the  attraction  on  a  unit  of  electricity,  supposing  the 
presence  of  that  unit  not  to  disturb  the  pre-existing  distribu- 
tions of  the  system.     This  condition  is  impossible. 

However,  on  the  strain  theory  we  have  the  law  that  just 
outside  a  conductor,  where  the  medium  is  pushed  back  a  dis- 
tance Xj  there  is  a  force  of  restitution  per  unit  volume  equal 
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4:7rj 
to  E.r.     Since  E  answers  to  ^   we  evidently  have  here  the 

correspondence  we  seek.  And  the  force  at  any  point  r' 
corresponds  to  the  force  of  restitution  per  unit  volume  of 
dielectric. 

9.  The  case  of  two  parallel  plates  may  be  very  simply 
treated  by  this  method. 

Let  S  =  the  surface-area  of  either,  d  the  distance  between 
them,  X  the  displacement. 

The  plates  are  supposed  to  be  so  large  compared  with  the 
distance  between  them  that  all  the  lines  of  displacement  run- 
ning from  one  plate  to  the  other  may  be  considered  straight, 
and  X  may  be  considered  as  the  displacement  of  every  particle 
of  matter  between  the  plates.     Then  the  energy  of  the  strain 

=i.S.fZ.E.A'-. 

The  difference  of  pressures  (Y)  is  evidently  the  springback  of 
the  matter  in  a  tube  of  unit  area  reaching  from  one  plate  to 
the  other,  and  is  therefore  Yi  .d. x. 

From  the  value  of  the  energy,  it  is  evident  that  there  is  a 
force  urging  the  plates  together  equal  to  i  .  S .  E .  i?;^. 

Hence  this  force  (F,  say) 

-1    Y!l^ 
~2'E.rf2' 
or 


="■^/^ 


F 


which,  if  ^  be  written  for  E,  is  the  usual  formula  for  the 

electrometer. 

If  Q  be  the  charge  on  the  positive  plate,  Q  =  S  .  x 
Hence 

V  =  E.rf..t' 

E.f/.Q 

The  capacity  of  the  condenser  is  therefore  =pr-3' 

10.  Using  our  present  hypotliesis,  the  "  method  of  images  " 
may  be  employed  as  in  che  ordinary  hypothesis  to  solve  the 
problems  of  the  charged  sphere  near  an  infinite  plate,  two 
charged  spheres  whose  radii  are  not  small  compared  with  the 
distance  between  their  centres,  and  similar  problems. 

As  an  example  consider  the  first  problem. 
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Obviously   the   charge,    Q,   on    the  sphere    (0  in  fig.  5) 


Fi-.  5. 


will  force  in  the  boundary  of  the  plate  on  the  side  nearer  0. 
As  the  plate  is  connected  to  earth  this  will  cause  no  bulge  on 
the  other  side  of  the  plate,  the  excess  of  a?ther  will  run  away. 
Suppose  now  a  negative  charge,  numerically  equal  to  Q,  is 
placed  at  0',  the  image  of  0,  in  the  nearer  surface  of  the  plate. 
The  plate  being  supposed  for  the  moment  exceedingly  thin, 
this  new  charge  will  draw  in  the  dielectric,  and  the  amount  of 
the  drawing  in  at  any  point  on  one  side  of  the  plate  is  exactly 
equal  to  the  encroachment  on  the  other  side  of  it. 

In  fact,  if  the  charges  at  0  and  0'  both  existed,  the  dis- 
placement of  dielectric  would  be  everywhere  the  same  as  if 
the  plate  Avere  "  unearthed, ^^  or,  in  fact,  if  it  did  not  exist — it 
is  exceedingly  thin,  it  must  be  remembered. 

Thus  the  displacement  at  P,  when  there  is  a  charge  Q  at  0 
and  an  infinite  non-insulated  conducting  plate,  is  the  same  as 
if  there  were  charges  Q  at  0  and  —  Q  at  0'  and  no  plate  at  all. 

From  the  latter  hypothesis  we  see  the  charge  at  P  must  bo 
of  the  density 

Q.OB 
27r .  OP^' 

11.  Next  consider  the  case  of  a  charged  sphere  placed  near 
the  plane  boundary  between  two  dielectrics  of  different  elas- 
ticities ;  the  radius  of  the  sphere  being  small  compared  with 
its  distance  from  the  plane. 

Our  method  is  well  adapted  for  such  a  problem,  as  the 
physical  significance  of  every  step  is  clear. 
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Let  the    sphere   bearing   a    charge   Q  be   immersed  in  a 
dielectric  of  elasticity  Ej,  the  elasticity  of  the  other  medium 

Fio-.  6. 


being  Eg  and  E^  being  >  Eo. 

Consider  the  displacement  at  any  point  P.      If  E3  were 
equal  to  E^,  the  displacement  across  the  surface  would  be 

Q         OB 

If  E2  were  zero,  then,  bv  the  last  section. 


Q        OB 


AiT .  0P2  •  OP  • 

the  displacement  would  be  2  .^      ^p.j  •  /-wp- 

Since  Eg  lies  between  0  and  Ej  it  is  natural  to  guess  that 

the  actual  displacement  is  (1  -Vim)  .  ~ — r\Ti> •  Tvu  5  where  fx  lies 

between  0  and  1  :  and  it  is  easy  to  show  that  this  condition 
of  things  produces  equilibrium  everywhere. 

Under  this  condition  of  things  the  medium  to  the  left  of 
the  plane  of  separation  is  strained  as  it  would  be  if  Eg  were 
equal  to  E,,  and  there  were  placed  a  charge  — ^cQ  at  O'  (the 
image  of  0)  in  addition  to  that  at  0.  The  medium  to  the 
right  is  strained  as  if  Eg  were  equal  to  E^  and  there  were 
placed  at  0  a  charge  (l+yw-)  Q. 

Considering  the  strain  of  the  first  medium,  the  pressure  at 
P  must  be 

El    (Q^_H^\ 
47rAOP       OP/ 

Considering  the  strain  of  the  second  medium,  the  pressure 
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at  P  must  be 

E2  (1+/.).Q 

47r*        OP      • 

If  there  is  to  be  equilibrium,  these  must  be  equal  at  every 
point  of  the  surface  of  separation. 

.-.  Ei(l-/x)=E,(H-/x) 
El — E2 

^~  Er-fE^- 

By  giving  /u,  this  value,  which  is  independent  of  the  position 
of  the  point  P,  we  make  the  pressures  balance  each  other 
everywhere.  We  have  therefore  found  that  state  of  the 
medium  into  which  it  will  settle  under  the  given  conditions. 

It  is  easy  to  write  down  the  energy  of  the  strain.  For  if 
d  be  the  distance  from  the  centre  of  the  sphere  to  the  plane 
of  separation  of  the  two  media,  the  pressure  at  the  surface  of 
the  charged  sphere  is  approximately 

Ei^   fQ_/^\ 


0 


47r  •  \,  r        '2d  P 

r  being  the  radius  of  the  sphere  and  small  compared  with  d. 

The  energy  is  obtained  by  multiplying  this  by  ^. 

There  is  therefore  a  force  urging  the  sphere  towards  the 
plane  ;  and  the  magnitude  of  it 

^Ei    /^.Q^ 

87r"    W    ■ 

_  p     El  — E^       Q' 
-^•E,  +  E3"167r.f?2' 

12.  Let  us  next  take  the  case  of  a  sphere  of  one  dielectric 
(elasticity  =  £2)  immersed  in  another  dielectric  (elasticity  =  Ei) 
in  which  there  is  a  uniform  displacement ;  or,  as  it  is  often 
termed,  the  sphere  in  the  uniform  field. 

Here  again,  I  think,  by  using  the  present  method,  the 
problem  is  much  easier  to  understand. 

To  fix  our  ideas,  suppose  the  displacement  is  to  the  left,  and 
that  Eg  is  less  than  E^.  Let  the  uniform  displacement  of  the 
field  =6,  let  the  radius  of  the  sphere  =?•. 

It  is  obvious  that  since  the  medium  in  the  sphere  is  weaker 
than  that  outside,  the  sphere  will  yield  as  a  whole  and  be  dis- 
placed further  in  the  direction  of  the  existing  distribution  of 
the  field.     Tlie  lines  of  displacement  behind  the  sphere  will 
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converge  on  the  gap  left  l)y  the  sphere,  those  in  front  will 
correspondingly  diverge.  We  have  to  find  the  amount  of  the 
extra  displacement  at  every  point  of  the  sphere. 

General  considerations  alone  seem  to  show  that  the  sphere 
will  he  undistorted,  simply  translated  ;  for  from  symmetry 
the  positive  charge  on  the  one  side  of  the  sphere  must  be 
numerically  equal  to  the  negative  charge  on  the  other  side, 
point  by  point,  taking  always  two  points  the  line  joining 
which  is  })arallel  to  the  direction  of  the  displacement  of  the 
lield.  The  sphere  is  therefore  uncontracted  longitudinally, 
and  therefore  also  laterally. 

But  this  is  proved  also  in  the  following  complete  solution. 

Let  us  examine  the  effect  on  the  external  medium  of  shifting 
the  sphere  undistorted  an  extra  distance  a  to  the  left.  We 
shall  find  that  if  we  give  a  certain  value  to  ((,  the  resulting 
strain  of  the  external  medium  will  cause  a  pressure  across 
each  unit  of  area  of  the  surface  of  the  sphere  equal  and 
opposite  to  the  pressure  across  that  area  caused  by  the  strain 
of  the  medium  within  the  sphere.  Hence  there  will  be  com- 
plete equilibrium,  and  we  shall  have  found  the  nature  of  the 
state  into  which  the  sphere  and  medium  will  naturally  fall. 


p>^/ 

\?\  P 

/        p\/ 

^           1      1 

A      lA               0' 

0                 B'l 

Now  the  state  of  strain  into  which  the  external  medium 
will  fall  in  consequence  of  the  sphere  being  moved  a  distance 
a  to  the  left  is  the  same  as  would  be  produced  if  E2  were 
equal  to  E^,  and  charges  ^irr'^  and  —'iirr'^  were  placed  at  0' 
and  0  respectively.     For  the  displacement  at  any  point  P 

produced  by  such  charges  would  be  -. ^vt^,  along  PO  and 

1  -^  to  47r.OP-^  ^ 


^m-,.:' 


.  "  /wijv  along  O'P,     Since  a  is  very  small,  this  amounts  to  a 
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3  1  1       \ 

displacement  ^(7yj5-2  ""TypTa)  'i^ong  P^),  and  this  is  equal  to 

a  cos  (j).  But  this  is  also  the  displacement  along  P  0  pro- 
duced by  moving  the  sphere  a  distance  a  to  the  left. 

The  surrounding  medium  therefore  will  take  up  that  strain 
(in  addition  to  its  previous  strain)  due  to  charges  —  27rr^  at 
0,  and  27r;'3  at  0'. 

The  difference  of  pressures  at  P  and  P'  produced  by  such 
a  strain  is  easily  found. 

The  original  difference  before  the  sphere  was  displaced  was 
2r  cos  cf)  .Ijih.  In  consequence  of  the  new  charges  the  pres- 
sure at  P  is  lessened  by  the  amount 

Ei_  /27rr3  _  27r>•^ 
47r'V0P        OPV 

_  Ej    'Itt)-^  .  a  cos  (f> 
47r '  r^ 

__  Ei^'a  cos  (j> 

2         ' 

and  the  pressure  at  P'  is  increased  by  that  amount 
The  difference  therefore  amounts  now  to 

2>'C0S(/)E,&— Ei^'a  cos  <}). 

The  difference  of  pressures  at  P  and  P'  due  to  the  strain  of 
the  medium  within  the  sphere  is  2(& +  a)r  cos  ^.Es-  Equate 
these  two,  we  have 

•2.E.2(b  +  a)  =  2E^h-E^a 


a  =  ih 


El— E2 


Ei  +  2E2' 

This  value  of  a  is  independent  of  ^;  if  then  a  have  this  value, 
the  pressures  balance  everywhere. 

So  the  total  displacement  at  B,  which  is  sometimes  called 
the  density  of  the  charge, 

=  a  +  b 

3Ei 


=6. 


E1  +  2E2* 


If  Ei  =  E2,  a  =  0,  as  of  course  it  should. 
If  E2  =  0,  i.e.  the  sphere  is  a  conductor,  the  density  of  the 
charge  at  B  =  36. 
13.  It  is  easy  to  find  the  loss  of  energy  caused  by  the 
presence  of  the  sphere  in  the  field.     We  can  first  of  all  find 
the  work  that  must  be  done  to  restore  the  external  medium 
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to  its  original  state,  i.  e.  by  pushing  the  sphere  back  to  its  old 
place,  and  then,  considering  the  strain  of  the  medium  within 
the  sphere,  find  the  difference  between  the  energy  of  a  sphere 
of  elasticity  Ei  displaced  a  distance  h,  and  a  sphere  of 
elasticity  E^  displaced  a  distance  a  +  h.  This  difference  added 
to  the  first  result  will  give  us  wdiat  we  want. 

First,  then,  consider  the  external  medium  only.  If  the 
sphere  have  a  displacement  h  +  x,  the  external  medium  having 
a  displacement  6,  the  difference  of  pressures  at  P  and  P'  is 
(by  the  last  section) 

Eji  .  2r  cos<^  — Ej^'.v  cos  </>. 

Let  8A  be  the  smill  area  of  section  of  a  tube  running  from  P 
to  P'.  If  we  sum  the  expression  E  ,r  cos  (j>(2b—a;)  .  8 A  over 
the  central  section  of  the  sphere,  we  get  the  total  resultant 
pressure  which  the  external  medium  exerts  on  the  sphere. 
(Of  course  when  things  are  in  equilibrium  .v  has  such  a  value 
that  this  pressure  is  balanced  by  the  spring-back  of  the  medium 
within  the  sphere  itself.) 

Since  X2v  GOii  4> .  dA  =  y  (the  volume  of  the  sphere)  this 
sum  becomes 

The  energy  required  is  therefore 


Ei.J(26-.t0a^-. 


f 

Jo 

Next  consider  the  uiedium  within  the  sphere.  When  the 
sphere  is  in  the  field  we  have  a  sphere  of  elasticity  E2  dis- 
placed a  distance  [a  +  b);  when  it  is  absent  a  sphere  of  elasticity 
Ej  displaced  a  distance  b.     The  difference  of  the  energies  is 

VEi^  -  VE,1^ 
=VEi^-|^.(a-f  6)E,  (6-|)  (by  last  section) 

.'.  Total  loss  of  energy  caused  by  the  presence  of  the  sphere 
=  oE,.V.^. 
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*oo 


f.2 


Substituting  for  a^  this  becomes 

To  put  this  into  the  ordinary  language  we  must  write  for  Ej 

and  E2,  T^  and    ^irrespectively,  and  for  Ej/v  we  must  write 

F  the  "  intensity  of  the  field/' 
This  gives  us 

,.3       K2  — Ki       „     , 
•2(2Ki  +  K2)       '     ' 
This  dilfers   from   the  formula    in  Gray's  '  Theory  of  Abso- 
lute Measurements  in  Electricity  and  Magnetism/  in  that  it 

has   an    extra   factor    -^.      However,  the    Kj   has    obviously 

dropped  out  by  accident  from  Gray's  formula,  as  it  is 
necessary  to  make  the  dimensions  right.  I  cannot  explain 
the  remaining  difference. 

The  formula  used  by  Boltzmann  involved  the  ratio  of  two 
expressions  like  the  above,  so  that  even  if  the  formula  obtained 

above  is  the  correct  one  the  -^  would  divide  out. 

We  may  examine  by  this  method  the  effect  of  imparting  a 
charge  to  an  ellipsoidal  conductor  immersed  in  a  uniform 
dielectric.  The  proof  differs  but  little  except  in  language 
from  other  proofs,  so  I  will  only  state  it  briefly. 

It  is  easy  to  show  that  that  state  of  strain,  in  which  the 
particles  on  every  ellipsoidal  surface  confocal  to  the  con- 
ductor move  normally  outwards  so  as  to  lie  on  a  new  ellip- 
soidal surface  similar  to  the  old  one,  is  a  state  which  produces 
complete  equilibrium  everywhere. 

We  must  first  see  whether  our  suppositions  are  geometrically 
consistent  with  each  other  :  it  is  not  at  once  evident  that  the 
ellipsoidal  confocals  can  expand  similarly,  so  to  speak,  and  at 
the  same  time  the  displacement  be  always  normal  to  them. 

Let  "1  +  T2  "^  ~2  =1  ^^6  the  equation  of  the  ellipsoidal  con- 

A'-  y-  z^ 

ductor.     Let   .,  ,  ^     +  ■-  ',  ^     +   .,  ~  ^    =  1  be  one  of  the  con- 
a^  +  Xi       6-  +  Xi       &  +  A,i 

focal  ellipsoids,  and  let  similar  equations  with  X2,  A-3  in  place 
of  X-i  represent  other  confocals  at  right  angles  to  each  other 
and  to  Xi.  Consider  the  tube  formed  by  the  intersection  of 
the  confocals  X25  ^z^  ^2  +  ^\  Jintl  X3  +  SXg.     If  p^,  p^,  p^,  be  the 
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perpendiculars  from  the  centre  on  the  tan<yent  planes  at  A,i,\2, 
X3,  then  the  sides  of  the  section  of  the  tube  by  the  surface  X^  are 

~. —  and-— ^.     The  area  of  the  section  is  therefore— r— — ^. 

The  thickness,  at  the  point  \i  Xj  ^3>  of  the  shell  bounded  by 
the  ellipsoid  \^  and  the  similar  ellipsoid  into  -svliich  X^  expands 
under  the  given  strain,  is  pp^,  the  linear  dimensions  of  \^  being 
supposed  to  expand  in  the  ratio  1  to  I  +  /0.  oS^ow  the  volume 
of  this  shell  is  equal  to  the  charge  on  the  conductor,  Q. 

Hence  we  obtain  easily 

,= Q 

^      47r  ^/  {a'  +  Xi)  {!)'  +  X^)  {(?  +  \) 
Now 

,.  -   x^{a'  +  \,){h'  +  \r)[c'-]-\,) 
VX2X3 

and  P2  pz  have  similar  values. 

Hence  the  flux  along  the  tube,  which  is  equal  to 

0X9 .  0X3 
P-Pi 


is  independent  of  X^,  and  therefore  constant  along  the  tube. 
Our  suppositions  are  then  possible. 

Perhaps  it  may  make  things  clearer  to  state  them  in  another 
way.  If  we  suppose  that  tubes,  like  the  one  mentioned  and 
occupying  all  space,  act  as  guides  to  the  particles  as  they  are 
displaced  outwards,  and  if  the  conductor  itself  expand 
"  similarly,"  then  by  what  we  have  just  proved  the  particles 
on  any  confocal  ellipsoid  are  displaced  in  such  a  way  that  the 
ellipsoid  expands  "similarly." 

We  have  now  to  show  that  the  supposed  strain  is  one  which 
ensures  mechanical  equilibrium. 

Let  P  be  the  point  of  intersection  of  X^,  Xg,  and  X3,  P'  of 
Xi  +  SXi,  X2,  and  X3.     Let  SX^  be  small. 

Then  the  difference  of  pressures  at  P  and  P' 


=  E .  X  PP'  X  displacement  of  medium  at  P. 
=  Ex2^x^;,, 

=  E  ^^^ 


2     ' 

which  is  the  same  for  all  points  on  X^. 
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So  if  one  confocal  is  a  surface  of  uniform  pressure,  so  are 
those  close  to  it.  But  the  confocal  at  infinity  is  of  course  at 
zero  pressure  all  over  ;  so  all  the  confocals  are  surfaces  of 
equal  pressure,  and  amongst  them  the  conductor  itself.  The 
surfaces  of  equal  pressure  are  therefore  at  right  angles  to 
the  supposed  displacement,  and  so  the  medium  is  in 
equilibrium. 

I  should  like  to  point  out  here  the  curious  fact  that  in  an 
ordinary  proof  of  part  of  the  above  theorem,  viz.,  that  part 
Avliich  asserts  the  distribution  of  the  charge  on  the  elhpsoid 
to  be  represented  by  the  expanding  of  the  ellipsoid  ''  similarly,^' 
the  reasoning  has  to  do  with  attractions  inside  the  ellipsoiJ, 
and  takes  no  account  of  actions  outside,  whereas  the  proof  just 
given  is  exactly  the  reverse  of  this. 

It  should  be  noticed  that  the  ordinary  proof  is  exceedingly 
defective,  for  it  is  upset  entirely  by  supposing  the  presence  of 
non-uniform  dielectric  in  the  interior  of  the  conductor,  which 
w'ould  make  calculation  of  the  attractions  impossible  ;  also  it  is 
apparently  unaffected  by  any  want  of  uniformity  of  the 
external  dielectric.  The  proof  given  above  has  neither  of 
these  faults. 

In  connexion  with  the  subject  it  is  worth  noticing  that  the 
method  of  this  ])aper  leads  to  a  most  simple  proof  of  the  law 
that  a  closed  conductor  perfectly  screens  its  interior  from  the 
action  of  external  charges. 

For  the  only  way  in  which  the  pressure  of  the  a3ther  in  the 
conducting  shell  could  affect  the  dielectric  (uniform  or  not)  in 
the  interior  would  be  by  changing  the  shape  of  it,  pushing  it  in 
in  some  places,  and  therefore  allowing  it  to  bulge  in  others. 
But  since  the  pressure  is  uniform  over  the  conductor  and  the 
interior  of  the  shell  is  unalterable  in  volume,  no  work  is  done 
by  any  such  deformation.  Hence  no  energy  can  be  imparted 
to  the  interior  of  the  conductor,  and  consequently  no  changes 
can  take  place  ;  every  forced  change  would  of  course  require 
energy  to  produce  it. 

I  hope  that  I  have  made  clear  the  value  of  this  method  of 
treating  electrostatic  theorems.  It  seems  to  me  to  possess 
several  advantages.  In  the  first  place  the  student  is  able  to 
form  a  mental  picture  of  the  physical  meaning  of  every  step 
in  the  mathematical  reasoning,  and  he  therefore  finds  it  easier 
to  understand  the  step,  to  remember  it,  and  give  it  its  proper 
relative  importance.  Moreover,  the  mathematical  reasoning 
itself  is  much  simplified  in  the  case  of  some  of  the  problems 
dealt  with  above.  Again,  the  expression  for  the  specific 
inductive  capacity  appears  in  every  equation  as  it  should  do, 
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nnd  its  significance  is  at  once  comprehended  :  a  student's 
idea  of  this  quantity,  or  of  the  electric  elasticity  E,  is  often 
very  hazy,  when  formed  from  the  definitions  of  the  ordinary 
method.  Iiastly,  the  method  otters  the  student  a  new  stand- 
point, the  view  from  which  not  only  makes  clear  to  him  many 
things  that  were  confused  before,  but  greatly  assists  in  giving 
him  an  insight  into  modern  advances  in  electrical  theory. 

III.   The  Heat  of  iJissoJution  of  Gases  in  Liquids. 
By  Spencer  Umfreville  Pickering,  F.l^.S* 

IF  solutions  consist  of  chemical  compounds  of  the  solvent 
with  the  dissolved  substance,  the  formation  of  these  will 
nearly  always  be  accompanied  by  the  liberation  of  heat :  this 
heat  will,  however,  often  be  more  or  less  masked  by  con- 
comitant actions  of  a  reverse  nature,  especially  in  cases  where 
the  substance  is  a  liquid  or  solid,  the  particles  of  wliich  can- 
not become  resolved  into  the  quasi  gaseous  molecules  which 
exist  in  solution  without  the  absorption  of  a  quantity  of  heat 
corresponding  with  that  of  their  heat  of  vaporization,  or  of 
fusion  phis  vaporization.  All  such  i-everse  actions,  however, 
would  be  absent  if  the  dissolved  substance  were  taken  in  the 
gaseous  state  to  start  with,  or,  at  most,  there  would  only  be  a 
small  absorption  of  heat  due  to  a  slight  separation  of  the  par- 
ticles of  the  solvent  from  one  another  ;  this  in  very  dilute 
solutions  would  probably  be  negligible,  and  we  should  con- 
sequently expect,  if  the  hydrate  theory  of  solution  is  correct, 
that  gases  would  dissolve  with  a  considerable  evolution  of  heat. 
The  following  determinations  will  show  that  this  undoubt- 
edly is  the  case  ;  and  whether  this  evolution  of  heat  is  due  to 
the  formation  of  definite  compounds  or  not,  the  fact  that  it 
occurs  must  prove  that  solution  is  accompanied  by  a  disap- 
pearance of  potential  energy,  that  the  dissolved  substance 
can  no  longer  be  represented  as  being  in  a  condition  of  gaseous 
freedom,  and  that  the  solvent  cannot  be  regarded  as  playing 
the  part  of  "  so  much  space."  The  publication  of  these 
results  (most  of  which  were  obtained  some  time  ago)  comes, 
1  fear,  rather  late  in  the  day  ;  for  the  "  empty  space  "  theory 
would  seem  to  be  already  abandoned  by  some  of  the  sup- 
porters of  the  physical  theory  of  solution,  and,  indeed,  has  been 
caregorically  repudiated  by  van  der  AYaals  [Zeitschr.  f.  piijis. 
('hem.  viii.  p.  214,  see  ff.  188-222)  in  an  important  paper,  in 
\\hich  he  arrives  at  the  conclusion  that  there  must  be  a  specific 

*  Comimuiicated  by  tlie  Author. 
D  2 
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attraction  between  the  solvent  and  substance,  even  when  the 
latter  is  supposed  to  be  dissociated,  which  attraction,  when 
satisfied,  gives  rise  to  a  considerable  evolution  of  heat.  The 
following  determinations,  however,  will,  I  trust,  possess  some 
interest  beyond  that  of  dismissing  an  already  moribund  theory. 
Indeed  a  knowledge  of  the  thermal  phenomena  of  solution 
must  be  of  the  highest  importance  for  arriving  at  any  true 
theory  on  the  subject,  although,  so  far  as  I  am  aware,  these 
phenomena  have  up  to  the  present  been  entirely  overlooked 
by  the  advocates  of  the  physical  theory. 

As  substances  for  investigation,  I  confined  my  attention  to 
non-electrolytes,  where  the  results  obtained  would  not  be  com- 
plicated by  any  supposed  dissociation  ;  and,  by  selecting  those 
of  which  the  heat  of  vaporization  was  known,  it  was  only  neces- 
sary to  determine  their  heat  of  dissolution  when  in  the  liquid 
condition  in  order  to  arrive  at  their  heat  of  dissolution  in  the 
gaseous  condition.  Water,  benzene,  and  acetic  acid  were 
taken  as  solvents.  The  various  results  will  be  found  in 
Table  I.  Three  deteriuinations  were  made  consecutively  in 
the  same  quantity  of  solvent,  so  as  to  obtain  the  values  for  the 
formation  of  solutions  of  three  different  strengths.  The  rise 
or  fall  of  temperature  noticed  on  adding  the  three  consecutive 
quantities  of  x  grams  of  the  liquid  is  given  under  t'  —  t ',  w  is 
the  water-equivalent  of  the  calorimeter  with  its  contents; 
D^  the  heat  of  dissolution  of  a  gram-molecular  proportion  of 
the  liquid  in  the  solvent  the  composition  of  which  is  entered 
in  column  II.;  and  t°  C.  the  initial  temperature  of  the  deter- 
mination. In  the  case  of  volatile  liquids  the  determinations 
are  necessarily  less  accurate  than  in  other  cases,  although  the 
error  was  reduced  as  far  as  possible  by  using  a  closed  calori- 
metei',  and  the  experimental  error  may  amount  in  extreme 
cases  to  five  times  that  obtaining  with  non-volatile  liquids 
(see  Chem.  Soc.  Trans.  1890,  p.  100),  that  is,  to  '005°  on  a 
single  determination  representing  an  error  of  50  cal.  in  the 
value  of  D^  where  water  was  the  solvent,  30  cal.  with  acetic 
acid,  and  15  cal.  with  benzene.  The  temperatures  of  the 
added  liquid  and  of  the  solvent  were  nearly  identical  when 
the  two  were  mixed,  and  the  heat-capacity  of  the  solution 
was  taken  as  being  equal  to  the  sum  of  those  of  its  consti- 
tuents.    The  details  as  to  the  substances  used  are  as  follows: — 

Acetic  Acid    Mol.  wt.  =59-86.  Sp.  ht.  ="46.     F.p.  =16-y6°  C. 

Benzene ,,  =7782.  „  =-436.     „     =  544. 

Alcohol ,  =45-9.  ,,  =00.     B.p.  =7874  at  778  mm. 

Ether.... „  =73-84.  „  =-54.       „     =34  53  at  759  mm. 

Acetone „  =.5787.  „  =-52.       „     =5G-06  at  762  mm. 

Pyridine     ,  =7886.  (   „  =-45?)    „     =11.5-8  at  760  mm. 

Carbon  Disulphide        „  =73-89.  „  =-24.       „     =46-15at  760-5mm. 
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Bv"  plotting  the  results  against  percentage-composition  and 
drawing  a  curve  through  tlieni,  I  have  obtained  the  value  for 
the  heat  of  dissolution  of  a  grani-niolecular  })roportion  of  the 
substance  in  22,400  cub.  centim.  (gas  strength)  of  the  solvent 
(1244  H2O,  39()  C2H4O2  or  245  CeHg),  and  also  of  the  heat 
of  dissolution  in  an  infinite  amount  of  the  solvent.  In  some 
cases  these  values  can  be  but  approximately  correct,  for  the 
heat  of  dissolution  often  increases  very  quickly  with  the  dilu- 
tion and  renders  extrapolation  unceiiain.  In  three  cases, 
pyridine  and  carbon  disulphide  in  acetic  acid,  and  ether  in 
benzene,  there  is  no  sensible  alteration  in  the  value  with 
dilution;  in  e\'erj  other  it  occurs  in  the  above-named  direc- 
tion, whether  the  heat  of  dissolution  is  positive  or  negative, 
and  is  particularly  large  in  the  case  of  alcohol  in  benzene  ; 
a  fact  which  is  in  harmony  with  the  rapid  increase  of  the 
molecular  depression  of  the  freezing-points  of  benzene  by 
alcohol  as  the  dilution  increases  (Phil.  Mag.  xxxiii.  p.  449, 
A  B,  fig.  2,  and  p.  461),  since  both  these  phenomena  point 
to  the  existence  of  alcohol  aggregates  in  comparatively  strong 
solutions,  and  the  breaking  up  of  these  on  further  dilution. 
In  Table  II.  I  have  collected  the  values  for  the  heat  of  disso- 
lution of  the  liquids  in  infinity  of  solvent,  and  also  that  of  the 
corresponding  gases  in  22*4  litres  of  solvent,  the  heat  of 
vaporization  at  18°  being  also  given  here.  This  latter  is  not 
known  very  accurately  in  many  cases,  and  in  that  of  the 
pyridine  is  not  known  at  all. 

This  Table  shows  at  a  glance  that,  whatever  gaseous  sub- 
stance or  solvent  we  take,  a  considerable  amount  of  heat  is 
evolved  during  the  dissolution,  from  5000  to  10,000  cal.,  and, 
therefore,  that  there  is  a  disappearance  of  a  considerable 
amount  of  potential  energy,  so  that  we  can  but  conclude  that 
combination  in  some  form  or  another,  whether  chemical  or 
otherwise,  must  have  occurred. 

Further,  just  as  in  the  case  of  every  known  instance  of 
chemical  combination,  the  amount  of  heat  evolved  is  not  con- 
ditioned by  the  nature  of  one  of  the  reagents  only,  but  by 
that  of  both  of  them,  so,  here,  the  heat  evolved  by  dissolving 
different  gases  in  the  same  solvent  is  very  different,  showing 
a  variation  of  as  much  as  6000  cal. ;  while  the  dissolution  of 
the  same  substance  in  different  solvents  gives  as  great  a  di- 
versity of  values,  the  variation  in  this  case  also  amounting  to 
some  6000  cal.  Nor  does  there  even  appear  to  be  any  relation- 
ship in  the  differences  ;  for  the  diflPeriaices  between  the  values 
for  the  various  substances  are  not  the  same  in  the  case  of  the 
three  solvents,  as  will  be  seen  from  tlu^  colunuis  headed  "  Diff." 
in   Table   II.      The   only   general   conclusion   which  can    be 
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drawn  from  the  comparative  magnitude  of  the  various  vahies 
is  one  which  is  decidedly  in  favour  of  the  existence  of  cliemical 
compounds  in  solution,  namely,  that  more  heat  is  evolved  in 
every  case  here  investigated  by  the  dissolution  of  a  substance 
in  water  than  in  the  other  two  solvents  examined,  this  being- 
very  significant  in  view  of  the  fact  that  water  undoubtedly  has 
a  much  greater  tendency  to  form  definite  molecular  compounds 
than  either  acetic  acid  or  benzene.  It  is  scarcely  necessary 
to  mention  that  pyridine  in  acetic  acid  is  not  an  instance  of 
dissolution  strictly  compai-able  with  the  others,  since  the 
pyridine  acetate  which  is  formed  is  a  compound  of  a  different 
order  of  stability  from  the  hydrates  or  analogous  compotmds 
which,  I  believe,  are  present  in  solutions. 

We  have  thus  most  of  the  main  characteristics  of  chemical 
combination  attending  the  dissolution  of  gases  in  liquids — a 
selective  attraction,  a  considerable  evolution  of  heat,  and  an 
action  which  is  more  energetic  in  the  very  case  where  che- 
mical combination  is  known  to  occur  more  readily  ;  and  all 
that  is  wanted  to  convert  this  evidence  of  the  truly  chemical 
nature  of  the  action  into  proof,  is  to  find  that  the  combination 
which  does  occur,  occurs  in  definite  molecular  proportions. 
This  last  proof  I  have  already  obtained.  Series  of  different 
strengths  of  all  the  solutions  here  dealt  with  have  been 
examined  as  to  their  freezing-points,  and  in  nearly  every  case 
changes  of  curvature,  some  of  them  very  marked,  have  been 
found  to  occur  at  various  definite  and  siuiple  molecular 
proportions.     These  results  I  hope  shortly  to  publish. 

I  believe  that  the  chief  objection  now  urged  against  the 
view  that  the  nature  of  solution  is  truly  chemical,  is  the  ab- 
sence of  any  explanation  of  how  chemical  combination  could 
lead  to  such  a  condition  of  the  dissolved  matter,  that  calcula- 
tions based  on  the  idea  that  it  is  uncombined  with  the  solvent, 
and  even  that  it  is  split  up  into  independently  acting  ions, 
should  lead  to  so  many  correct  results.  This  absence,  1 
believe,  no  longer  exists  ;  for  in  a  recent  communication  to 
the  German  Chemical  Society  [Ber.  xxiv.  p.  3G29)  I  have 
shown  that  this  state  of  quasi-independence  of  the'  dissolved 
substance,  and  also  of  the  ions  of  an  electrolyte,  would  be  a 
direct  consequence  of  the  existence  of  hydrates  (or  similar 
compounds)  of  a  high  degree  of  complexity  in  solutions. 


Table  I. — Heat  of  Dissolution  of  Liquids  in  various  Solvents. 


Dissolved  substance. 


Carbon  Bisulphide^ 


5022 
5021 
5044 


3  819 
;5741 
3-881 


Solvent  for  one  mole- 
cule of  dissolved 
Substance. 


(t'~t)°0. 


4-829 
4-880 
4-900 


(>-19(i 
6-189 
6-193 


4571 
4-534 
4-514 


ileohoP    3-311 

3-211 
3-183 


•5570 
-5590 
•6562 


4-220 
4-192 
4-183 


4-036 
4-018 
3-854 


5-543 

5-548 
5-539 


1-146 
1-274 
1-354 


312  H,0. 

312  H.;04-  C.,H,0. 
322  H.;0+2CJI,0. 
1244  H;0. 

00  h;o. 
660  n:,o. 

674H'0+  C,ir,„0. 

650  H,"O+20JI„O. 
1244  H^O. 

CO   H.,0. 

454  h;0. 

405H,O+  0,IT,O. 

403  H;0+2C,II,0. 
1244  H,0. 
CO    H^O. 

435  H,0. 

435  11^0+  C5H-N. 

435  H.,0+2C5H-N. 
1-244  H.;0. 

00  h;o. 
411  h;o. 
4i4H.;o+  c.,n,o.,. 

416  11,0+20., II, 0',,. 
1244  H:0. 

00  n.;o. 


146  CoHjO.,. 

151  aH,o;+  aH,o. 

152  c.;h,o.,+2c:h,o. 

396  C^H.O;. 
00    CHjO.^. 

140  c;h,o,. 

139  C,H,0;+  C4H10O. 

140  C..HiO.,+2C,H,,0. 

396  aH^o;. 

145  C^H.O^- 
145C.,HjO,4-  CgHcP. 
146C.;H,0.';+2C3H,0. 
396  C."H,0.; 
CO    C'Mf>l. 
206  C;H,0,. 
207C.,H4O,+  C^HjN. 
216  CHA.+SCjH^N. 

396  c;h,o;. 

141  c.H,o; 

140C'H,o;4-  CS,. 
141  CILfil+iC^l. 
396  O.^H.O^. 
00    C.,H,0,. 
165  O^HjO^. 
149C2H,a+  ir.,0. 

i4oc,ji,o;+2ii:;o. 

396cjr,o„. 

00    CJI4O". 


•4664 
•4500 
•4455 


•4563 
•4291 
•4251 


•3426 
•3309 
•3230 


•3226 
-3059 
•2923 


-0443 
-03(^^7 
•0354 


•1288 
•1130 
•1057 


-0904 
•0872 
•0828 


-0303 
•0252 
•0242 


1-0409 
1^0134 
0-9591 


•2796 
-27.45 
•2653 


•1791 
-1808 
•1805 


W. 


616^35 
619-35 
622-35 


615-4 
617-4 
619  5 


615-85 
619-40 
621  9 


616-15 
618-95 
621-75 


565-15 
567-23 
569-30 


303-75 
30575 
307-65 


304-75 
307-75 
310-75 


303-93 
306-11 
308-29 


303-55 
305-35 
307-07 


303-07 
304-39 
305-71 


302  90 
304-17 
305-52 


J°C. 


2626 
2548 
2523 
2772 
2874 
5429 
5229 
5010 
5525 
5633 
2804 
2431 
2372 
3470 
4900 
2530 
2412 
2314 
2623 
2678 
328 
275 
268 
399 
455 


-542 

-494 

-469 

-599 

-680 

365 

354 

342 

372 

375 

126 

107 

103 

148 

167 

6174 

6073 

6027 

6262 

6415 

-1129 

-1112 

-1082 

-1150 

-1166 

-  851 

-  775 

-  73i 

-  938 
-1040 


Weight  of  water  in  the  calorimeter,  599  5  grams. 

549-5.    „ 
,,     acetic  acid         „  6.'5r2      ,, 

Water-equivalent  of  the  apparatus  alone,  10-26  grams. 


8-4 
8-9 
9-4 

8-9 

8-9 
8-4 
8-8 
9-2 
8-8 
8-8 
8-5 
8-8 
9-1 
8-8 
8-8 
8-5 
8-8 
91 
8-8 
8-8 
8-5 
8-5 
8-5 
8-5 
8-5 


8-5 
8-4 
8-3 
8-4 
8-4 
8-7 
8-8 
8-8 


8-4 
8-5 
8-5 
86 
8-5 
7-4 
8-5 
96 
8-5 
8-5 
8-5 
8-2 
7-9 
8-2 
8-2 
8-5 
8-3 
8-1 
8-3 
8-3 
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Table  I.  (cordinued). 


Dissolved  substance. 


Alcohol  1 


Ether' 


Acetone' 


2-884 
2-818 
2-684 


4-435 
4-443 
4-460 


3-526 
3-510 
3-514 




3-294 

3-276 

" 

3-293 

" 

" 

Carbon  Disuliihide ' . . . 
I)             J) 
»             »> 

".        .    " 

4-566 
4-593 
4-597 

3-834 

3-711 

3-897 

" 

Solvent  for  one  mole- 
cule of  dissolved 
Substance. 


88  CgHe. 

90C«H,+  C.HgO. 
95CeHe+20,H6O. 

245  CgHg. 

92  C^Hg. 

92  C«H,-f  C,H,,0. 

92  CeHe  +  2C,HioO. 
245  OgHe. 
CO    CgHg. 

91  0,He. 

91  C,H,+  03H,0. 

91  06He+2C3H6O. 
245  C^He. 

00    CeHg. 

132  CgH;.. 

133  CgH.-f  C5H5N. 
132  C3Hg+2C5HgN. 
245  C,H„. 

GO    CoHg. 
90  C.Hg. 

89  CgHg+CS^. 
89  C„Hg+2CS2. 

245  CgHg. 
o)    CgHg. 

92  C«H«. 

89  C,H,+  O^HA- 
85  CgHg+2C,H,0,. 
245  CgHg. 
00    0«Hfi. 


{t'-tfO. 


-9539 
•7414 
-5345 


W. 


•0170 
-0151 
•0178 


•0756 
•0688 
•0637 


-0148 
-0122 
0131 


•1310 
•1319 
•1271 


•1509 

-0899 
-0805 


199-42 
•201-10 
202-72 


20006 
202-44 
204-82 


199-50 
201-32 
203-14 


199-17 
200-66 
202-15 


198-78 
199-88 
200-98 


199-43 
201-13 
202-93 


-3026 
-2428 
-1811 
-3380 
-3565 

-  57 

-  61 

-  60 

-  67 

-  57 

-  248 

-  229 

-  213 

-  282 

-  307 

-  70 

-  69 

-  63 

-  67 

-  69 

-  421 

-  424 

-  411 

-  428 

-  430 

-  470 

-  292 

-  251 

-  780 
-1160 


t°C. 


18-6 
18-3 
18-4 
18-4 
18-4 
18-3 
18-2 
18-1 
18-2 
18-2 
18-5 
18-4 
18-3 
18-4 
18-4 
18-5 
18-3 
18-3 
18-4 
18-4 
18-5 
18-4 
18-2 
18-4 
18-4 
18-4 
18-2 
180 
18-2 
18-2 


'  Weight  of  benzene  in  the  calorimeter,  630-5  grams. 
^  Water-equivalent  of  the  apparatus  alone,  1026  grams. 

I  may,  no  doubt,  be  expected  to  say  a  few  words  in  ans  we 
to  a  hostile  criticism  which  Dr.  James  Walker  published  a 
short  time  ago  (Phil.  Mag.  xxxii.  p.  355)  on  my  work  and 
■vdews  on  the  subject  of  solutions.  Although  Dr.  Walker 
took  upon  himself  the  task  of  refuting  the  objections  which 
I  raised  against  the  dissociation  theory  (Phil,  Mag.  xxxii. 
p.  20),  he  appears  to  me  to  have  avoided  the  very  difficulties 
for  which  I  most  sought  explanations,  though,  perhaps,  the 
absence  of  these  explanations  will  probably  be  regretted  by  his 
friends  less  than  the  absence  of  that  courtesy  which  those  who 
are  searching  after  truth  might  naturally  expect  from  their 
fellows,  and  the  absence  of  which  was  in  the  present  instance 
all  the  more  to  be  regretted  as  I  had  not  associated  Dr. 
Walker's  name  with  any  of  the  views  which  I  had  called  in 
question. 
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The  first  point  of  Dr.  Walker's  criticism  deals  with  my 
results  with  the  freezing-points  of  sulphuric  acid  and  other 
substances  :  his  conclusions,  however,  are  based  on  a  con- 
fusion between  two  very  different  forms  of  experimental 
error — (1)  the  deviation  of  the  values  from  the  absolute  truth, 
and  (2)  the  relative  error  of  the  consecutive  determination  of 
a  single  series  performed  under  strictly  identical  circum- 
stances, on  which  latter  the  existence  of  changes  of  curvature 
must  of  course  be  based.  As  I  have  recently  dealt  at  length 
with  these  determinations  (Ber.  der  deafsch.  chem.  Gesell.  xxv. 
p.  1099),  I  need  not  say  more  about  them  here  beyond  men- 
tioning that  although  Arrhenius^s  calculated  values  agree  very 
well  with  my  observed  values  as  far  as  a  depression  of  "4°, 
they  do  not  do  so  even  for  this  short  range  within  the  limits  of 
experimental  error,  and  by  no  means,  therefore,  disprove  the 
existence  of  changes  of  curvature. 

Dr.  Walker^s  objections  to  my  conclusions  as  to  the 
irregularities  with  alcohol  solutions  fall  to  the  ground  when 
the  proper  estimate  of  the  experimental  error  is  taken,  and  if 
ho  refers  to  the  Bericlde,  xxiv.  p.  14(i9,  he  will  find  a  pre- 
liminary notice  of  results  with  some  18  other  non-electrolytes, 
which  will  show  him  that  alcohol  is  not  the  only  body  belong- 
ing to  this  class  which  I  have  investigated.  In  a  later  number 
{Ber.  xxiv.  p.  3328)  he  will  also  find  a  detailed  examination 
of  some  results  with  cane-sugar,  which  show  that  even  in  the 
case  of  this  body,  which  the  supporters  of  the  gaseous  theory 
of  solution  take  as  a  typical  substance,  irregularities  are  by 
no  means  absent*. 

In  another  paper  in  the  same  journal  [Ber.  xxiv.  p.  3317), 
I  have  dealt  fully  with  the  question  of  the  direction  of  the 
deviation  of  the  depression  of  the  freezing-point  with  increase 
of  strength,  and  need  only  remark  here  that  the  fact  that  the 
direction  of  the  deviation  is  generally  the  reverse  in  the  case 
of  electrolytes  to  what  it  is  in  that  of  non-electrolytes,  must 
render  any  analogy  between  these  deviations  and  those  of 
gases  from  Boyle's  law  very  questionable,  even  if  van  't  Hoff 's 
calculations  could  be  applied  with  any  strictness  to  solutions 
of  finite  strength. 

Dr.  AValker  then  reiterates  Mr.  Shaw's  objection  to  my 
calling  the  monohydrate  of  sulphuric  acid  and  other  similar 
bodies  "  solvents,"  but,  like  Mr.  Shaw,  he  does  not  help  us  to 
appreciate  his  objections  by  giving  us  any  definition  of  the 
term  solvent.     These  bodies,  however,  certainly  do  dissolve 

*  Other  papers  on  the  cryoscopy  of  weak  solutions  are  now  being 
published  in  the  Btrichte. 
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substances,  and,  when  pure,  they  exliibit  ])orfeetly  constant 
freezing-points  Avhicli  are  depressed  by  the  addition  of  the  dis- 
solved substance  ;  and,  till  some  argument  to  the  contrary  is 
forthcoming,  I  nuist  maintain  that  I  am  perfectly  justified  in 
talking  of  them  as  solvents,  and  in  taliving  of  the  depression 
of  their  freezing-points.  1  certainly  join  issue  with  Dr.  Walker 
in  his  opinion  that  the  crystallization  of  a  substance  from  a 
liquid  does  not  ])rove  the  existence  of  some  molecules  of  tliat 
substance  in  the  liquid  (see  Chem.  Soc.  Trans.  1(S*J(),  p.  olO, 
where  various  reasons  against  this  view,  none  of  which  Dr. 
Walker  discusses,  are  given),  although  the  number  of  these 
which  are  present  may  be  insufficient  to  be  recognized  by  the 
methods  at  our  disposal,  especially  in  a  case  such  as  that  of 
racemic  acid  to  which  he  alludes,  where  only  a  comparatively 
weak  solution  can  be  investigated.  If  racemic  acid  could  be 
fused,  and  if  it  was  then  found  that  the  liquid  gave  none  of 
the  reactions  of  racemic  acid,  then  Dr.  Walker's  argument, 
though,  perhaps,  not  conclusive,  would  have  some  weight.  The 
other  instance,  of  ammonium  chloride,  Avhich  he  quotes  in 
support  of  the  view  that  a  solid  may  be  obtained  from  a  fluid 
in  which  none  of  the  molecules  of  the  former  exist,  is  equally 
unfortunate,  for  if  Dr.  Walker  had  glanced  at  the  values  for 
the  vapour-density  of  this  substance  given  by  Deville  and 
Troost,  and  by  Neuberg,  he  would  have  seen  that  there  must 
be  a  very  large  number  of  undissociated  ammonium-chloride 
molecules  in  the  vapour  even  at  temperatures  considerably 
above  that  of  its  vaporization.  Dr.  Walker  must  entirely 
ignore  the  positive  evidence  as  to  the  existence  of  the  liquid 
monohydrate  of  sulphuric  acid  afforded  by  Perkin's  work  on 
the  magnetic  rotary  power  (Chem.  Soc.  Trans.  1886,  p.  78()), 
and  also  by  van  der  Willigen  on  the  refractive  power,  if  he 
is  "  inclined  to  look  upon  "  this  substance  as  being  merely 
diluted  sulphuric  acid. 

The  objections  which  I  raised  against  the  dissociation  theory 
on  the  score  of  the  energy  changes  postulated  by  it.  Dr. 
Walker  simply  shirks,  by  stating  that  as  they  have  not  been 
raised  by  a  physicist  he  need  not  trouble  himself  about  them. 
This  is  all  the  more  extraordinary  because  the  paper  of  van 
der  Waals,  to  which  1  have  already  alluded,  and  which  was 
published  after  my  own,  gave  Dr.  Walker  a  very  good 
opportunity  of  answering  them.  My  objections  were,  of 
course,  based  on  the  view  that  the  dissolved  substance  was 
supposed  to  be  in  a  state  of  freedom  and  uncombined  with  tlie 
solvent.  If,  however,  such  a  view  is  now  abantloned,  and  there 
is  supposed  to  be  a  specific  and  heat-evolving  attraction 
between  the  ions  and  the  solvent,  it  is  evidently  no  longer 
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possible  to  deny  the  existence  of  dissociation  on  the  score  of 
the  energy  changes  evolved  ;  for  whatever  may  be  the  thermal 
changes  actually  accompanying  dissolution,  it  is  impossible  to 
say  that  they  are  inconsistent  with  the  view  that  a  decom- 
position into  atoms  has  taken  place,  since  we  may  bring  in 
the  heat  of  combination  of  these  atoms  with  the  solvent  to 
counterbalance  the  heat  absorbed  by  the  decomposition  of 
the  dissolving  molecules,  and,  however  improbable  such  an 
explanation  may  appear,  we  cannot  say  that  is  impossible  so 
long  as  all  the  quantities  concerned  are  unknown.  It  is,  as 
van  der  Waals  points  out,  only  the  difference  between  these 
quantities,  and  not  the  real  heat  of  dissociation  of  the  mole- 
cules, which  Arrhenius  measured  in  the  work  referred  to  by 
Dr.  Walker  :  in  fact,  Arrhenius  at  the  time  was  basing  his 
results  on  the  very  grounds  against  which  my  criticism 
was  directed — the  absence  of  action  between  the  solvent  and 
dissolved  substance. 

Dr.  Wtilker  then  declares  that  I  am  misrepresenting  the 
A'iews  of  the  dissociationists  when  I  state  that,  according  to 
them,  the  electric  charges  on  the  ions  are  the  cause  of  decom- 
position, and  that  the  opposite  charges  on  the  different  atoms 
must  be  regarded  as  repelling  each  other.  I  did  not  pretend 
to  be  quoting  the  actual  words  of  the  dissociationists,  it  is 
true,  but  I  do  not  see  how  the  expressions  which  they  use  can 
be  interpreted  in  any  other  sense.  Ordinary  atoms  are 
represented  by  them  as  combining  and  pairing  together  to 
form  chemical  compounds  ;  ions,  on  the  contrary,  are,  as  such, 
incapable  of  chemical  union*,  and  the  only  difference  between 
an  ordinary  atom  and  an  ion,  we  are  told,  is  that  the  latter 
possesses  "  enormous  electrical  charges."  Therefore,  in  the 
absence  of  any  other  assigned  cause,  we  can  but  conclude  that 
these  charges  are  the  su})posed  cause  of  the  difference  in  the 
behaviour  of  these  ions  and  ordinary  atoms,  and  that  the 
union  which  is  possible  when  we  are  dealing  Avith  ordinary 
atoms  is  rendered  impossible  when  these  atoms  become 
charged. 

Dr.  Walker  informs  us  that  the  positively  and  negatively 
electrified  ions  in  a  solution  of  a  dissociated  substance  "  are  no 
longer  paired  off  together,"  but  there  is  "  a  complete  com- 
munism amongst "  them.  No  doubt  this  is  a  very  "  elegant 
theory,"  but  any  physicist,  I  believe,  would  tell  us  that  a 
number  of  +  and  —  electrified  particles  of  matter  would  not 
be  so  accommodating  as  to  remain  in  communism  together. 

*  Perhaps,  according  to  van  der  Waals's  deductions,  it  will  now  have 
to  be  admitted  that  they  are  capable  of  union  with  solvents. 
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Cumulative  evidence  -vvhicli  may  be  a  very  strontr  argument 
in  favour  of  experimental  facts  may  be  a  very  weak  argument 
when  api)lied,  as  it  is  by  the  dissociationists,  to  a  theory,  so 
long  as  the  theory  is  by  no  means  essential  for  the  interpreta- 
tion of  facts,  and  is,  moreover,  opposed  to  many  of  our  scientific 
beliefs  and  experiences.  For  even  if  van  der  Waals^s  admission 
of  the  existence  of  a  specific  attraction  between  the  dissolved 
substance  or  ions  and  the  solvent — which  in  my  opinion 
"  opens  half  the  turn{)ike  gates  "  to  the  hydrate  theory — 
obviates  any  objections  on  the  score  of  heat  evolved,  we  still 
liave  left  the  obstacles  of  the  origin  of  the  "  enormous  elec- 
trical charges  ■"  on  the  ions,  how  atoms  with  opposite  charges 
can  remain  in  a  state  of  communism,  and  why,  when  oppo- 
sitely charged,  they  do  not  stick  to  each  other  more  firmly 
than  when  uncharged  :  all  of  which  objections  Dr.  Walker 
does  not  attempt  to  remove. 

But,  more  potent  than  any  such  objections,  there  is  a  simple 
experimental  fact  which  the  supporters  of  the  dissociation 
theory  have  hitherto  found  it  convenient  to  ignore,  namely, 
that  when  sulphuric  acid,  or  any  similar  substance,  is  mixed 
with  a  large  excess  of  water,  instead  of  splitting  it  into  ions 
and  forming  a  solution  containing  mo7'e  acting  units  than  the 
acid  +  water  separately,  the  solution  contains  less  acting 
units,  the  number  of  acting  units  being  measured  by  the 
depression  produced  by  the  solution  on  some  independent 
solvent,  measured,  that  is,  by  the  very  means  on  which  the 
dissociationists  rely  for  proving  dissociation  {Bei\  d.  deutsch. 
chem.  Gesell.  xxiv.  p.  3317,  and  Chem.  News,  Ixiii.  p.  290). 

Dr.  Walker  concludes  his  attack  on  me  by  attempting  a 
supercilious  dismissal  of  my  calculations  of  the  freezing- 
points  of  sulphuric-acid  solutions.  His  objections  are  two- 
fold :  (1)  that  they  involve  a  "  thorough  confusion  of  heat 
with  temperature  " — an  objection  for  which  Dr.  Walker  may, 
perhaps,  be  excused,  as  he  drew  his  conclusions  from  an  abstract 
only  of  my  paper,  but  which  he  will  find  to  be  groundless 
if  he  refers  to  the  full  paper,  which  is  at  present  in  the  hands 
of  the  Chemical  Society  ;  and  (2)  that  they  are  based  on 
Person's  so-called  absolute  zero  while  my  own  subsequent 
work  has  proved  Person^s  views  to  be  utterly  imtenable.  For 
this  latter  most  unfortunate  objection  Dr.  Walker  can  have 
no  excuse  :  it  is  true  that  my  work  proved  that  Person's 
zero,  or  rather  temperature  of  no  crystallization,  was  not  a 
constant  for  all  bodies,  as  Person  had  imagined  it  to  be,  l)ut 
the  values  for  it  which  I  obtained  in  the  case  of  those  two 
solvents,  water  and  the  monohydrate  of  sulphuric  acid,  where 
my  calculated  freezing-points  agreed  very  closely  indeed  with 
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the  observed  values,  were  practically  identical  with  Person's 
supposed  constant  of  —160°,  whereas  in  the  case  of  the  third 
solvent,  sulphuric  acid,  for  which  I  got  a  very  different  value 
for  the  temperature  of  no  crystallization,  this  substance 
happened  to  be  the  very  one  in  which  my  calculated  freezing- 
points  could  not  be  regarded  as  satisfactory. 


lY.  Disniplion  of  the  Silver  Haloid  Molecule  hy  Mechanical 
Force.     By  M.  Caeey  Lea*. 

IN  a  paper  published  about  a  year  ago  on  the  subject  of 
Allotropic  Silver,  there  was  included  an  investigation 
into  the  action  of  the  different  forms  of  energy  upon  silver 
chloride  and  bromidef.  It  was  there  shown  that  these 
substances  possessed  an  equilibrium  so  singularly  balanced  as 
to  be  affected  by  the  slightest  action  of  any  form  of  energy. 
Such  action  produced  a  change  which,  though  it  might  be 
wholly  invisible,  yet  caused  the  breaking  up  of  the  haloid 
when  subsequently  placed  in  contact  with  a  reducing  agent. 
The  forms  of  energy  with  which  this  effect  was  observed 
are — 

1st.  Heat. 

2nd.  Light. 

3rd.  Mechanical  force. 

4th.  Electricity  (high  tension  spark). 

5th.  Chemism. 

It  follows,  therefore,  that  it  is  not  light  only  that  is  capable 
of  producing  an  invisible  image,  hut  that  this  ]?ower  belongs 
alike  to  all  forms  of  energy.  So  that  a  slight  impulse  from 
any  one  of  the  forces  just  mentioned  brings  about  a  change 
in  the  equilibrium  of  such  a  nature  that  the  molecule  is  more 
easily  broken  up  by  a  reducing  agent. 

As  respects  four  out  of  these  live  forms  of  energy,  it  was 
further  shown  that  when  made  to  act  more  strongly,  they 
were  able  of  themselves  to  disrupt  the  molecule  without 
external  aid.  One  form  alone  of  energy,  mechanical  force, 
made  an  apparent  exception  to  this  general  rule.  The  other 
four,  when  a[iplied  to  a  moderate  extent,  produced  a  latent 
image;  applied  more  strongly,  they  broke  up  the  molecule. 

The  object  of  the  present  paper  is  to  prove  that  this  excep- 

*  From  an  advance  proof,  communicated  by  the  Anthor,  liavirg  been 
read  before  the  iSatioual  Academv,  April  1892,  by  Dr.  George  F.  Barker, 
t  Phil.  Mag.  April  1891,  p.  320. 
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tion  does  not  exist,  and  that  as  all  forms  of  energy  have  Leen 
shown  in  the  previous  papers  of  this  series  to  be  capable  of 
iinj)ressing  an  invisible  image,  so  also  with  stronger  manifes- 
tations, a/j^y/or/u  o/>«t^>'<7?/ z's  capable  of  disvuptiug  the  niole- 
cide. 

I  was  able  to  show  many  years  ago  that  mechanical  force 
could  produce  a  latent  image.  Lines  drawn  with  a  glass 
rod  on  a  sensitive  surface  could  be  rendered  visible  by  develop- 
ment in  the  same  way  as  impressions  of  light.  An  embossed 
caril  pressed  on  a  sensitive  film  left  an  invisible  image,  which 
could  be  brought  out  by  a  reducing  agent.  The  raised 
portions  of  the  embossed  work  exerted  a  stronger  pressure  on 
the  sensitive  film  than  the  rest  of  the  card,  and  these  portions 
darkened  when  acted  upon  b}^  a  reducing  agent.  In  the  same 
way,  the  lines  traced  with  a  glass  rod  blackened  under  a 
developer.  In  each  case,  it  was  the  portions  which  had  been 
subjected  to  pressure  which  yielded  first  to  the  reducer.  It 
was  therefore  clear  that  in  the  molecules  which  had  received 
this  slight  pressure  the  affinities  of  the  atoms  had  been 
loosened. 

To  bring  these  phenomena  fully  into  line  with  the  others, 
it  is  now  necessary  to  prove  that  an  increased  pressure  can 
take  the  place  of  a  reducing  agent,  and  disrupt  the  melecule. 
And  this  is  actually  the  case. 

It  was  found  that  the  breaking  up  could  be  produced  in 
two  ways— by  simple  pressure  and  by  shearing  stress.  Silver 
chloride  and  bromide  formed  and  washed  in  absence  of  active 
light  were  subjected  to  these  agencies. 

1.  Simple  Pressure. — In  the  first  trial  made  with  silver 
chloride  it  was  enclosed  in  asbestos  paper,  which  had  been 
first  ignited  with  a  blast  lamp  to  remove  all  traces  of  organic 
matter  present.  This  method  was  tiied  in  order  that  the 
chloride  should  be  in  contact  with  perfectly  inactive  material 
only,  but  it  was  not  found  to  answer.  The  great  pressure 
employed  forced  the  dry  chloride  into  the  pores  of  the  paper, 
cementing  it  together,  so  that  the  opposite  sides  could  not  be 
sej)arated.  Platinum  foil  was  tlien  substituted  with  satisfac- 
tory results.  With  a  pressure  of  about  one  hundred  thousand 
pounds  to  the  square  inch,  maintained  for  twenty-four  hours, 
the  chloride  was  completely  blackened,  except  at  the  edges, 
where,  owing  to  greater  thinness,  the  pressure  was  less.  Very 
bright  foil  was  used  in  oi'der  to  detect  the  slightest  discoloration 
that  might  occur,  but  none  resulted  :  it  was  impossible  to 
distinguish  the  portions  which  had  been  in  contact  with  the 
darkened  chloride  from  those  that  had  not.     The  chloride  did 
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not  assume  the  usual  chocolate  colour,  but  changed  to  a  deep 
greenish  black. 

Silver  bromide  gave  exactly  the  same  results.  It  should 
be  mentioned  that  the  silver  chloride  and  bromide  were  each 
precipitated  with  an  excess  of  the  corresponding  acid. 

As  silver  iodide  precipitated  with  excess  of  potassium  iodide 
is  not  darkened  by  light  it  seemed  improbable  that  it  should 
be  by  pressure.  The  experiment  was,  however,  tried,  and  it 
was  fomid  that  the  iodide  darkened  fully  to  the  same  extent 
as  the  others.  This  result  surprised  me  so  much  that  the 
experiment  was  repeated  with  every  possible  precaution.  The 
result  left  no  doubt  that  silver  iodide,  as  well  as  the  chloride 
and  bromide,  is  blackened  by  great  pressure.  All  three  silver 
haloids  take  on  the  same  coloration — an  intense  greenish 
black.  It  was  found  best  to  use  the  material  air-dried.  If 
at  all  moist  the  platinum  foil  bursts  under  the  pressure  and 
the  experiment  is  invalidated.  The  air-dried  salt  retains  a 
sufficient  quantity  of  moisture. 

2.  Shearing-Stress. — As  a  means  of  applying  this  form  of 
force,  the  silver  chloride,  precipitated  with  excess  of  hydro- 
chloric acid  and  well  washed,  was  put  into  a  porcelain  mortar 
and  well  triturated.  The  improbability  that  the  small  quan- 
tity of  force  that  can  be  applied  in  this  way  would  break  up  a 
stable  molecule  like  that  of  silver  chloride  seemed  so  great, 
thdt  at  first  a  substance  tending  to  aid  the  reaction  was  added. 
Tannin  was  selected,  and  when  forcibly  ground  up  with  silver 
chloride  the  latter  was  soon  darkened.  Next  a  substance 
capable  of  taking  up  acid,  but  having  no  reducing  action,  was 
tried.  Sodium  carbonate  was  used.  This  also  caused  the 
chloride  to  darken.  Finally,  it  was  determined  to  ascertain 
if  the  molecule  of  silver  chloride  could  not  be  disrupted  by 
stress  alone.  The  chloride  was  placed  in  a  chemically  clean 
porcelain  mortar  and  well  triturated.  For  some  time  no 
effect  was  visible.  After  about  ten  minutes'  action  dark 
streaks  began  to  appear,  and  after  five  minutes'  more  Avork  a 
considerable  portion  of  the  chloride  was  darkened.  The  end  of 
the  pestle  was  covered  with  a  shining  purple  varnish.  It  had 
not  become  perceptibly  warmer  to  the  touch.  On  the  violet- 
purple  substance  nitric  acid  had  no  action,  but  aqua  regia  slowly 
whitened  it.  It  was  therefore  what  I  have  proposed  to  call 
silver  photochloride,  that  is,  a  molecular  combination  of  chlo- 
ride and  hemichloride.  This  experiment  was  carefully  repeated 
with  the  same  result.  Silver  bromide  similarly  treated  gave 
a  similar  result.  It  was  noticed  that  both  chloride  and  bro- 
mide, in  darkening,  took  on  the  familiar  colour  between 
chocolate  and  purple,  so  generally  seen  in  the  darkening  of 
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tliose  silver  salts,  and  differing  strikin<>ly  from  the  greenish- 
black  colour  assumed  by  all  three  silver  haloids  under  simple 
]»i-essure. 

The  fact  that  the  platinum  foil  remained  absolutely  un- 
attacked  when  the  silver  haloid  was  reduced  by  simple  pressure 
iu  actual  contact  with  it  is  interesting,  and  would  seem  to 
show  that  in  the  reduction  of  the  silver  haloid  the  halogen  is 
not  at  any  time  set  free  ;  but  that  water,  if  present,  is  decom- 
posed at  the  same  moment,  with  formation  of  halogen  acid. 

The  observations  recorded  in  this  paper  prove  the  existence 
of  a  perfect  uniformity  in  the  action  of  all  kinds  of  energy  on 
the  silver  haloids.  The  balance  of  the  molecule  is  at  once 
affected  by  the  action  of  any  form  of  energy.  A  slight  appli- 
cation produces  an  effect  which,  though  invisible  to  the  eye, 
is  instantly  made  evident  by  the  application  of  a  reducing 
agent.  The  bonds  which  unite  the  atoms  have  evidently  been 
in  some  way  loosened,  so  that  these  molecules  break  tip  more 
easily  than  those  to  which  energy  has  not  been  applied. 
(Jonseqttently,  if  the  substance  is  submitted  to  the  action  of 
light,  heat,  or  electricity,  or  if  lines  are  drawn  by  a  glass  rod 
(shearing-stress),  or  with  sulphuric  acid  (chemism) ,  a  reducing 
agent  blackens  the  parts  so  treated  before  it  affects  the  parts 
not  so  treated.  This  justifies  the  statement  made  earlier  in 
this  paper,  that  the  phenomena  of  the  latent  image  and  of  its 
development  are  not  exclusively,  or  even  especially,  connected 
with  light,  as  hitherto  supposed,  but  belong  to  all  other  forms 
of  energy  as  well. 

It  is  therefore  true  that  every  form  of  energy  is  not  only 
capable  of  producing  an  invisible  image  (that  is,  of  loosening 
the  bonds  which  unite  the  atoms),  but  is  also  capable,  if 
applied  more  strongly,  of  totally  disrupting  the  molecule. 
This  law,  in  a  general  form,  was  proved  in  previous  papers 
with  but  a  single  exception,  and  that  one  exception  is  removed 
by  the  observations  recorded  in  this  paper. 

As  far  as  observation  has  gone,  silver  compounds  are  the 
only  ones  that  exhibit  this  universal  sensitiveness.  Of  other 
substances  some  are  decomposed  by  heat,  some  by  electricity 
or  by  chemical  action,  and  a  few  by  light. 

It  has  now  been  shown,  as  I  believe  for  the  first  time,  that 
mechanical  force  is  competent,  without  the  aid  of  heat,  to 
break  up  a  molecule  that  owes  its  existence  to  an  exothermic 
reaction. 

It  is  important  to  distinguish  between  the  two  treatments 
here  described.  In  the  case  of  shearing-stress,  force  is  ex- 
pended in  overcoming  friction,  and  in  so  doing  produces  heat. 
It  may  be  questioned,  however,  whether  the  very  small  amount 
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of  heat  thus  generated  has  anything  to  do  with  the  reaction. 
The  heat  is  not  perceptible,  it  is  momentary  ;  and  it  has  been 
elsewhere  shown  that  though  moist  silver  chloride  can  be 
broken  np  by  heat,  the  action  is  slow  even  at  a  temperatiTre 
of  100°  C. 

In  the  case  of  simple  pressure,  heat  certainly  plays  no  part. 
The  material  is  small  in  quantity,  is  folded  up  in  metal,  is 
placed  between  hxrge  and  heavy  pieces  of  metal,  and  the  pres- 
sure is  applied  gradually  by  means  of  a  screw.  Even  sup- 
posing a  slight  increase  of  temperature,  it  could  not  exceed 
one  or  two  degrees  and  would  be  momentary.  As  just 
remarked,  heat  does  not  produce  an  effect  except  at  about 
100°  C.  and  after  many  hours. 

The  powerful  affinity  which  exists  between  silver  and  the 
halogens  is  well  known.  That  this  affinity  eon  be  counteracted 
and  annulled  by  simple  pressure — that  the  halogen  can  in  part 
be  forced  out  of  the  molecule  by  mechanical  means  unaided 
by  heat — is  remarkable. 

It  need  scarcely  be  said  that  this  phenomenon  has  nothing 
in  common  with  decompositions  produced  by  mechanical  force 
in  substances  such  as  silver  or  mercury  fulminate,  nitrogen 
chloride,  and  similar  explosives.  Such  substances  are  all 
formed  by  endothermic  reactions,  and  their  decompositions 
are  exothermic.  Heat  does  not  need  to  be  supplied,  but  only 
what  Bei'thelot  has  named  a  "travail  pre'liminaire,^'  an  impulse 
to  start  the  reaction.  But  silver  haloids  are  formed  by  exo- 
thermic reactions  ;  consequently  their  decompositions  are 
endothermic,  and  require  that  the  energy  which  was  disen- 
gaged in  their  formation  should  be  returned  to  effect  their 
decomposition.  The  experiments  described  in  this  i)aper  show 
that  mechanical  force  may  be  made  to  supply  this  energy, 
and  so  play  the  part  of  light,  electricity,  or  heat,  without 
previous  conversion  into  any  other  form  of  energy. 

The  thermochemical  i-eactions  of  the  silver  haloids  have 
been  studied  by  Berthelot,  and  their  reductions  were  found 
to  be  endothermic*.  There  can  be  no  doubt,  therefore,  that 
an  endothermic  reaction  can  be  brought  about  by  simple 
pressure. 

Philadelphia,  April  1892. 

*  Mecanique  Chimique,  vol.  ii.  p.  411.  The  reduction  of  silver  chloride 
to  metal  involves  an  absorption  of  cal.  29-4.  That  to  hemichloride  has 
not  been  measured,  but  is,  according  to  Berthelot,  also  endothermic.  See 
also  Ditto,  Les  Metaux,  i.  pp.  232,  233. 
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V.  On  the  Probabilities  of  Jfolecular  Conjigurations.  Bji 
Ladislas  Natanson,  Phys.  D.,  Lecturer  on  Natural 
Philosophy,  University  of  Cracow*. 

WITH  reference  to  Sir  William  Thomson's  recently  re- 
pul)lished  kinetic  explanation  of  dissipation  of  energy, 
I  should  like  to  lay  some  few  remarks  upon  the  subject  of  the 
prohabihties  of  molecular  contigurations  before  the  readers  of 
the  Philoso})hical  Magazine. 

Let  us  imagine  a  volume  V  divided  into  n  equal  parts  or 
"  elements,"  and  suppose  in  that  volume  N  points  to  be  con- 
tained. These  points  may  represent  ordinary  material  mole- 
cules for  the  sake  of  investigating  the  distribution  of  density 
in  a  fluid  medium,  phenomena  of  diffusion,  and  some  further 
cases  of  material  equilibrium ;  in  other  problems,  however, 
the  points  may  be  taken  to  represent  anything  else.  They 
may  mean  elementary  chemical  atoms  in  discussing  dissocia- 
tion and  other  cases  of  chemical  equilibrium ;  or  ends  of  lines 
drawn  from  a  fixed  point  so  as  to  represent  the  speeds  of 
various  molecules  at  a  given  time  (in  order  to  investigate  the 
distribution  of  velocities  in  a  crowd  of  molecules)  ;  or,  again, 
in  molecular  theory  of  capillary  action,  they  may  be  regarded 
as  ends  of  lines  constituting  a  (similar)  space-diagram  intended 
to  represent  in  direction  and  magnitude  all  the  forces  ex- 
perienced at  a  given  time  by  a  molecule  of  a  liquid. 

To  take  the  simplest  case,  let  us  find  the  probability  of  the 
following  arrangement  of  N  molecules  in  n  elements  of  volume 
Suppose  the  first  element  contains  N^  molecules,  the  second 
N2   molecules,   . . .,   the   ni\\   contains   N^  molecules.      This 
particular  arrangment  may  be  symbolized  thus  :-— 

(Ni,N„...,NJ; (1) 

its  probability  will  be  denoted  by  Q.  It  will  be  admitted  at 
first  that  the  chance  of  any  given  molecule  being  in  a  given 
element  does  not  depend  in  any  way  upon  the  simultaneous 
presence,  in  that  element,  of  any  number  of  other  molecules. 
Could  we  endow  with  one,  and  only  one,  molecule  every 
element  of  volume,  we  should  be  able  to  realize  the  corre- 
ponding  arrangement  of  molecules  in 

N(]Sr-l)...  3.2.1  or  N!     ....     (2) 

distinct  manners.     Now  in  the  case  before  us  the  first  element 
contains   by   supposition   not   one   but   N^   molecules ;    and 

*  Communicated  by  the  Author. 
E  2 
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mutual  interchauore  between  these,  beino;  now  limited  to  the 
interior  of  the  first  element,  will  not  lead  to  new  and  distinct 
molecular  configurations.  Since  to  the  N2  molecules  in  the 
second  element,  to  the  N3  molecules  in  the  third,  &c.,  the  same 
remark  applies,  the  arrangement  (1)  cannot  be  realizable 
but  in 

N! 
Ni!No!...N  ! ^^^ 

distinct  manners  ;  and  if  we  agree  to  put  0  !  =  1  the  expres- 
sion just  given  wall  not  be  altered  in  the  case  in  which  some 
of  the  N^  are  equal  to  zero.  To  find  the  value  of  the  pro- 
bability Q  we  have  to  divide  (8)  by  the  sum  of  all  terms  of 
the  form  (3)  which  are  consistent  with  the  condition 

N,  +  N2+...  +N„  =  N (4) 

Accordingly,  \ve  obtain 

0_  N! 

^~n^N,!N2!...N  ! ^^ 

From  this  it  follows  at  once  that  the  smallest  value  of  Q,  say  Q', 
is  assumed  in  the  case  in  which  of  the  numbers  N^,  Ng, . . .,  N  ^ 
all  are  equal  to  zero,  except  one,  which  is  therefore  equal  to 
N  ;  and  that  the  greatest  value  of  Q  (or  Q"  say)  corresponds 
to  the  case 

Ni  =  N.=  ...  =  N„=^ (fi) 

The  corresponding  probabilities  are 

1  N' 

Q'=^and  Q-=-— ^i^:^„^      ...     (7) 


n' 


hence 


(8) 


q:_ 

or,  approximately,  N  and  "N/n  being  very  large, 

a  very  small  fraction  for  any  large  value  of  N.  In  words  :  that 
all  the  molecules  should  be  accumulated  in  one  element  is  the 
most  improbable,  and  that  they  should  be  evenly  distributed 
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among  all  elements  is  the  most  probable  event*.  Thus  the 
arrangement  of  a  given  number  of  molecules  in  a  given 
volume,  the  probability  of  which  is  greatest,  is  found  to  coin- 
cide Avith  what  would  actually  take  place  in  the  case  of  a 
homogeneous  fluid  not  acted  on  by  external  forces. 

If  in  a  given  volume  molecules  of  different  kinds  are  present, 
the  ultimate  arrangement  is  easily  seen  to  coincide  again  with 
that  the  probability  of  which  is  greatest. 

To  interpret  such  results,  observe  that  the  calculation  of 
probability  wholly  depends  upon  the  assumption  that  the  pro- 
bability of  a  molecule  being  in  a  definite  element  is  not 
affected  by  the  fact  of  other  molecules  being  there  at  the  same 
time.  The  conclusion  then  we  have  to  draw  every  time  the 
actual  arrangement  of  molecules  coincides  with  that  the  pro- 
bability of  which  is  greatest,  is  clearly  that  in  such  cases  no 
disturbing  forces  are  operatrive,  the  effect  of  which  would  be 
to  influence  the  chances  of  some  elements  or  of  certain  mole- 
cules and  thus  to  affect  pure  probabilities  hitherto  considered. 

In  many  and  various  cases,  however,  the  actual  ultimate 
arrangement  of  molecules  is  found  to  differ  immensely  from 
what  we  should  have  expected  on  grounds  of  purely  geo- 
metrical probability  ;  and  the  same  may  be  said  with  respect 
to  chemical  or  elementary  atoms,  their  arrangement  being  in 
all  cases  (except  when  total  dissociation  occurs)  of  a  kind 
which  we  should  have  expected  to  be  highly  improbable. 

It  would  seem  therefore  that  these  are  the  cases  in  which 
it  is  right  to  introduce  the  idea  of  molecular  and  atomic  forces. 
Let  us  admit,  as  a  general  principle  in  molecular  theory,  tliat 
atoms  and  molecules,  unless  they  are  subjected  to  mtitual  or 
external  forces^  tend  to  assume  that  kind  of  ultimate  arrange- 
ment the  [pure)  i)robability  of  ivhich  is  greatest.     This  principle 

*  Highly  iustriictive  from  this  point  of  view  is  Joule's  celebrated  ex- 
periment of  1844,  in  which  air  compressed  in  a  vessel  (A)  was  allowed 
to  rush  into  another  equal  vessel  (B)  which  was  previously  exhausted. 
Take  every  one  of  the  vessels  as  an  "  element,"  as  defined  above  ;  the  two 
taken  together  will  represent  what  has  been  called  "  Volume  V."  Con- 
sider the  state  of  things  in  the  moment  when  the  stopcock  is  suddenly 
opened  and  the  first  molecule  is  about  to  escape  from  A  into  B.  In  that 
initial  (artificially  produced)  configuration  the  arrangement  of  molecules 
is  exactly  that  which  in  this  case  is  the  most  improbable  {n  being  here 
=  2).  In  the  final  condition  of  uniform  density  and  temperature,  on  the 
other  hand,  the  arrangement  is  reached  tlio  probability  of  wliich  is 
greatest. 

Thus,  in  this  case, 

Q^  =  I      /^ 

Q"      2^^     2' 

and  N  being  of  the  order  of  10'-',  the  initial  distribution  is  seen  to  be 
exceedingly  important  if  compared  with  tlie  linal. 
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is  seen  then  to  be  in  exact  analogy  with  Newton's  first  Law 
of  Motion.  Ever}'  time  u  material  point  does  not  move  in  a 
straight  line  with  constant  velocity,  that  point  is  considered  to 
be  acted  on  by  force.  Every  time  molecules  or  atoms  assume 
some  steady  state,  which  is  not  that  the  probability  of  which  is 
greatest,  we  will  say  they  are  compelled  by  force  to  do  so. 

The  relativity  of  the  idea  of  force  in  molecular  theory  will 
be  perceived  as  clearly  as  it  is  in  ordinary  dynamics. 

VI.  Notes  on  the  Theory  of  the  Transformer. 

By  Henry  A.  Rowland  *.'      g^1_  3^08^^^ 

AS    ordinarily   treated  the  coefficient  of  self  and  mutual 
induction  of  transformers  is  assumed  to  be  a  constant, 
and  many  false  conclusions  are  thus  drawn  from  it. 

I  propose  to  treat  the  theory  in  general,  taking  account  of 
the  hysteresis  as  well  as  the  variation  in  the  magnetic  perme- 
ability of  the  iron  f. 

The  quantity  p  as  used  by  Maxwell  is  the  number  of  lines 
of  magnetic  induction  enclosed  by  the  given  conductor. 
This  will  be  equal  to  the  number  of  turns  of  the  wire  into 
the  electric  current  multiplied  by  the  magnetic  permeability 
and  a  constant.  But  the  magnetic  permeability  is  not  a 
constant  but  a  function  of  the  magnetizing  force,  and  hence 
we  must  write 

p=Bny  +  C{ny)^  +  S(nyY  +  &C. 

Where  B,  C,  &c.  are  constants,  w  is  the  number  of  turns, 
and  y  the  strength  of  current. 

In  this  series  only  the  odd  powers  of  y  can  enter  in  order 
to  express  the  fact  that  reversal  of  the  current  produces  a 
negative  magnetization  equal  in  amount  to  the  direct  magne- 
tization produced  by  a  direct  current.  This  is  only  approxi- 
mately true,  however,  and  we  shall  presently  correct  it  by 
the  introduction  of  hysteresis.  It  is,  however,  very  nearly 
true  for  a  succession  of  electric  waves. 

To  introduce  hysteresis,  first  suppose  the  current  to  bo 
alternating  so  that  y  =  c  sin  {bt  +  e),  where  t  is  the  time  and 
e  the  phase.     The  introduction  of  a   term  A  cos  {ht  +  e)   into 

*  From  the  Joliiis  Hopkins  University  Circular.  Communicated  by 
the  Author. 

t  The  problem  is  treated  by  the  method  of  magnetic  circuit  first  applied 
by  me  to  ii-on  bars  in  my  paper  on  "  Magnetic  Disti-ibution"  (Phil.  Mag. 
1875, 1.  pp.  257,  348)  and  afterwards  to  the  magnetic  circuit  of  dynamos 
at  the  Electrical  Conference  at  Philadelphia  in  1884.  I  also  used  the 
same  method  in  my  paper  on  "  Magnetic  Permeability  "  in  1873  (Phil. 
Mag.  1873,  xlvi.  p.  140> 


Theory  of  the  Transformer.  55 

the  value  of  the  number  of  lines  of  induction  will  then 
represent  the  effect  very  well.  But  the  current  i.s  not  in 
general  a  simple  sine  curve,  and  so  we  must  write 

y  =  a^  sin  {ht  +  ^,)  +  a.,  sin  (2  bt  +  eo)  +  ^3  sin  (3  U  +  ^3)  + . 

In  this  case  it  is  much  more  difficult  to  express  the  hysteresis 
empirically.  In  most  cases  the  first  term  in  the  value  of  ^  is 
the  largest.  A  term  of  the  same  nature  as  before  will,  in 
this  case,  suffice  to  express  the  hysteresis  approximately. 
We  can  then  write  for  the  total  flux  of  magnetic  induction,  ^ 
jD  =  A  cos  [ht  +  ^1)  +  B/ij/  +  Qn^y^  +  hiy'  +  &c. 

Problem  1. — To  find  the  electromotive  force  necessary  to 
make  the  electric  current  a  sine  curve  in  a  transformer  without 
secondary.  Let  the  resistance  be  R,  and  make  y  =  c^m  {bt). 
Then  Maxwell's  equation  becomes 

^        dt 
Substituting  the  value  of  y  we  have 
E  =  (Ec  +  Mn)  sin  {bt)  +  Bncb  cos  {bt)  +  3  Cn^  sin'  {bt)  cos  bt  +  &c. 
But 

Sin  "^bt  cos bt=i\  (cos  6^  — cos  3  bt), 

Sin  ^bt  cos  bt  —  ^  (cos  5  ^f  —  3  cos  3  5^  +  2  cos  bt), 

Sin  ^bt  cos  bt  =  Cic. 

Hence  the  electromotive  force  that  must  be  given  to  the 
circuit  must  contain  not  only  the  frequency  of  the  current 
but  also  frequencies  of  3,  5,  7,  &c.  times  as  many.  In  other 
words,  the  odd  harmonics. 

Problem  2. — Transformer  without  secondary,  the  electro- 
motive force  being  a  sine  curve. 

E  sin  Z.<  =  Ry  4-71^. 
dt 

First  it  is  to  be  noted  that  when  we  place  in  this  equation 
the  general  value  of  y  and  make  the  coefficients  of  like 
functions,  of  bt  zero,  all  the  even  harmonics  will  strike  out. 

Hence  the  value  of  the  electric  current  will  be 

y  =  cLi  sin  {bt  +  Ci)  +  ag  sin  (3  bt  +  ^^3)  +  a-^  sin  {bt  +  Cg)  + . 
Substituting  this  value  in  the  value  for  jy,  the  equation  is 
theoretically  sufficient  to  determine  «!,  a^,  &c.,  and  ey,  e^,  &g. 
The  equations  are  cubic  or  of  higher  order  and  the  solution 
can  only  be  approximate,  and  I  have  not  thought  it  worth 
while  to  go  further  with  the  calculation.  However,  it  is  easy 
to  draw  the  following  conclusions  : — 
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1.  A  simple  harmonic  current  through  an  iron  transformer 
will  produce  a  secondary  electromotive  force  and  current,  or 
both,  which  contain  not  only  the  fundamental  period  hut  the 
higher  odd  harmonics. 

2.  This  effect  is  not  due  to  hysteresis,  but  to  the  variation 
in  the  magnetic  permeability. 

3.  The  harmonics  increase  with  the  increase  in  magnetiza- 
tion of  the  iron  and  nearly  vanish  as  the  magnetization 
decreases,  although  it  is  doubtful  if  they  ever  quite  vanish. 
Hence,  an  increase  of  resistance  will  decrease  the  harmonics. 

4.  In  the  method  of  introducing  the  hysteresis  into  the 
equations,  it  enters  as  an  addition  to  the  resistance  in  the 
term  Rai  -f  Anh^  where  R  is  the  resistance,  a^  the  maximum 
current,  A  the  coefficient  of  hystersis,  w^hich  is  dependent 
upon  the  amount  of  magnetization  of  the  iron,  n  the  number 

2_ 
of  turns  of  wire,  and  ^' =  "m  is  Stt  divided  by  the  time  of  a 
complete  period. 

The  introduction  of  the  hysteresis  into  the  ordinary 
equations,  therefore,  presents  little  or  no  difficulty. 

Many  observers  have  noted  that  the  current  curve  in  a 
transformer  was  not  a  sine  curve  and  Prof.  Ayrton  has  shown 
the  presence  of  the  odd  harmonics,  but  gives  no  explanation. 
Mr.  Fleming  has  attributed  them  to  hysteresis,  but  I  believe 
the  present  paper  gives  the  first  true  explanation. 

Problem  3. — To  find  the  work  of  hysteresis.  Let  the 
resistance,  R,  be  zero.  The  work  done  will  then  be  the 
integral  of  the  current  times  the  electromotive  force,  or 


r  dp,. 

the  integral  to  be  taken  for  one  period  of  the  current. 

Jo 

b 
A  sin  (It  +  e,)y  +  Bn  3/^  +  Q,n^Z  /^  +  \li 

b 
All  the  other  terms  are  zero. 

In  a  unit  of  time  the  energy  absorbed  is  . 

Steinmetz  has  found  by  experiment  that  this  varies  as  the 
lj<5g.  power  of  the  magnetic  induction.  Of  course  the  present 
theory  gives  nothing  of  this  but  only  suggests  a  way  of 
introducing  the  hysteresis   into  calculations    of  this  nature. 
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For  this  purpose  replace  A  bv  A^cf"  and  the  work  of  hysteresis 

A^       .        .      .        "^ 
l)ocomes-^<7i^'",  which  is  thus  the  formula  of  Steinmetz. 

In  the  case  where  a  secondary  exists,  the  number  of  turns 
of  wire  being  n^  and  the  current  y^,  we  have  simply  to  replace 
ny  in  the  above  formula  by  ny  +  n^y^  and  change  the  phase  of 
the  hysteresis  term  so  as  to  be  90°  from  the  combined  mag- 
netizing force,  ny-\-n^y^.  The  equations  of  the  currents  will 
then  be,  by  Maxwell's  formula, 

do 
Which  suffice  to  determine  both  y  and  y^.  The  result  is  too 
complicated  to  be  attractive.  The  equations  show,  however, 
that  the  odd  harmonics  must  appear  in  either  the  electromotive 
forces  or  the  primary  or  secondary  currents,  if  not  in  all  of 
them  ut  once.  The  exact  distribution  is  only  a  case  of  com- 
plicated calculation. 

It  is  to  be  specially  noted  that  all  formulge  by  which  self- 
induction  is  balanced  by  a  condenser  will  not  be  correct  when 
a|jplied  to  an  iron  transformer  but  only  to  an  air  transformer. 
They  will,  however,  apply  approximately  to  iron  transformers 
in  which  the  magnetization  is  small,  and  thus  probably  will 
apply  better  to  transformers  with  an  open  magnetic  circuit 
than  with  a  closed  one. 

Also  an  iron  transformer  should  not  be  compared  with  an 
air  transformer,  or  two  iron  transformers  with  different  mag- 
netizations with  each  other. 

In  conclusion  I  may  add  that  the  mathematical  difficulties 
might  be  overcome  by  another  mode  of  attack,  but  other  work 
draws  me  in  another  direction  and  I  leave  the  matter  to  be 
worked  up  further  by  others. 


VII.   On  an  Instrument  for  Drawing  Parabolic  Curves. 
By  KiCHARD  Inwards,  F.R.A.S."^ 

ri^HIS  instrument,  which  I  have  now  the  pleasure  of  show- 
-A-  ing  to  the  members  of  the  Physical  Society,  is  designed 
for  the  purpose  of  drawing  by  one  simple  operation  any  para- 
bola of  short  focus,  such  as  mioht  be  wanted  for  settinii-  out 
the  curve  of  a  lamp-reflector,  or  in  making  a  diagram  of  the 
path  of  a  comet  or  of  a  projectile. 

*  Communicated  by  the  Physical  Society :   read  May  13,  1892. 
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It  is  based  on  that  property  of  the  parabola  by  which  any 
point  in  it  is  equally  distant  from  its  focns  and  from  the 
nearest  part  of  its  directrix. 

In  the  diagram,  which  represents  the  instrument  as  mounted 
on  a  drawing-board,  F  is  the  focal  pivot,  which  is  adjustable 
for  larger  or  smaller  {)arabo]as  by  moving  the  piece  support- 
ing it  in  a  slide  to  which  it  can  be  clamped  l)y  the  screw  K. 

AB  is  a  slot  i'ormed  by  two  steel  straight  edges  with  a 
narrow  opening  between  them.  The  centre  line  of  this  slit  is 
the  directrix  of  the  parabola  to  be  drawn. 

Along  the  slit  AB  travel  two  pins  L  and  G,  which  are  parts 
of  a  frame  or  system  LMEG  of  such  a  nature  that  LM,  ME, 


and  MG  are  equal  to  each  other,  so  that  in  any  position  E  is 
compelled  to  be  vertically  over  G. 

A  parallel  frame  HGFI  is  so  constructed  that  one  corner 
rotates  on  F  and  the  opposite  corner  rotates  on  G.  The 
diagonal  bar  CD  can  travel  along  between  guides  at  H  and  I. 

A  pencil  or  scriber  is  fixed  at  E,  and  the  paper  is  placed 
under  this,  and  held  by  the  clips  N  and  0. 

A  handle  is  provided  at  G,  on  moving  which  along  the  line 
AB  it  will  be  seen  that  the  pencil  E  is  compelled  to  describe 
a  curve  such  that  it  is  always  equally  distant  from  F  and  from 
G,  and  as  G  is  on  a  straight  line  and  F  is  a  fixed  point,  that 
curve  mast  be  a  parabola. 

The  fact  that  any  point  in  the  diagonal  of  a  rhombus  must 
be  equally  distant  from  one  pair  of  its  opposite  angles  is 
obvious  on  a  moment's  consideration. 

The  centre  line  of  the  diagonal  bar  CD  is  always  a  tangent 
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to  the  parabola  which  is  being  constructed.  The  curves  so 
Jrawn  may  be  used  tor  the  production  of  templates  for  lenses 
or  mirrors,  and  they  could  be  drawn  small  and  then  magnified 
either  by  ])liotography  or  by  a  })antagraph  arrangement. 

This  instrument  is  a  combination  of  well  known  link  move- 
ments, but  I  do  not  think  they  have  ever  before  been  applied 
to  the  production  of  a  parabolic  curve  from  a  single  straight 
line  motion. 

The  instrument  may  be  so  constructed  that  any  play  be- 
tween the  sliding  pins  and  the  slot  may  be  avoided  by  pressing 
the  handle  down  towards  the  lower  side  of  the  slot,  which 
thus  becomes  a  ruler.  In  the  event  of  any  machine  being 
constructed  on  this  principle,  gravity  itself  might  make  this 
pressure. 

20  Bartholomew  Villas,  Kentish  Town,  N.W., 
February  2,  1892. 


VIII.   On  the  Question  of  the  Stability  of  the  Floiv  of  Fluids. 
By  Lord  Eayleigh,  Sec.  R.S.* 

IT  is  well  known  that  while  Sir  G.  Stokes's  theory  of  viscous 
flow  gives  a  completely  satisfactory  account  of  what  is 
observed  in  the  case  of  capillary  tubes,  no  theory  at  present 
exists  to  explain  the  complete  change  in  the  laws  of  flow 
which  supervenes  when  the  tubes  are  of  larger  diameter  and 
the  velocities  not  very  small.  Prof.  Osborne  Reynolds  f  has 
applied  the  theory  of  dynamical  similarity  to  this  question, 
and  has  shown  both  by  theory  and  experiment  that  the  change 
in  the  law  of  resistance  occurs  when  epiv//j.  has  a  certain  value, 
where  c  is  a  linear  parameter  such  as  the  diameter  of  the  tube, 
10  is  the  velocity,  /j,  the  coefficient  of  friction,  and  p  the 
density.  The  conclusion  is  perhaps  most  easily  reached  by 
applying  the  method  of  dimensions  to  the  expression  for  the 
ratio  (P)  of  the  difference  of  pressures  at  two  points  along 
the  length  of  the  tube  to  the  distance  between  the  points. 
The  dimensions  of  this  ratio  are  those  of  a  force  divided  by  a 
volume  ;  and  if  we  assume  that  it  may  be  expressed  in  terms 
of  vX  (equal  to  /x/p),  c,  p,  and  iv  in  the  form 

*  Communicated  by  the  Author. 

t  Phil.  Trans,  clxxiv.  p.  'J3r>  (I883j. 

\   Of  which  the  flimensions  are  2  in  space  and  —1  in  time. 
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we  have  the  tliree  relations 

1  =  --, 

so  thnt 

,r=?i  — 3,     y^2—n,     ~  =  1, 
and 

P  a  v^c-V- («f»" (1) 

Since  n  is  here  indeterminate,  all  we  can  infer  from  dyna- 
mical similarity  is  that 

V=v''c-^pf{cwlv), (2) 

where/ is  an  arbitrary  function. 

For  capillary  tubes  and  moderate  velocities  P  varies  as  the 
first  power  of  w,  so  that  in  (1)  ?i  =  l.     In  this  case 

P  =  Avc->it', (3) 

A  being  an  arbitrary  constant.  When,  on  the  other  hand, 
cwjv  is  great,  experiment  shows  that  n^2  nearly.  If  this 
law  be  exact,  (1)  gives 

P  =  Bc->i<;^ (4) 

independent  of  v.  The  second  power  of  the  velocity  and 
independence  of  viscosity  are  thus  inseparably  connected. 

In  the  above  theory  no  account  is  taken  of  any  variation  in 
the  walls  of  the  tubes.  Either  they  must  be  perfectly  smooth, 
or  else  the  irregularities  must  he  in  proportion  to  the  diameters. 
Under  this  limitation  (2)  would  appear  to  hold  good,  at  least 
if  there  be  no  finite  slij)  at  the  walls. 

The  proportionality  to  p,  expressed  in  (4),  has  probably  not 
been  tested  experimentally.  Neither  is  there  any  complete 
theoretical  deduction  of  (4).  But  a  comparison  with  Torri- 
celli's  law  of  efflux  is  significant.  The  resistance  is  the  same 
as  if  it  were  necessary  to  renew  continually  the  velocity  of  the 
liquid  at  intervals  which  are  proportional  to  the  diameters  of 
the  pipes. 

The  connexion  between  the  alteration  in  the  law  of  resist- 
ance and  the  transition  from  regularly  stratified  to  eddying 
motion  has  been  successfully  traced  by  Reynolds.  The  ques- 
tion is.  Why  do  eddies  arise  and  take  possession  ?  From  the 
description  and  drawings  given  by  Reynolds  it  is  natural  to 
suppose  that  in  the  absence  of  viscosity  the  stratified  motion 
would  be  unstable,  and  that  it  is  stable  in  small  tubes  and  at 
low  velocities  only  in  consequence  of  the  steadying  effect  of 
viscosity  then  acting  at  an  advantage.     It  was  with  this  idea 
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that  (at  an  earlier  date  *)  I  attempted  an  investigation  of  the 
stability  of  stratified  flow  in  t\vo  dimensions,  fully  expecting 
to  find  it  unstable.  The  result,  however,  was  to  show  that  in 
the  absence  of  viscosity  the  stratified  flow  between  two  parallel 
walls  was  not  unstable,  provided  that  the  law  of  flow  were 
such  that  the  curve  representing  the  velocities  in  the  various 
strata  was  of  one  curvature  throughout,  a  condition  satisfied 
in  the  case  in  question.  To  be  more  precise,  it  was  proved 
that  if  the  deviation  from  the  regularly  stratified  motion  were, 
as  a  function  of  the  time,  proportional  to  t''"',  then  n  could 
have  no  imaginary  part. 

On  the  other  hand,  if  the  condition  as  to  the  curvature  of 
the  velocity  curve  be  violated,  n.  may  acquire  an  imaginary 
part,  and  the  resulting  disturbance  of  the  steady  motion  is 
ex})onentially  unstable,  as  was  shown  by  several  examples  in 
the  paper  referred  to,  and  in  a  later  one  f  in  which  the  subject 
was  further  pursued. 

We  are  thus  confronted  with  a  difficulty.  For  if  the  inves- 
tigation in  question  can  be  applied  to  a  fluid  of  infinitely 
small  viscosity,  how^  are  we  to  explain  the  observed  instability 
which  occurs  with  moderate  "siscosities  ?  It  seems  very 
unlikely  that  the  first  effect  of  increasing  viscosity  should  be 
to  introduce  an  instability  not  pre^•iously  existent,  while,  as 
observation  shows,  a  large  viscosity  makes  for  stability. 

Several  suggestions  towards  an  explanation  of  the  discre- 
pancy present  themselves.  In  the  first  place,  irregularities  in 
the  walls,  not  included  in  the  theoretical  investigation,  may 
play  an  essential  part.  Again,  according  to  the  view  of  Lord 
Kelvin,  the  theoretical  stabihty  for  infinitely  small  disturb- 
ances at  all  viscosities  may  not  extend  beyond  very  narrow 
limits  ;  so  that  in  practice  and  under  finite  disturbances  the 
motion  would  be  unstable,  unless  the  viscosity  exceeded  a 
certain  value.  Two  other  suggestions  which  occurred  to  me 
at  the  time  of  writing  my  first  paper  as  perhaps  pointing  to 
an  explanation  may  now  be  mentioned.  It  is  possible  that 
there  may  be  an  essential  difference  between  the  motion  in 
two  dimensions  to  wliich  the  calculations  related,  and  that  in 
a  tube  of  circular  section  on  which  observations  are  made. 
And,  secondly,  it  is  possible  that,  after  all,  the  investigation 
in  which  viscosity  is  altogether  ignored  is  inapplicable  to  the 
limiting  case  of  a  viscous  fluid  when  the  ^^scosity  is  supposed 
infinitely  small.  There  is  more  to  be  said  in  favour  of  this 
view  than  would  at  first  be  supposed.     In  the  calculated 

*  Proc.  Matli.  Sue.  February  \2,  lti80. 
t  Ibid.  November  1887. 
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motion  there  is  a  finite  slip  at  the  walls,  and  this  is  inconsistent 
with  even  the  smallest  viscosity.  And,  further,  there  are 
kindred  problems  relating  to  the  behavionr  of  a  viscous  fluid 
in  contact  with  fixed  walls  for  which  it  can  actually  be  proved"^ 
that  certain  features  of  the  motion  which  could  not  enter  into 
the  solutions  were  the  viscosity  ignored  from  the  first  are 
nevertheless  independent  of  the  magnitude  of  the  viscosity, 
and  therefore  not  to  be  eliminated  by  supposing  the  viscosity 
to  be  infinitely  small.  Another  case  that  may  be  instanced  is 
that  of  a  large  stream  of  viscous  fluid  flowing  past  a  spherical 
obstacle.  As  Sir  G.  Stokes  has  shown,  the  steady  motion  is 
the  same  whatever  be  the  degree  of  viscosity  ;  and  yet  it  is 
entirely  different  from  the  flow  of  an  inviscid  fluid  inwhich 
no  rotation  can  be  generated.  Considerations  such  as  this 
raise  doubts  as  to  the  interpretation  of  much  that  has  been 
written  on  the  subject  of  the  motion  of  inviscid  fluids  in 
the  neighbourhood  of  solid  obstacles. 

The  principal  object  of  the  present  communication  is  to 
test  the  first  of  the  two  latter  suggestions.  It  will  appear 
that,  as  in  the  case  of  motion  between  parallel  plane  walls,  so 
also  for  the  case  of  a  tube  of  circular  section,  no  disturbance 
of  the  stead}'  motion  is  exponentially  unstable,  provided  vis- 
cosity be  altogether  ignored. 

Referring  the  motion  to  cylindrical  coordinates  z,  r,  0, 
parallel  to  which  the  component  velocities  are  w,  u,  r,  we 
havef 

^u      v^  _  clQ     dr      liv  _  IclQ     ^w  _  f/Q 
a? ~ 7 ~ l/^''    Wt'^V~rle'    bF ~ ^' 

5       fZ         d       V  d  d 

^t^dt-^'^d^^-^rdd-^'^dz 

where  —  Q  =  V+y>/p. 

These  are  the  general  equations.  In  order  to  apply  them 
to  the  present  problem  of  small  disturbances  from  a  steady 
motion  represented  by 

M=0,  v  =  0,  tf  =  W, 

where  W  is  a  function  of  r  only,  we  will  regard  the  complete 
motion  as  expressed  by  u,  v,  W  +  w,  and  neglect  the  squares 
of  the  small  quantities  u,  v,  w,  which  express  the  disturbance. 

*  "Ou  the  Circulation  of  Air  in  Kundt's  Tubes,"  Phil.  Trans. 
November  1883. 

t  Basset's  '  Hydrodynamics,'  §  470. 
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Thus,                          du      ,j^  du  _dQ,  ,-.^ 

IW^^^  dz~  dr' ^  ^ 

dt  +  ^^   dz       rdO' ^^ 

fAV   ,  dw   ,  ^^r  dw       dO,  /Q\ 

which,  with  the  '^  equation  of  contiimity,'^ 

djru)        dv         dw  _  ,. 

dr     ^  dd^'  d:-^'        .      .     .     .     W 

determine  the  motion. 

The  next  stej)  is  to  introduce  the  supposition  thiit  as  func- 
tions of /,^,  ^5  the  variables  u,  r,  w^aud  Q  are  proportional  to 

^^^  ^^^  dO  S 

i{n  +  m)u=^,     (n  +  ^W)i'  =  ^Q,  .     .     .     (5) 
u -^  ■i^i{n  +  k^Y)^v  =  ikQ,  .     ...     (6) 

-J- (ru) +isv  +  ikriv  =  0 (7) 

ar 

From  these  equations  three  of  the  variables  may  be  elimi- 
nated, so  as  to  obtain  an  equation  in  which  the  fourth  is 
isolated.  The  simplest  result  is  that  in  which  Q  is  retained. 
It  is 

fQ  +  l^  _«(£!+,»)_  _^^iW^«^^0.    .     (8) 
(//-        r   dr  \  r  /       ti  +  k  W    dr   dr  ^ 

But  the  equation  in  ?<  lends  itself  more  readily  to  the  impo- 
sition of  boundary  conditions.  If  5  =  0,  that  is  in  the  case  of 
symmetrical  disturbances,  the  equation  in  ?«  is  obtained  at 
once  by  diflPerentiation  of  (8),  and  substitution  of  u  from 
(5).     After  reduction  it  becomes 


("+^w)(s+t|:-^,-.4 


If  the  imdisturbed  motion  be  that  of  a  hiohly  viscous  fluid 
in  a  circular  tube,  W  is  of  the  form  A  +  Br\  and  the  second 
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l)art  of  (9)  di5>a}»}»ears.  There  can  then  be  admitted  no  values 
of  /(/except  such  as  make  ?i  +  Z:\V  =  0  for  some  value  of  /• 
included  within  the  tube.     For  the  equation 

(Pii    .    1  d>(        n       ,.,       ,,  ,.,,. 

-r>  +  -  -J-  +  -  -k'u  =  i),  ....     10 
ar         I'  (Ir        I- 

being  that  of  the  BessePs  function  of  the  first  order  with  a 
purely  imaginary  argument,  admits  of  no  solution  consistent 
with  the  conditions  that  n=-()  when  r  vanishes, and  also  when 
r  has  the  finite  value  appro[)riate  to  the  wall  of  the  tube. 
But  anv  value  assumed  by  — kW  is  an  admissible  solution  for 
n.  At  the  place  where  n-\-k\N  =(),  (10)  need  not  be  satis- 
fied, and  under  this  exemption  the  required  solution  may  be 
obtained  consistently  M'ith  the  boundary  conditions.  It  is 
included  in  the  above  statement  that  no  admissible  value  of  n 
can  include  an  imaginary  part. 

If  .s'  be  not  zero,  we  have  in  transforming  to  ?<  to  include 
also  terms  arising  from  the  differentiation  in  (8)  of  —  Q«7*'^ 
that  is 

for  the  second  of  which  we  substitute  from  (5),  and  for  the 
first  from  (8)  itself.     The  result  is 

From  (11)  we  may  fall  back  on  the  case  of  two  dimensions 
by  supposing  r  to  be  infinite.  But,  in  order  not  to  lose 
generality,  we  must  at  the  same  time  allow  s  to  be  infinite, 
so  that,  for  example,  5  =  A/r.  Thus,  writing  x  for  r,  and  ?/  for 
r$,  we  find  for  the  differential  equation  applicable  to  the 
solution   in    which    all    the    quantities    are    proportional   to 

„i(nt  +  kz + k' v) 
*^  ^ 

.        (h -fW)/gj-Fu -/;-..}  =  Au  ^',  .     .(12) 

agreeing  with  that  formerly  discussed  except  for  a  slight 
difference  of  notation. 
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We  will  now  consider  (11)  in  the  abbreviated  form, 

where  a  is  a  positive  number  not  less  than  unity  ;  or,  again, 

drV    dJj^^'       "'-n  +  kW        •     •     ^^""^ 

The  question  proposed  for  consideration  is  whether  (13) 
admits  of  a  solution  with  a  complex  value  of  n,  subject  to  the 
conditions  that  for  two  values  of  r,  say  r^  and  r^,  u  shall 
vanish.  This  represents  the  flow  of  fluid  through  a  channel 
bounded  by  two  coaxal  cylinders. 

Suppose,  then,  that  n  is  of  the  {ormj)  +  iq,  and  u  of  the 
form  a  +  i/3,  where  p,  q,  a,  /3  are  real.  Separating  the  real 
and  imaginary  parts  in  (13) ,  we  get 

l('4:)+'"'"»=  (Twfc  io^+"V).+?m,  (u) 

and  thence 

We  now  integrate  this  equation  with  respect  to  r  over  the 
space  between  the  walls,  viz.,  from  r^  to  r.^.  The  integral  of 
the  left-hand  member  is 

^4:— f a^) 

and  this  vanishes  at  both  hmits,  /3  and  a  being  there  zero. 
The  intL'gral  of  the  right-hand  member  of  (16)  is  accordingly 
zero,  from  which  it  follows  that  if  Wi  be  of  one  sign  through- 
out, <i  must  vanish — that  is  to  say,  no  complex  value  of  n  is 
admissible. 

The  general  value  of  Wj,  viz., 

d'^  _l  dW  k'r^-s' 
dr''        r    dr    kh-'  +  s''      '     '     '     '  ^^^' 

reduces  in  the  case  of  two  dimensions  to  d^W/d>'\  or,  as  we 
may  then  write  it,  d^\Y/dx\      Instability,  at  any  rate  of  the 
Phil.  Mac/.  S.  5.  Vol.  34.  No.  206.  July  1892.  F 
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full-blown  exponential  sort,  is  thus  excluded,  provided  d^W/dx^ 
is  of  one  sign  throughout  the  entire  region  of  flow  limited  by 
the  two  parallel  plane  walls. 

Commenting  upon  this  argument,  Lord  Kelvin  *  remarks 
that  the  disturbing  infinity,  which  arises  in  (13)  when  n  has 
a  value  such  that  «  +  /:W  vanishes  at  some  point  in  the  field 
of  motion, "  \ntiates  the  seeming  proof  of  stability/'  Perhaps 
I  went  too  far  in  asserting  that  the  motion  was  thoroughly 
stable  ;  but  it  is  to  be  observed  that  if  n  be  complex,  there  is 
no  "  disturbing  infinity.'^  The  argument,  therefore,  does  not 
fail,  regarded  as  one  for  excluding  complex  values  of  n.  What 
happens  when  n  has  a  real  value  such  that  7i  +  kW  vanishes 
at  an  interior  point,  is  a  subject  for  further  examination. 

The  condition  for  two  dimensions  that  d^^V/dx^  is  of  one 
sign  throughout  is  satisfied  for  a  law  of  flow  such  as  that  of  a 
A'iscous  fluid,  and  we  shall  see  that  the  corresponding  condi- 
tion for  (17)  in  the  more  general  problem  is  also  satisfied  in 
the  case  of  the  steady  flow  of  a  \ascous  fluid  between  cylin- 
drical walls  at  )\  and  r^.  The  most  general  form  of  W  for 
steady  motion  symmetrical  about  the  axis  is  f 

W  =  Ar2  +  Blog;-  +  C,     ....     (19) 

in  which  the  constants  A,  B,  C  are  related  by  the  conditions 

0  =  AV  +  Blogri  +  C, 
0  =  Ar22  +  Blogr2  +  C. 

From  the  last  two  equations  we  derive 

A(r22_,.,2)+Blogr2/ri  =  0,     .     .     .     (20) 

so  that  A  and  B  have  opposite  signs.  Introducing  the  value 
of  W  from  (18),  we  obtain  as  the  special  form  here  applicable 

As^A-2km 

k^r^  +  s^    ' 

which  is  thus  of  one  sign  throughout  the  range.  A  small 
disturbance  from  the  steady  motion  expressed  by  (19)  is 
therefore  not  exponentially  unstable. 

The  result  now  obtained  is  applicable  however  small  may 
be  the  inner  radius  r^  of  the  annular  channel.  But  the  exten- 
sion to  the  case  of  the  ordinary  pipe  of  unobstructed  circular 
section  may  be  thought  precarious,  when  it  is  remembered 
that  provision  must  be  made  for  a  possible  finite  value  of  u 
when  r  =  0.     But  although  a  and  /3  may  be  finite  at  the  lower 

*  Phil.  Mag.  Aug.  1887,  p.  275. 
t  Basset's  '  Hydrodyuamics,'  §  614. 
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limit,  the  annulment  of  (17)  i.s  secured  by  the  factor  r"  ;  so 
that  complex  values  of  n  are  still  excluded,  provichKl  W,  be 
of  imchangeablo  sign.  In  the  present  case  the  B  of  (U)) 
vanishes,  and  we  have 

d)'^  /'  dr 

so  that  (18)  gives 


W,  =  T, 


4.-«A 


satisfying  the  prescribed  condition. 

The  ditficulty  in  reconciling  calculation  and  experiment  is 
accordingly  not  to  be  explained  by  any  peculiarity  of  the  two- 
dimensional  motion  to  which  calculation  was  first  applied. 
It  may  indeed  be  argued  that  the  instabilities  excluded  are 
only  those  of  the  exponential  type,  and  that  there  may  remain 
others  on  the  borderland  of  the  form  t  cos  t,  &c.  But  if 
the  above  calculations  are  really  applicable  to  the  limiting 
case  of  a  viscous  fluid  when  the  viscosity  is  infinitely  small, 
we  should  naturally  expect  to  find  that  the  smallest  sen- 
sible viscosity  would  convert  the  feebly  unstable  disturbance 
into  one  distinctly  stable,  and  if  so  the  difficulty  remains. 
Speculations  on  such  a  subject  in  advance  of  definite  argu- 
ments are  not  worth  much  ;  but  the  impression  upon  my 
mind  is  that  the  motions  calculated  above  for  an  absolutely 
in^dscid  liquid  may  be  found  inapplicable  to  a  viscid  liquid 
of  vanishing  viscosity,  and  that  a  more  complete  treatment 
might  even  yet  indicate  instability,  perhaps  of  a  local  cha- 
racter, in  the  immediate  neighbourhood  of  the  walls,  when  the 
viscosity  is  very  small. 

It  is  on  the  basis  of  such  a  complete  treatment,  in  which 
the  terms  representing  viscosity  in  the  general  equations  are 
retained,  that  Lord  Kelvin  t  arrives  at  the  conclusion  that 
the  flow  of  viscous  fluid  between  two  parallel  walls  is  fully 
stable  for  infinitesimal  disturbances,  however  small  the  amount 
of  the  viscosity  may  be.  Naturally,  it  is  with  diffidence  that 
I  hesitate  to  follow  so  great  an  authority,  but  I  must  confess 
that  the  argument  does  not  appear  to  me  demonstrative.  No 
attempt  is  made  to  determine  whether  in  free  disturbances  of 
the  type  e"^'  (in  his  notation  e""')  the  imaginary  part  of  ii  is 
finite,  and  if  so  whether  it  is  positive  or  negative.  If  I 
rightly  understand  it,  the  process  consists  in  an  investigation 
of  forced  vibrations  of  arbitrary  (real)  frequency,  and  the  con- 
clusion depends  upon  a  tacit  assumption  that  if  these  forced 

*  Phil.  Mag.  .\ug.  and  Sept.  1887. 
F  2 
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vibrations  can  be  expressed  in  a  periodic  form  the  steady 
motion  from  which  they  are  deviations  cannot  be  unstable. 
A  very  simple  case  suffices  to  prove  that  such  a  principle 
could  not  be  admitted.  The  equation  to  the  motion  ot'the  bob 
of  a  pendulum  situated  near  the  highest  point  of  its  orbit  is 

'^-m^^^X,. (21) 

where  X  is  an  impressed  force.  If  X  =  cos  jjt,  the  corre- 
sponding part  of  X  is 

cos  pt  .,,  . 

p^  +  m^ 

but  this  gives  no  indication  of  the  inherent  instability  of  the 
situation  expressed  by  the  free  "vibrations," 

x=Ae'"^  +  Be-'"* (23) 

As  a  preliminary  to  a  more  complete  investigation,  it  may 
be  worth  while  to  indicate  the  solution  of  the  problem  for  the 
two-dimensional  motion  of  viscous  liquid  between  two  parallel 
planes,  in  the  I'elatively  very  simple  case  where  there  is  no 
foundation  of  steady  motion.  The  equation,  given  in  Lord 
Kelvin's  paper,  for  the  motion  of  type  e»(»'+^')  is 

The  boundary  conditions,  say  at  ^=+a,  are  that  m,  (r), 
and  10  shall  then  vanish,  or  by  (7)  that 

?<  =  0,     duldx=0. 

The  following  would  then  be  the  proof  from  the  differential 
equation  that  for  all  the  admissible  values  of  n,  p  is  zero  and 
q  is  positive. 

Writing  as  before,  u  =  a  +  i^,  and  separating  the  real  and 
imaginary  parts,  we  find 

Multiply  (25),  {2G)  by  a,  /3  respectively,  add  and  integrate 
with  respect  to  .v  over  the  range  of  the  motion.  The  coeffi- 
cient of  Q  is 


Cfr^d^a        d^/3\. 
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and  this  is  equal  to  zero  in  virtue  of  the  conditions  at  the 
limits.  In  like  manner  the  coeihcient  of  /i  is  zero,  as  appears 
on  successive  integrations  by  parts.     The  coefficient  of  p  is 

so  that  p  =  0. 

Again,  mnltiply  (25)  by  ^,  (26)  by  a,  and  subtract.  On 
integration  as  before  the  coefficient  of  q  is 

and  that  of  fx  is 

Hence  g  has  the  same  sign  as  ju,,  that  is  to  say,  q  is  positive. 
That  n  in  e"''  is  a  pure  positive  imaginary  is  no  more  than 
might  have  been  inferred  from  general  principles,  seeing  that 
the  problem  is  one  of  the  small  motions  about  equilibrium  of 
a  system  devoid  of  potential  energy. 

Since  (24)  is  an  equation  with  constant  coefficients,  the 
normal  functions  in  this  case  are  readily  expressed.  Writing 
it  in  the  form 

we  see  that  the  four  types  of  solution  are 

where 

-A'2=X;V  inj^-  .     .     .  (28) 

or,  if  we  take  advantage  of  what  has  just  been  proved, 

B  =  qli^,-h^, (29) 

where  q  and  jw,  are  positive.  It  will  be  seen  that  the  odd  and 
even  parts  of  the  solution  may  be  treated  separately.  Thus, 
for  the  first, 

?t  =  A  sinh  /;.'??  + B  sin  Ux,    ....     (30) 

and  the  conditions  to  be  satisfied  at  x=±.a  give 


0  =  A  sinh  ka  +  B  sin  A/a 
0  =  A;A  cosh  ^«  +  ^B  cos  hU 


,};  .  .     •   (31) 
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so  that  the  equation  for  k'  is 

tan  k'a     tanh  ka 


k'a  ka 


(32) 


Again,  for  the  solution  involving  the  even  functions, 

?/  =  C  cosh  kx  +  D  cos  k!x,    ....     (33) 
where 

cot  ^a  coth  ^a  ,^.. 

-ihr=-'jr '"^> 

Equations  (32),  (34)  give  an  infinite  number  of  real  values 
for  k',  and  when  these  are  known  q,  and  w,  follow  from  {'2,*^). 
The  most  persistent  motion  (for  which  q  is  smallest)  corre- 
sponds to  a  small  value  of  k,  and  to  the  even  functions  of  (33). 
In  this  case  from  (34) 

k^a^^ir,  277,  oir,  &c., 
the  first  of  which  gives  as  the  smallest  value  of  q 

q  =  ix'7r'^ja^ (35) 

The  corresponding  form  for  u  is 

M  =  g'^^-?'(l  +  cos(7r^/a)). (36) 

This  type  of  motion  is  represented  by  the    arrows    in    the 
following  diagram : — 

I  Z  t 

On  the  other  hand  the  smallest  value  of  q  under  the  head  of 
the  odd  functions  is 

q  =  fi'ir\\'^?>0?,Yla\ (37) 

and  the  motion  is  of  the  type 

t  -  I 

I ^ t 

Terling  Place,  Witham. 


IX.  Rotating  Elastic  Solid  Cylinders  of  Elliptic  Section. 
By  ('.  Chree,  J/.yl.,  Fg//or^o/  King's  College,  Camhridge* . 

Part  I. —  The  Short  Elliptic  Cylinder  or  Disk. 

IN    the  '  Quarterly  Journal  of  . . .  Mathematics,'  vol.  xxiii. 
pp.  16-33,  I  considered  various  cases  of  isotropic  elastic 
solids  rotating  with  uniform  angular  velocity  about  an  axis 
*  Communicated  by  the  Author. 
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through  the  centre  of  gravity.  Amongst  the  cases  treated 
was  that  of  a  thin  elHptical  disk.  The  solution  obtained  for 
this  case  *  was,  as  explicitly  stated  in  my  paper,  only  approxi- 
mate, certain  surface  conditions  not  being  exactly  satisfied. 
In  a  criticism  of  solutions  hitherto  proposed  for  thin  rotating 
circular  disks,  Professor  Pearsonf  referred  to  mine  in  language 
which,  though  comparatively  flattering,  implied  doubts  as  to 
its  trustworthiness,  on  the  ground  that  it  did  not  satisfy  certain 
surface  conditions  he  regarded  as  essential.  I  have  since 
shown  that  my  method  can  supply  a  solution  $  for  a  thin 
circular  disk  which  satisfies  all  the  conditions  held  essential 
by  Professor  Pearson,  and  that  this  only  adds  to  my  original 
expressions  for  the  displacements  certain  terms  of  the  third 
power  of  the  thickness.  The  first  object  of  the  present  paper 
is  to  show  that  a  similar  unimportant  addition  meets  Professor 
Pearson's  objection  in  the  more  general  case  of  an  elliptic 
disk. 

My  principal  reason,  however,  for  returning  to  the  subject 
is  that  in  my  previous  paper  no  attempt  was  made  to  evolve 
the  physical  conchisions  latent  in  the  somewhat  complicated 
mathematical  formulse.  This  deficiency  will,  it  is  hoped,  be 
met  by  the  present  paper,  more  especially  by  the  tables  of 
numerical  results.  Very  likely  the  mathematical  problem 
never  has  its  conditions  exactly  realized  in  practice,  but  its 
solution  may  nevertheless  prove  a  useful  guide  and  auxiliary 
to  experiment. 

In  treating  elastic  solids  whose  surfaces  consist  of  different 
portions  intersecting  at  finite  angles,  it  has  in  general  been 
found  impossible  to  satisfy  all  the  conditions  which  the 
ordinary  theory  regards  as  holding  at  every  point  of  a  surface 
between  the  stresses  in  the  material  and  the  applied  forces. 
Saint-yenant§,  however,  and  other  eminent  authorities,  have 
held  that  when  a  dimension  of  a  body  is  very  small,  as  the 
thickness  in  a  thin  disk,  all  that  is  required,  at  least  for 
practical  purposes,  is  an  equality  between  the  statical  resultant 
of  the  stresses  and  that  of  the  surface  forces  applied  over  the 
small  dimension.  The  applied  forces  may  in  fact  be  replaced 
by  any  statically  equivalent  system,  and,  according  to  the 
authorities  above  referred  to,  the  displacements  given  by  the 
mathematical  theory  which  so  replaces  the  actually  existing 

*  Quarterly  Journal,  /.  c.  pp.  27-28,  equations  (125)-(128). 

t  'Nature,'  vol.  xliii.  (1891), p.  488. 

X  Cambridge  Philosophical  Society's  *  Proceedings,'  vol.  vii.  pp.  201- 
215,  1891. 

§  See  Pearson's '  Elastical  Researr-hes  of  Barn'!  de  Saint- Vonant,' art.o. 
8  and  9. 
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surface  forces  can  diiFer  appreciably  from  the  theoretically 
perfect  solution,  even  when  the  surface  forces  are  large,  only 
at  distances  from  the  surface  which  are  comparable  with  the 
small  dimension. 

My  solution  in  the  Quarterly  Journal  contained  a  number 
of  arbitrary  constants  determined  by  the  surface  conditions. 
The  number  of  constants  being  insufficient  to  satisfy  all  the 
surface  conditions  of  the  exact  mathematical  theory,  the 
conditions  whose  failui'e  was  selected  in  my  paper  as  of  least 
importance  were  those  which  signified  the  vanishing  of  the 
stress  components  parallel  to  the  faces  at  every  point  of  the 
rim.  While  the  other  stresses  vanished  as  required  at  every 
point  of  the  fiat  faces  and  the  rim,  these  stress  components  on 
the  rim  were  taken  to  vanish  only  in  the  central  plane  c  =  0, 
and  elsewhere  they  were  of  the  order  z^  of  small  quantities. 
Professor  Pearson's  objection  is  that  these  stresses  remained 
uneqiiilihrated ,  i.  e.  when  treated  by  ordinary  statics  led  to 
a  resultant  force  on  every  generator.  The  present  solution  is 
free  from  this  objection,  and  so  presumably  will  be  recognized 
as  a  final  solution  for  a  thin  disk  bv  all  who  share  Professor 
Pearson's  views. 

§  2.  As  in  my  previous  paper  the  origin  is  at  the  centre 
of  the  disk,  the  axis  of  z  being  normal  to  the  fiat  faces, 
while  the  axes  of  x  and  y  coincide  with  the  major  and  minor 
axes  of  the  central  section  parallel  to  the  faces.  The  peri- 
meter of  this  section  is  the  ellipse 

a-V  +  ^-y=l, (1) 

whose  major  axis  is  2«. 

The  displacements  are,  as  before,  a,  yS,  7,  and  the  dilatation 
A,  where 

A^^«  +  f +  ^ (2) 

ax      dy       dz 

For  the  stresses  I  shall  employ  the  symmetrical  notation  of 
Todhunter  and  Pearson's  '  History,'  so  that  the  P,  Q,  R,  S,  T,  U 

of  my   previous  paper  are   replaced  respectively   by  xx,  yy, 

zz,  yz,  zx,  and  xy.  Also,  instead  of  Thomson  and  Tait's 
elastic  constants  m  and  n,  I  shall  in  general  employ  Young's 
Modulus  E,  and  Poisson's  ratio  *  77,  as  more  serviceable  for 
practical  applications. 

The  equations  which  ought  to  be  satisfied  when  the  right 
cyhnder  (1),  supposed  of  uniform  density  p  and  leng-th  21, 
rotates  with  nniform  angular  velocity  to  about  its  axis  are  nine 

In   what  follows  rj  is  assumed  to  lie  between  0  and  '5 ;  see  Phil. 
Mag.  \ol.  xxxii.  p.  236  (1891^. 
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in  number.     There  are  three  internal  equations  to  be  satisfied 
at  every  point  within  the  soHd,  viz.  : — 


d^  ^    ( d'    ,<i',d'\^  dY      „ 


>,     .     (3) 


•where 

Of  the  six  surface  conditions,  three  apply  at  every  point  of 
the  plane  faces  c=  +/,  viz. : — 

P  =  0, (4) 

^'  =  0, (5) 

^  =  0 (6) 

The  remaining  three  apply  at  every  point  of  the  cylindrical 
surface  (1),  usually  denoted  here  the  mn.  Denoting  the 
direction-cosines  of  the  normal  to  (1)  by  X  and  fx,  these 
cunditions  are  : 

F  =  Xxx  +  fMa;y  =  0, (7) 

G=\^  +  p^  =  0, (8) 

R=x2v  +  fiy2=0 (9) 

My  previous  solution  satisfied  exactly  the  internal  equations 
(o),  and  also  all  the  surface  conditions  except  (7)  and  (8). 
Instead  of  these  it  o-ave 

where  C  and  C  are  independent  of  z.  Thus  over  the  length 
21  of  a  generator,  there  remained  a  resultant  force,  whose 
components  parallel  to  the  axes  of  ic  and  y  were 

Ff/c  =  |CP,         Gdz=-^C'P (10) 

Professor  Pearson's  objection  to  this  solution  as  applied  to 
a  thin  disk  is  not  that  it  fails  exactly  to  satisfy  (7)  and  (8), 
but  that  it  leads  to  an  unequilibrated  resultant,  given  by 
(10),  for  the  stresses  over  a  geuvirator.  To  remove  this 
objection  all  that  is  necessary  is  to  determine  two  of  the  arbi- 
trary   constants  of  my   general  solution   from  the  equations 
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Ydz={),  Gdz  =  0, (11) 

instead  of  as  previously  from  F  =  0,  G  =  0^  when  z  =  0. 

§  3.  We  may  spare  ourselves  the  trouble  of  redetermining 
the  constants,  as  the  requisite  changes  are  easily  hit  on  and 
still  more  easily  verified.  In  the  formulae  (125),  (126),  and 
(128)  of  my  previous  paper  for  a,  yS,  and  A,  we  have  only  io 
replace  z^  by  z^  —  P/3,  and  in  the  formula  (127)  for  7  we 
now  write  z  (z^  —  P)  for  z^.  The  verification  is  easy  if  it  be 
noticed  that  this  adds  to  the  previous  values  of  a,  ^,  7,  and  A 
terms  Poc'.t,  I'^^'y,  Py'~,  and  /-A'  respectively,  where  «',  /9',  7', 
A'  are  constants  satisfying 

a'  +  /3'  +  7'  =  A'. 

The  internal  equations  (3),  above,  contain  only  second 
differential  coefficients  of  the  displacements,  and  so  are 
unaffected.  Also,  it  is  easily  proved  that  in  our  new  solution 
we  have  everywhere 

^z  =  7x=2=0 (12) 

Thus  the  conditions  (4),  (5),  (6),  and  (9)  are  identically 
satisfied,  and,  lastly,  it  is  easily  verified  that  the  new  solution 
satisfies  (11).     The  solution  is  the  following  : — 

EA(3a^  +  2a"-^//2  +  3//)^{a)V(l-277)}  =  (a2  +  J2){aVa-/>2(l+^)+64} 

-.7'-'{a*  +  a?}>^  +  '2h^  +  7ih\a?  +  3^^) }  -y'\  'la'  +  a-7>2  +  M  +  r}a''{?>a:'  +  6^)} 

+  '^^^^'^\^l''-z''){3a'  +  -2aHP  +  W), 

E«  (3a^  +  2«2^>2  ^  Sb')/ay'p  =  aia?-r)P){a'-  +  an>\l  +  97)  +  //} 

^{:Lp-z^)xrj{a'  +  anr-A-2h''  +  'nb\a^  +  W)), 

E/3(3a^  +  2ceb^  +  U')'oi''p=y{h''-'nc^){a*  +  a%\l  +  v)  + 1'\ 

-  ly { a '  +  a'lr  +  h' - T^frY^r -b"-)- ?>rfa'' }  - xhj {b''-7}{d'- W) {a'  +  2b'')  - v' 

+  {lp-z')yr){2a''  +  a%''  +  b^  +  Va^{3a''  +  b^)}, 

Ey  (Sa-*  +  2a'b'  +  3b^)/co'p  =-zv  {a'  +  //)  { a^  +  a%\  1  +  77)  +  Z^^j 

+  za?'n{a!'  +  a'b'  +  26^  +  vl>'\o?  +  W)  }  +  zy'''n{2a''  +  aH>''  +  b"-  +  r^a\da^  +  b'') \ 

_w/2_^2):?!(l±^  (3a4  +  2a26*-^  +  3^.4^ 

->    V  ^         1—7; 
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3  three   stresses  which  do  not  everywhere   vanish    are 
Ijy  the  formulae : — 

I '  +  2aV>-  +  W)iaPp  =  (a-  -ai'){a'  +  aHri  1  +  77 )  +  // }  -fa'  ( 1  +  877) 

+  CF-^')iZ-iU«'+«'^'  +  2^>')(i+^)'  +  ^V'(^''-^^')K   .    .    .    •    (17) 

','  +  2a-P  +  W)/(o'p  =  (/>2  -  f)  {a*  +  a'b''  ( 1  +  7;)  +  ?/ }  - .vV> '  ( 1  +  877) 

+  {h^'--z')^,{(^'^'  +  <^'^'  +  ^'')i^+V?-'2v'ia'-h')],.     .     .     .     (18) 

i'  +  2<v^I^  +  dh')'ai'p=-Xf/(ci'  +  h'-2ria'/j') (19) 

§  4.  When  ?;  =  0  the  surface  conditions  (7)  and  (8)  are  exactly 
satisfied,  and  the  sohition  is  thus  in  this  case  complete.  For 
other  vahies  of  r)  the  solution  is  only  approximate,  but  accord- 
ing to  the  theory  of  statically  equivalent  load-systems,  it  can 
differ  appreciably  from  the  complete  solution  only  at  points 
whose  distance  from  the  rim  does  not  exceed  a  few  multiples 
of  I.  Elsewhere  our  solution  would,  according  to  this  theory, 
seem  to  be  correct  so  far  even  as  terms  of  order  P  in  the 
strains  and  stresses.  In  a  thin  disk,  however,  such  terms  are 
very  small  and  in  practical  calculations  may  be  neglected.  I 
shall  thus  frequently  omit  them,  speaking  of  the  solution 
wlien  they  are  neglected  as  the  jiyst  cvpj)roximation.  This 
first  approximation  is  of  course  identical  with  that  supplied 
by  m}'  previous  solution,  as  the  expressions  for  the  strains  and 
stresses  in  the  two  solutions  differ  only  by  terms  independent 
of  ci',  ?/,  or  £^  and  of  the  order  /-.  Jt  should  also  be  noticed 
that  the  mean  value  of  every  strain  or  stress  in  the  new 
solution  taken  throughont  the  thickness  of  the  disk  is  the 
same  for  any  given  value  of  .«,  y  as  if  terms  of  order  P  and 
^  in  the  displacements  were  non-existent.  In  other  words, 
the  strains  and  stresses  sxipplied  by  the  first  approximation 
are  for  every  value  of  x  and  y  the  mean  vahies  of  those  sup- 
plied by  the  complete  solution. 

§  5.  It  is  most  convenient  to  consider  in  the  first  place  the 
stress  system.  From  (12)  we  see  that  one  of  the  principal 
stresses  is  everywhere  zero  and  has  for  its  direction  the 
parallel  to  the  axis  of  rotation.  The  principal  stresses  parallel 
to  the  faces  vary  in  direction  from  point  to  point.  They  are 
parallel  to  the  axes  of  the  ellipse  only  when  xy  =  0,  i.e..,  at 
points  in  these  axes  themselves.  We  shall  confine  our  atten- 
tion to  the  stresses  given  by  the  first  a])proximation.  Putting 
for  shortness 

{ rt^  +  a%'^{  1  +  77)  +  A4  •  ^  (8„4  ^  2a2/,2  ^  3/,4^  =  K ,    .      (20) 
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we  may  resolve  the  sti'ess  system  at  any  point  into  the  fol- 
lowing simple  systems  : — 

(i)  A  uniform  normal  tension  co^pa^K  parallel  to  the  major 
axis. 

(ii)  A  uniform  normal  tension  ay^pV^^  parallel  to  the  minor 
axis. 

(iii)  A  normal  pressure  —  (o'^pr'^'K  directed  along  the 
radius  r  of  the  circle  concentric  with  the  disk  which  passes 
tln-ough  the  point  in  question. 

(iv)  A  normal  pressure  directed  along  the  tangent  at  the 
point  considered  to  the  ellipse  which  passes  through  the 
point  and  is  similar  and  similarly  situated  to  the  rim  of  the 
disk.  If  a',  h'  denote  the  semi-axes  of  this  ellipse,  p'  the 
perpendicular  from  the  centre  on  the  tangent,  this  pressure  is 

-coV(l  +  3^).^^,_^^^tI.  +  3^,4(y^y-    •    •    (21) 

At  the  rim  of  the  disk  the  principal  stresses  in  the  plane 
through  the  point  considered  parallel  to  the  faces  are  directed 
along  the  normal  and  tangent  to  the  rim  respectively.  The 
former  stress  is  everywhere  zero,  and  the  latter,  it,  is  given  by 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent 
to  the  rim  at  the  point  considered.  Since  tj  cannot  exceed 
•5  this  is  everywhere  a  tension.  Its  maxima  are  found  at 
the  ends  of  the  minor  axis,  its  minima  at  the  ends  of  the 
major  axis. 

Without  entering  on  a  discussion  of  the  terms  of  order  Z^ 
in  (17)  and  (18),  it  is  worth  noticing  that  they  indicate  that 
for  a  given  value  of  .v,  y  the  traction,  algebraically  considered, 
is  greatest  in  the  central  plane  and  diminishes  from  thence 
to  the  faces  of  the  disk.  This  seems  to  indicate  that  the 
tendency  in  the  material  to  retire  from  the  axis  of  rotation  is 
greatest  in  the  central  plane. 

§  6.  One  of  the  most  important  points  in  such  problems  as 
the  present  is  the  determination  of  the  greatest  speed  con- 
sistent with  safety.  Unfortunately,  our  knowledge  of  the 
conditions  requisite  for  safety  is  very  incomplete,  and  it  is 
at  least  doubtful  whether  the  question  comes  in  general 
within  the  scope  of  the  mathematical  theory.  But  admitting 
the  doubtful  character  of  existing  theories,  it  is  desirable  to 
examine  the  conclusions  they  lead  to,  if  only  for  the  reason 
that  fresh  light  may  thus  be  thrown  on  the  question  of  their 
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validity.     Here  attention  will  be  directed  only  to  the  stress- 
diference  and  preatest-strain  theories*. 

In  applyin^i";  these  theories  we  may  confine  our  attention 
in  the  first  place  to  the  first  a[)proxiniation.  Doino-  so,  it 
may  be  proved  by  somewhat  laborious  analysis,  omitted  here 
as  in  itself  of  no  interest,  that  the  greatest  values  both  of  the 
stress-difference  and  greatest  strain  occur  at  the  centre  of  the 

disk.       They  are    respectively  the   values  of  xx  and  y-_  for 

j;=^  =  0.     Denoting  the  maximum  stress-difference  and  great- 
est strain  by  ^S  and  s  respectively,  we  find 

S=a)V'^K, (23) 

s  =  (o'-pa'^  {l-vhycr)  -K/E  =  ( 1  -TjV^icv^)  S/E,  .      .      (24) 

where  K  is  given  by  (20). 

§  7.  We  may  attach  to  the  limiting  speed  at  least  two 
different  values.  Taking,  for  instance,  the  stress-difference 
theory,  and  measuring  force  in  tons  w'eight  and  length  in 
inches,  we  may  regard  S  as  the  greatest  longitudinal  traction 
in  tons  weight  per  square  inch  under  which  the  material  in 
question,  in  the  form  of  a  bar,  satisfies  Hooke's  law  "  stress 
proportional  to  strain '"'  with  sufficient  exactness  for  the 
legitimate  application  of  the  mathematical  theory.  We  may, 
however,  regard  S  as  the  number  of  tons  weight  per  sq. 
inch  which  engineers  consider  the  safe  working  limit  in  the 
material,  provided  this  be  taken  sufficiently  low  to  satisfy  the 
linearity  of  the  stress-strain  relations.  The  former  view 
would  unquestionably  be  theoretically  the  more  satisfactory 
if  experiment  showed  a  distinct  point  in  stress-strain  diagrams 
where  Hooke's  law  ceases  to  hold.  Even,  however,  if  such  a 
point  did  exist  when  the  load  on  the  bar  was  gradually  raised 
in  a  particular  way,  it  might  be  rash  to  assume  that  the  same 
definite  point  would  present  itself  in  the  material  of  a  rotating" 
cylinder  whose  speed  was  being  gradually  increased. 

An  objection  to  the  second  ^'iew  is  the  wholly  arbitrary 
nature  of  the  hmit  it  assigns  to  S,  and  the  fact  that  the  safe 
load  varies  with  the  engineer,  and  is  likewise  an  unknown 
function  of  the  contingencies  to  which  he  surmises  the  parti- 
cular structure  may  be  exposed.  It  thus  appears  best  to 
present  the  results  in  such  a  way  that  a  reader  may  attach  his 
own  values  to  S  or  s,  and  may  have  a  minimum  of  trouble  in 
deducing  numerical  results. 

*  See  PhU.  Mag.  September,  1891,  pp.  L^40-241. 
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§  8.  By  reference  to  (23),  (24),  and  (20)  it  will  be  seen 
that  in  a  disk  of  given  material  *  and  eccentricity  B  and  's  both 
vary  as  (wa)^.  Thus  wa  is  a  more  convenient  quantity  to 
tabulate  than  &>.  Also  as  a  basis  for  the  comparison  of 
limiting  speeds  in  disks  of  different  eccentricities,  it  is  con- 
venient to  suppose  that  the  major  axis  has  in  all  the  same 
length  2a.  In  a  given  material  B,  r]  and  p  are  constants,  and 
so  are  the  greatest  values  permissible  theoretically  in  S  and  s. 
Materials  may,  however,  have  the  same  value  for  t)  and  yet 
differ  widely  in  their  other  properties,  and  this  should  be 
borne  in  mind  in  applying  the  following  results. 

Table  I.  is  based  on  (23)  and  Table  II.  on  (24).  For  the 
purpose  of  distinguishing  between  the  two  theories  of 
"rupture,'^  the  angular  velocity  is  termed  w^  in  Table  I.,  and 
ft)2  in  Table  11.  If  we  ascribe  to  S  and  's  in  the  tables  the 
limiting  values  permissible  to  the  stress-ditFerence  and  greatest 
strain  in  the  material  under  consideration,  then  the  values 
we  deduce  for  coj  and  coj  are  the  limiting  speeds  according  to 
the  respective  theories.  If,  on  the  other  hand,  we  ascribe  to 
coi  and  cog  a  given  value,  we  deduce  the  corresponding  maxi- 
mum stress-difference  and  greatest  strain  occurring  in  the 
disk. 

Table  I. 
Value  of  (Dya  -H  vS/p. 


b/a. 

r,=             0. 

•2. 

-25. 

-3. 

-5. 

0 

l-73-> 

1-732 

1-732 

1-732 

1-732 

•2 

1-721 

1-714 

1-713 

1-711 

1-705 

•4 

i-fiy;3 

1-670 

1-665 

1-659 

1-638 

•6 

1-661 

1-622 

1-613 

1-604 

1-569 

•8 

1-639 

1-591 

1-579 

1-568 

1-525 

10 

1-633 

1-581 

1-569 

1-557 

1-512 

*  For  couveuience  this  is  here  employed  to  signify  absolute  identity 
iu  physical  properties.  Materials  nominally  the  same,  e.  g.  steels  of  dif- 
ferent brands,  or  even  the  same  brand  under  varied  treatment,  may 
ditfer  in  the  values  of  E  and  p,  and  in  the  values  permissible  to  S  or  s. 
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Table  II. 


Value  of  0)2  a  - 

-  VEi/p. 

b/a. 

„=          0.              -2. 

-25. 

-3. 

-5. 

0 

1-732            1-732 

1-732 

1-732 

1-732 

•2 

1-721            1721 

1-721 

1-7215 

1-722 

-4 

1-693            1-69S 

1-699 

1-7U1 

1-708 

•6 

1-661             1-684 

1-691 

1-698 

1-732 

-8 

1-639            l-7<>;{ 

1723 

1-744 

1-849 

ro 

1-633            1-768 

1-812 

1-831 

2-138 

The  results  are  only  approximate  *.  The  value  0  of  b/a 
represents  a  disk  whose  minor  axis,  though  extremely  small 
relative  to  the  major  axis,  is  not  absolutely  zero.  Assuming 
that  the  stress-difference  and  greatest-strain  theories  really 
apply  to  all  distributions  of  stress,  the  values  to  be  attached 
to  S  and  Ei  in  determining  the  limiting  speeds  are  the  same 
in  any  one  material. 

§  9.  A  few  hints  on  the  practical  application  of  the  tables 
may  assist  the  reader.  If  S  and  E  be  given  in  absolute 
C.  G.  S.  units,  /.  e.  dynes  per  sq.  cm.,  then  substituting  for  p 
the  number  which  denotes  the  ratio  of  the  density  of  the 
material  to  that  of  water,  we  deduce  from  the  tables  the 
values  of  the  velocities  o),a  and  ajgrt  in  centimetres  per  second. 
If  S  and  E  be  given  in  grammes  weight  per  sq.  cm.,  then 
niultiplying  their  numerical  measures  by  981  we  obtain  their 
values  in  dynes  and  so  find  the  velocities  as  before.  To 
reduce  the  velocities  in  these  two  cases  from  centimetres  per 
second  to  feet  per  second,  we  divide  by  30*480.  If  S  and  E 
be  given  in  tons  weight  per  sq.  inch,  the  I'eader  may  avail 
himself  of  the  following  result.  Let  S  =  E^-  =  ^  tons  weight 
per  sq.  inch,  and  let  p  =  d  times  the  density  of  water,  then 
the  velocities  (Oia  and  wg^  may  be  found  in   feet  per  second 

by    replacing     v  S//3    and     v  Yis/p    in     the     tables     by 
4b7-8  y.  s/TfT. 

*  Numerical  results  -will  here  be  termed  exact  ox  ap2Voxi)nate  accordiiii,' 
as  they  are  the  complete  values  supplied  by  the  formuloe,  or  only  the 
tirst  figures  of  a  decimal.  The  decimal  has  in  every  case  been  calculated 
to  a  greater  number  of  figures  than  appear  in  the  text. 
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§  10.  For  a  comparison  of  the  results  of  the  stress  "differ- 
ence and  greatest- strain  theories  we  have  only  to  remember 
that  !S  =  ¥is.  We  thus  see  that  the  limiting  speeds  allowed 
by  the  two  theories  are  the  same  when  either  77  =  0  or  b/a  =  0, 
and  that  in  any  other  case  the  limiting  speed  allowed  by  the 
greatest-strain  theory  is  the  greater.  The  difference  between 
the  two  theories  is  the  more  conspicuous  the  larger  the  values 
of  7)  and  h/a.  For  values  of  h/a  other  than  0  the  limiting 
speed  according  to  the  stress-difference  theory  falls  as  r) 
increases,  whereas  according  to  the  greatest-strain  theory  it 
increases  with  v-  It  is  also  noteworthy  that  while  the 
limiting  speed  on  the  stress-difference  theory  falls  as  b/a 
increases,  there  is  on  the  greatest-strain  theory,  unless  r}  =  0, 
a  value  of  b/a  less  than  1  for  which  the  limiting  speed  is  a 
minimum.  This  critical  value  of  b/a  is  less  the  greater  the 
value  of  T}. 

§  11.  A  considerable  amount  of  caution  must  be  observed 
in  applying  the  results  of  the  tables  to  disks  in  which  b/a  is 
very  small.  For,  in  the  first  place,  no  point  in  such  a  disk  is 
very  far  from  the  rim,  where  the  accuracy  of  our  results  is 
somewhat  doubtful :  and,  in  the  second  place,  if  the  velocity  in 
such  a  disk  were  to  alter,  there  would  arise  at  every  point  a 
reversed  effective  force  proportional  to  the  rate  of  change  of 
the  velocity,  directed  approximately  at  right  angles  to  the 
major  axis,  and  there  would  be  a  tendency  for  the  elongated 
disk  to  snap  in  two,  just  as  if  it  were  exposed  to  flexure  in  a 
plane  perpendicular  to  the  axis  of  rotation. 

§12.  When  the  rim  is  so  nearly  circular  that  we  may 
neglect  the  fourth  power  of  the  eccentricity  e,  we  find  from 
(23)  and  (24) 

S=o)>2(3^.^)/^^ (25) 

s=  co^pa\d  +  v)  {I-V)  {l+t>V(l-^)}^8E.     .     (26) 

Thus  when  e*  is  negligible  the  maxiuium  stress-difference  is 
the  same  as  in  a  circular  disk  whose  diameter  equals  the 
major  axis.  Also,  since  7]/{i—r])  cannot  exceed  1,  the  greatest 
strain,  though  greater  than  that  in  the  circular  disk,  cannot 
stand  to  it  in  a  greater  ratio  than  l  +  e^  :  1.  Thus,  according 
to  either  theory,  the  limiting  speed  is  but  little  affected  by 
the  substitution  for  a  truly  circular  form  of  a  slightly  ellip- 
tical. This  constitutes  a  strong  a  priori  probability  that  any 
slight  want  of  uniformity  in  the  length  of  a  disk's  radius, 
which  does  not  remove  the  centre  of  gravity  from  the  axis 
of   rotation,  nor   involve   any  sudden   discontinuity  in  the 


Solid  Cylinders  of  Elliptic  Section.  81 

curvature  at  the  rim,  will  have  but  a  small  effect  on  the 
limiting  safe  speed. 

§  13.  Taking  into  account  terms  of  order  /-,  we  find  for  the 
corrections  8S  and  S5  to  be  added  to  the  values  (23)  and  (24)  : 

n_«Wl  +  ^)ri      (l-^)(l  +  3.;)  a'-h'  \       .     . 

^^~     6(1-97)     l^  {l  +  vV        3aH2a262  +  36*J'-^   ^ 

6(1-;?)       (  1+7}  3a'  +  2a%^+-6lj'j"     '     '     ^^ 

According  to  the  theory  of  statically  equivalent  load-systems, 
these  corrections  should  make  the  values  of  S  and  ?  com- 
plete so  far  as  terms  of  order  l^,  for  the  measurements  of 
these  quantities,  being  taken  at  the  centre  of  the  disk,  are 
free  from  the  uncertainties  which  attend  the  application  of 
our  solution  to  points  near  the  rim. 

The  corrections  vanish  if  ■»7  =  0,  and  even  for  ordinary 
values  of  rj,  such  as  "2o,  they  are  small  fractions  of  co^pP, 
They  are  always  positive,  increasing  as  the  square  of  the 
disk's  thickness,  and  are  independent  of  the  absolute  lengths 
of  the  axes  of  the  elliptic  section.  They  are  greatest  in  a 
circular  section.  The  corrections,  if  trustworthy,  lead  to 
the  following  law  :  Unless  ■»7  =  0,  the  limiting  safe  speed 
diminishes  as  the  thickness  increases,  but  this  diminution  is 
but  trifling  while  the  thickness  is  a  small  fraction  such  as 
-^Q,  or  even  -jIq,  of  the  major  axis. 

With  ordinary  values  of  rj  the  corrections  would  become 
appreciable  if  values  such  as  ^  or  -^-  were  assigned  to  l/a,  but 
the  application  of  our  solution  to  disks  as  thick  as  this  is  not 
warranted.  For  thick  disks  with  ordinary  values  of  r/  the 
only  conclusion  we  can  fairly  draw  is  that  our  solution  raises 
a  probability  that  the  limiting  speed  is  less,  perhaps  con- 
siderably less,  than  in  a  thin  disk  of  the  same  section  and 
material. 

§  14.  A  general  idea  of  the  nature  of  the  deformation  pro- 
duced by  rotation  is  most  easily  derived  from  a  consideration 
of  how  the  displacement  7  varies  throughout  the  disk. 

According  to  the  first  approximation  we  find  from  (10)  : 

-y  =  Mz{l-xya,^-f/b{% (29) 

where,  for  shortness, 

M.  =  co^p{a^+b^)r]K/E, (30) 

ai''  =  {a^  +  b''){a''  +  a%^{l  +  7j)  +b'\+-{a^  +  a%^  +  2b'  +  vb^a'  +Sb^)},   (31) 

lj^^  =  {a''  +  b''){a'  +  a%^{l  +  7])  +b'\ ^{'la"  +  a%''  +  b"  +  va''{da^ -\-b'^)}.   (32) 

The  value  of  K  is  given  by  (20). 

Fhil.  Mag.  S.  5.  VoL  34.  No.  20G.  July  1892,        G 
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The  simple  relation 

1         1  _  1  +  77    1  _r]{l-\-ri)w'^p  .33^ 

«i^^i^~a^  +  ^-K~        EM  ^     ' 

will  subsequently  be  found  of  service. 

It  is  easy  to  prove  for  all  permissible  values  of  hja  and  t], 

ai>a,     hi>h. 

Thus  by  (29)  every  point  in  the  disk  approaches  the  central 
plane  z  =  {).  Those  points  originally  in  a  plane  section 
parallel  to  the  faces,  which  are  also  during  rotation  equi- 
distant from  the  central  plane,  lie  on  one  of  a  series  of  elliptic 
cylinders  whose  common  axis  is  the  axis  of  rotation,  and 
whose  cross  sections  are  similar  and  similarly  situated  to 

.^•Val2+//6l2  =  l (34) 

The  common  eccentricity  ei  of  these  sections  is  given  by 

e^^=l-{hJa,Y  =  e'{2-e^)  (l  +  S??)  --{4(l  +  7;)-e2(3  +  9;) +6^- 

The  major  axis  of  (34)  lies  along  the  major  axis  of  the  disk, 
but  e^  is  easily  proved  less  than  e  for  all  permissible  values 
of  e  and  ??.  Ellipses  similar  and  similarly  situated  to  (34) 
drawn  in  the  central  plane  may,  for  the  sake  of  reference,  be 
termed  ellipses  of  equal  longitudinal  displacement. 

§  15.  For  points  originally  in  a  plane  section  parallel  to 
the  faces  z  is  constant,  and  thus  by  (29)  such  a  section  is, 
according  to  the  first  approximation,  deformed  into  a  para- 
boloid whose  axis  is  the  axis  of  rotation.  The  paraboloid  is 
elliptic  for  all  permissible  values  of  hJa  and  t],  and  its  con- 
cavity is  directed  away  from  the  central  plane.  Over  the 
faces  themselves  the  terms  in  (16)  neglected  by  the  first 
approximation  vanish ;  thus  the  paraboloidal  form  of  the  faces 
is  exact  so  far  as  our  solution  goes.  The  curvature  in  any 
plane  through  the  axis  of  rotation  at  the  vertices  of  the  para- 
boloids into  which  the  plane  sections  transform  is,  by  (29), 
directly  proportional  to  ~,  and  so  is  greatest  in  the  faces  of 
the  disk.  •  Also,  as  hi  <  a-^,  the  curvature  in  any  given  para- 
boloid is  greatest  in  the  plane  containing  the  minor  axis  of  the 
disk,  and  least  in  that  containing  the  major  axis.  At  the  faces 
the  measures  of  the  curvatures  supplied  by  (29)  are  the  same 
as  those  supplied  by  the  more  exact  solution  (16).  Denoting 
the  principal  radii  of  curvature  at  the  centres  of  a  face  by 
Ri  and  R2,  the  former  being  taken  in  the  plane  xz,  we  have 
by  (29) 

Ri  =  ai2/(2M0,  R.  =  6i7(2M/),  ....     (36) 
where  M  is  given  by   (30).       Hence,  employing   (33),  we 
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deduce  the  simple  relation 

R,-'  +  R2-'  =  -^«V^(l  +  ^)/E (37) 

The  right-hand  side  of  (37)  being  independent  of"  ^  or  a,  we 
obtain  the  elegant  result 

(Rr'+Br');2=i/R, cd^) 

where  R  is  the  radius  of  curvature  at  the  centre  of  a  face 
of  a  circular  disk  of  the  same  thickness  and  material  as  the 
actual  disk  rotating  with  the  same  angular  velocity.  It  is  a 
well-known  theorem  in  Solid  Geometry  that  the  sum  of  the 
curvatures  at  a  point  on  a  surface  in  any  two  orthogonal  normal 
planes  equals  the  sum  of  the  principal  curvatures.  We  may 
thus  fairly  call  (Ri~  +R2~^)/2  the  mean  curvature,  and 
embody  (37)  in  the  following  law  :  Tlie  mean  curvature  pro- 
duced hy  rotation  at  the  centre  of  the  faces  of  an  elliptic  disk 
depends  solely  on  the  material,  thickness,  and  angular  velocity 
of  the  disk,  being  entirely  independent  of  tJie  area  or  eccen- 
tricity of  the  faces. 

§  16.  If  a  small  area  at  the  centre  of  a  face  of  the  disk  were 
polished,  the  image  of  a  luminous  point  seen  by  reflexion 
from  this  area  would  be  disturbed  by  rotation  in  consequence 
of  the  curvature  developed.  With  an  elliptic  disk  the  optical 
effect  would  be  of  a  somewhat  complicated  character,  and 
there  might  be  a  difficulty  in  finding  any  definite  quantity  to 
measure,  or  in  interpreting  such  measurements  as  could  be 
made.  With  a  circular  disk,  however,  it  seems  not  unreason- 
able to  suppose  that  measurements  might  be  taken  from 
which  the  curvature  might  be  deduced. 

In  attempting  this  experiment  it  would  be  desirable  to 
employ  rapid  rotation,  so  as  to  produce  as  large  a  curvature 
as  possible.  At  the  same  time  care  must  be  taken  that  the 
rotation  is  kept  within  the  limits  prescribed  by  the  linearity 
of  the  stress-strain  relations,  otherwise  it  would  be  erroneous 
to  apply  the  formulae.  I  thus  proceed  to  obtain  formulae 
connecting  the  mean  curvature  at  the  centre  of  a  face  of  a 
disk  with  the  maximum  stress-difference  S  and  greatest  strain 
's.  Attributing  to  iS  and  s  in  these  formulas  the  limiting 
values  consistent  with  the  linearity  of  the  stress-strain  rela- 
tions in  the  material  of  the  disk,  we  deduce  the  largest 
curvatures  it  would  be  possible  to  produce  by  rotation  suffi- 
ciently slow  for  the  legitimate  application  of  our  formulae. 

For  this  end  let  us  denote  by  fiiyi,  h/a)  and  /2(»;,  Ij/a)  the 
numbers  given  in  Tables  I.  and  II.  respectively  for  the  values 

of  (o^a-r-  VR/p  and  woa-?-  vES//3,  answering  to  given  values 

G  2 
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of  77  and  hia.  Also  let  1/Ri  and  I/R2  be  the  values  of  1/R  in 
(38)— i.  e.  of  i(Rr^  +  Rr^J  ill  (37)— which  answer  to  the 
limiting  speeds  wici  and  cc^a  respectively.  Then  it  is  easy  to 
prove  : 

aj%=(^m  [l/a)v){l^v){fi{'n,my,   '     '     ■     .     (39) 

al%=^Cslla)v(l  +  'n){Mri,hla)Y (40) 

In  a  disk  of  given  shape  and  material  the  limiting  curvature 
according  to  either  formula  varies  as  //a^.  As  a  numerical 
example,  suppose  the  disk  circular  and  of  a  material  for  which 
77  =  -25  ;  then  by  Tables  I.  and  IL, 

(a/Ri)^(S/E)  =  (//a)x-25xl-25x(l-569)^ 

=  {lid)  X  'TGO  approximately, 

(a/R2)-^J         =(//a)x  1-026 

With  good  steel  a  strain  5  =  *001  would  answer  to  a  stress 
of  some  12  or  13  tons  weight  per  square  inch,  a  load  which  is 
apparently  nearly  reached  in  some  engineering  structures. 
If  we  suppose  the  stress-strain  relations  linear  up  to  this 
point,  we  could  by  rotation  produce  at  the  centre  of  a  face  of 
a  disk  in  which  a/l=  10  a  curvature  bearing  to  that  of  the 
rim  of  the  disk  the  ratio  1  :  10*. 

§17.  The  previous  data  as  to  the  curvature  produced  by 
rotation  in  planes  parallel  to  the  faces  also  enable  us  to  form 
an  idea  of  the  character  of  the  other  displacements.      As 

shown  by  (12)  the  stresses  i/z  andz.v  are  everywhere  zero,  i.  e. 
at  every  point  of  the  disk 

f +*!:=0=^+!^ (41) 

dz     ay  ax     dz  ^     ^ 

This  signifies  that  all  material   lines  which  before  strain 
were  perpendicular  to  the  axis  of  z  continue  during  rotation  to 
cnt  orthogonally  the  material  lines  which  before  strain  were 
parallel  to  the  axis  of  z.     The  latter  set  of  material  lines  thus 
become  during  rotation  orthogonal  to  surfaces  which  accord- 1 
Ing  to  the  first  approximation  are  elliptic  paraboloids  whose 
axis  is  the  axis  of  rotation.     They  thus  become  concave  to 
the  axis  of  rotation,  and  their  curvature  increases  with  theirj 
distance  from  that  axis.     At  a  given  distance  from  the  axis! 
of  rotation  this  curvature  is  most  conspicuous  in  the  plane  of  I 
yz  containing  the  minor  axis  of  the  disk. 

§  18.  For  the  limiting  value  0  of  77,  for  which  our  solutionj 
is  complete,  the  phenomena  are  much  simpler.     The  faces  01 
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the  disk  and  all  sections  parallel  to  them  remain  plane,  and 
every  point  retains  unaltered  its  distance  from  the  central 
plane.  All  lines  originally  parallel  to  the  axis  of  rotation 
remain  parallel  to  that  axis. 

§19.  The  value  of  7  at  the  centre  of  the  face  z  =  l  will  here 
he  termed  hi.  The  quantity  (  — 2S/)  measures  the  reduction 
in  the  axial  thickness, — /.  e.  the  thickness  of  the  disk  measured 
along  the  axis  of  rotation.  Since  (2!>)  agrees  with  (K))  at 
the  faces  of  the  disk,  we  have 

(-S//Z)  =  M (42) 

The  following  table  shows  how  this  quantity  depends  on 
the  shape  of  the  disk  and  on  the  value  of  77. 

Table  III. 
Value  of  (-S?/0-H(a)V7E). 


b/a. 

,,=            0. 

•2. 

•25. 

•3. 

•5. 

0 

0 

•06 

•083 

•1 

•16 

•2 

0 

•0708    . 

•0886 

•1066 

•1790 

•4 

0 

•0832 

•1046 

•1264 

•2161 

•6 

0 

•1034 

•1307 

•1586 

•2763 

•8 

0 

•1297 

•1G45 

•2002 

•3527 

10 

0 

•16 

•2031 

•2475 

•4375 

When  less  than  four  figures  are  given  the  result  is  exact. 
For  disks  of  given  material,  possessed  of  a  given  major  axis 
and  angular  velocity,  the  reduction  in  axial  thickness  increases 
as  the  minor  axis  increases.  For  different  materials,  if  we 
were  to  regard  w^prt^/E  as  constant,  we  should  conclude  that 
the  reduction  in  axial  thickness  in  any  form  of  elliptic  disk 
increased  with  Poisson''s  ratio. 

When  a  disk  is  rotating  at  its  limiting  speed,  its  reduction 
in  axial  thickness  may  be  derived  by  combining  Table  III. 
with  Table  I.  or  Table  II.,  allowing  to  S  or  s  its  limiting  value 
for  the  material.  Thus,  let /i  and/2  he  the  same  functions  as 
before,  and  let  /a  (77,  hi  a)  represent  the  numerical  values  in 
Table  III.;  also  denote  by  {-Ujl)  and  {-Ujl)  the  reduc- 
tions per  unit  of  axial  thickness  answering  to  the  maximum 
stress-difference  S  and  the  greatest  strain  s  respectively. 
Then  we  have 

{-hl,ll)=(f>lY.)x\f,{'n,hla)Y-xf,{'n,hla),  .     .     .     (43) 
{-hl,il)=  sx\f2{vM)V'><h{v,l>ia).  .     .     .     (44) 
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For  instance  in  a  circular  disk,  of  material  for  which  7;  =  '25, 

( - S/i/Z)  -h (S/E)  =  -500  approximately, 

(_gy/)^      s      =-6 

Thns  answering  to  a  greatest  strain  5  =  "001,  we  should  have 

(-g///)  =  -0006. 

Since  the  disk^s  thickness  must  be  small  compared  to  its 
radius,  it  is  clear  that  in  general  a  direct  measurement  of  its 
reduction  in  thickness  would  not  he  easy. 

For  disks  in  which  e'^  is  negligible  we  easily  deduce  from 
(42) 

(-S///)=G)V/>77(3  +  97)/(4E),  ....     (45) 

or  the  reduction  is  the  same  as  in  a  circular  disk  of  the  same 
thickness  and  area  of  section,  rotating  with  the  same  angular 
velocity. 

§  20.  Referring  to  (14)  and  (1.5),  we  see  that  the  alterations 
produced  by  rotation  in  the  semi-axes  of  an  elliptic  section 
vary  with  its  distance  from  the  central  plane.  The  mean 
values  ha  and  Bh  of  these  alterations  taken  between  ±1  are, 
however,  the  same  as  the  alterations  supplied  by  the  first 
approximation.  Employing  e  as  before  for  the  disk's  eccen- 
ti'icity,  w^e  easily  find 

Ea  _  (o^paHl-v)  r        e^l-e'^  +  T)  (32-306-^+12^^)^  "l 
a~  4E         L  3(l-9?)(8-8e2  +  3e*)        J'    '     * 

h~         4E          L  d{l-v)(S-Se'  +  de')  J" 

Both  Sa/a  and  8h/b  are  obviously  linear  in  rj.  For  actual 
numerical  calculation  fornmlse  in  which  h/a  appears  are  more 
convenient,  but  the  above  show  most  clearly  the  effect  of  a 
departure  from  the  circular  form. 

The  major  axis  is  always  lengthened  by  rotation,  and  the 
lengthening  is  greater  than  in  the  diameter  of  a  circular  disk 
of  radius  a  possessed  of  the  same  angular  velocity,  unless 

Since  the  right-hand  side  of  this  inequality  only  equals  ^ 
when  «=1,  and  continually  diminishes  with  e,  the  exception 
to  the  general  rule  is  perhaps  hardly  of  practical  interest. 
The  alteration  in  the  minor  axis  is  always  algebraically  less 
than  in  the  diameter  of  a  circular  disk  of  radius  b  rotating  with 
the  same  angular  velocity.     Further,  for  all  values  of  ij  other 
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than  0,  when  h/a  is  sufficiently  reduced  the  minor  axis  abso- 
hitely  sliortens.  Since  8a/ a  and  8b/b  are  linear  in  t),  it  would 
suffice  to  give  their  values  for  the  limiting  values  0  and  '5 
of  ?7,  but  owing  to  its  sjiecial  importance  the  case  77  =  "25  is 
also  treated  in  the  following  table. 

Table  IV. 

Values  of  (E^i;a)-r-{(oy>'^  E)  and  (¥>/h)^{Q)^pa^/E). 


b,a  = 

= 

1 
0. 

2. 

•4. 

•6. 

•8. 

1-0. 

rr,  =  0 

•2 

•2251 

•2327 

•2417 

•2480 

•25 

(Sa/a)- 

-{a^-p(t-/'R)=  ■ 

jj  =  -25 

•2     ! 

•2239 

•2272 

•2263 

•2141 

•1875 

.,,  =  ■5 

•2 

•2228 

•2217 

■2109 

•1801 

•125 

„=0 

0 

+  •0090 

+  •0372 

+•0870 

+•1587 

+•25 

{Jb/b)- 

(oj^-payE)=  \ 

;,  =  -25 

-•083 

-•0742 

-•0448 

+■0089 

+  •0878 

+•1875 

>j  =  -5 

-•16 

-•1575 

-•1269 

-0691 

+•0169  1  +^125 

The  results  for  b/a=l  and  for  any  case  in  which  less  than  -4 
figures  are  given  are  exact. 

Comparing  Tables  III.  and  IV.  we  see  that  {  —  81/1)  and 
8a/a  are  in  general  quantities  of  the  same  order  of  magnitude. 
The  former,  though  usually  the  smaller  quantity,  is  decidedly 
the  larger  of  the  two  in  disks  of  small  eccentricity  of  material 
for  which  77  is  large.  Since  l/a  is  small,  the  increase  in  the 
major  axis  would  in  general  be  much  more  easily  detected 
than  the  reduction  in  thickness. 

§21.  For  77  =  0  the  value  of  {8a/a)-^(to^pa'^/E)  continually 
increases  with  h/a.  but  for  other  values  of  rj  the  lenothenino- 
of  the  major  axis  attains  a  maximum — the  corresponding  value 
of  h/a  being  less  the  larger  77  is — and  then  diminishes  as  h/a 
is  further  increased. 

The  alteration  per  unit  length  of  the  minor  axis  algebraic- 
ally considered  always  increases  wuth  h/a ;  but  for  values  of  77 
other  than  0  this  axis  shortens  when  h/a  is  less  than  a  certain 
critical  value  hi/a,  shown  in  Table  VI.  for  a  series  of  materials. 
The  value  of  h^/a  increases  with  77. 

If  we  were  to  regard  w^pa^/Ft  as  constant,  we  should  con- 
clude from  Table  IV.  that  answering  to  an  increased  77  there 
is  a  smaller  lengthening  of  the  major  axis  and  a  smaller 
lengthening — or  greater  shortening — of  the  minor  axis.  The 
greater  shortening  of  th(!  minor  axis  seems  analogous  io  the 
greater    reduction    in   axial    thickness,    which    according    to 
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Table  III.  also  accompanies  an  increase  in  77.  In  particular, 
it  may  be  pointed  out  that  in  the  limiting  case  h/a  =  0 — 
which  means  practically  a  body  resembling  an  elongated  thin 
parallelepiped  rounded  at  the  ends — the  reductions  per  unit 
of  length  are  the  same  in  the  dimensions  2/>  and  2/  for  all 
values  of  rj. 

If  we  denote  the  numbers  assigned  in  Table  IV.  for  the 
values  of  (ba/a)-^  {(o'^pa^/E)  by/4  {r},  hja),  the  increase  in  the 
major  axis  answering  to  the  limiting  speeds  on  the  stress- 
difference  and  greatest-strain  theories  may  be  found  from  the 
formulae — 

{b-aJa)  =  {^IE)x{f,{'n,hla)\^xU'n,hla),    .     .     .     (48) 

(8^2/a)=      s      x{M'n,hla)}^xfl'n,hla),    .     .     .      (49) 

where  /i,/2  have  their  previous  significations. 

For  instance,  in  a  circular  disk  of  material  97  = '25, 

(Sai/a)-r-  (S/E)  =  '4615  approximately, 

(Sag/a) -^     5     ='615  „ 

§  22.  Sufficient  data  have  already  been  given  to  enable  the 
reader  to  deduce  numerical  results  for  any  special  case.  The 
following  table  is,  however,  added  on  account  of  the  special 
importance  of  the  case  it  represents.  The  velocity  coa  is 
taken  as  1000  feet  per  second,  and  the  material  is  one  for 
Avhich 

7;  =  -25, 

E  =  20x  10^  grammes  weight  per  square  centini., 
/9  =  7"5  times  the  density  of  water. 

Table  V. 


h/a. 

Maximum  stress- 
difference  in  tons 
per  square  inch. 

Qreateststrain 
XW. 

{-Ull)xW. 

(^fl/«)xl0\ 

{SbJb)xlO\ 
-•296 

0 

15^03 

1-184 

-296 

•789 

•2 

15-37 

1-199 

•315 

•795 

--264 

•4 

16-27 

1-230 

•372 

•807 

--159 

•6 

17-34 

1-242 

-464 

-804 

-I--032 

•8 

18-09 

1-197 

•584 

-760 

+  •312 

l-O 

18-32 

1082 

•721 

•666 

+  ■666 

The  material  to  which  the  table  refers  has  properties  fairly 
representative  of  steel,  though  the  density  is  a  trifle  low  for 
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that  material.  The  velocity  is  chosen  merely  as  a  convenient 
number,  and  there  is  no  intention  to  imply  that  it  falls  in  each 
or  in  any  case  within  the  limits  wherein  the  mathematical 
theory  is  a[)plicable.  If  any  other  velocity  exist  in  a  disk  of 
the  material,  we  have  only  to  remember  that  all  the  quantities 
in  the  table  vary  as  [(oa)'\  For  instance,  we  have  only  to 
multiply  the  entries  in  Table  V.  by  "16  to  get  the  results  for 
a  velocitv  of  400  feet  per  second.  The  reader  may  also  easily 
deduce  from  the  table  results  for  any  other  material  in  which 
77  = '25.  He  has  only  to  notice  that  all  the  five  quantities 
tabulated  vary  directly  as  p,  and  that  all  except  the  maximum 
stress-difference — which  dejiends  only  on  [waYp — vary  in- 
versely as  E. 

§  23.  Tlie  radial  displacements  and  strains — /.  e.  those  di- 
rected along  the  radii  vectors  perpendicular  to  the  axis  of 
rotation — appear  the  most  interesting  of  those  in  planes 
}mrallel  to  the  faces.  According  to  the  first  approximation 
the  i-adial  displacement  u^.  and  strain  s^  at  a  point  [x,  y),  or 
(/',  6) ,  are  independent  of  z.  They  may  be  deduced  from  (14) 
and  (15)  by  means  of  the  relations  : 

ru^=xa+y/3,  -j 

'  "'■     "^  d.v^'^^Kdjrd.v}^''  dy} 

Confining  ourselves  in  the  meantime  to  the  first  approxima- 
tion, let  us  for  shortness  write  (14)  and  (15)  as 

and  put 

3(A3'  +  B3')  =  C3 (52) 

Then  we  have 

ujr  =  Ai  cos  ^d  +  Bi  sin  ^0  -^/^(Ag  cos  ^0  -\- 

C3sin2^cos2^  +  B3siu^6'), (53) 

s,  =  AiCOs2^-|-B,sin2^-r2(A3Cos''^  + 

C3sin2^cos26'  +  B3sin'^) (54) 

Thus  a  point  is  displaced  away  from  or  towards  the  axis  of 
rotation  according  as  it  lies  inside  or  outside  of  the  curve 

r^  =  r-^^  =  '6{Ai  cos ''d-^-B,  sin  ^d)^(As cos 'd  + 

C3sin26^cos26'  +  B3sin^^), (55) 
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and  the  radial  strain  is  an  extension  or  a  compression  accord- 
ino;  as  the  point  lies  inside  or  ontside  of  the  curve 

....     (56) 


r'^  =  ^)\^=7'2^  say. 


The  curves  r  =  ri  and  r=r2  are  here  termed  the  curves  of 
no  radial  displacement  and  tio  radial  strain  respectively.  The 
relation  ri^  =  Sr2^  enables  most  properties  of  one  curve  to  be 
immediately  deduced  from  those  of  the  other. 

§  24.  For  disks  of  small  eccentricity  the  curve  (55)  lies 
completely  outside  the  perimeter  of  the  disk ;  but  as  b/a  is 
diminished  its  radius- vector  in  the  direction  of  the  minor  axis 
becomes  gradually  reduced  to  zero.  The  values  hja  and 
hi/a  of  b/a,  for  which  the  radius-vector  of  (55)  drawn  in  this 
direction  reaches  the  values  b  and  0  respectively,  are  derived 
from  the  equations 

3Bi-&2B3=0, _ (57) 

Bi  =  0,  i.e.  V«=\/^; G^8) 

see  (51). 

These  values  are  shown  in  Table  VI.  for  a  series  of  values 

of  7). 

Table  VI. — Values  of  b-^/a  and  b2/a. 


r]  = 

0. 

•2.                 -25. 

■3.                 -5. 

bja= 
bja  = 

0 

n 

•519              5725 

■447              -5 

I 

•619 

•548 

•765 
•707 

The  results  are  all  only  approximate  except  those  for  ^  =  0, 
and  the  value  of  b^/a  for  7;  =  -25.  When  b/a  is  greater  than 
/>i/a,  every  point  in  the  disk  increases  its  distance  from  the  axis 
of  rotation.  When  h/a  lies  between  bja  and  bja,  the  curve 
of  no  radial  displacement  cuts  the  minor  axis  at  a  finite 
distance  less  than  b  from  the  centre.  The  curve  then  appears 
constricted  in  the  diameter  measured  along  the  minor  axis, 
and  this  constriction  rapidly  increases  as  b/a  approaches  b^/a. 
When  b/a  is  less  than  h^/a  the  centre  is  a  double  point  on  the 
curve,  and  its  tangents  there  are  inclined  to  the  major  axis  at 
an  angle  ^o  given  by 

^o=tan-\^^A;7Br),       .     .•    .     .     (59) 

where  A^  and  Bj  have  the  same  meanings  as  in  (51). 

When  the  centre  is  a  double  point  on  the  curve  of  no  raditd 
displacement  it  is  obviously  by  (56)  also  a  double  point  on 
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the  curve  of  no  radial  strain,  and  the  two  curves  have  common 
tangents  at  the  double  point.  The  inchnation  6q  of  one  of 
these  tangents  to  the  major  axis  decreases  from  90°  as  bja  is 
reduced  from  Z'g/a.  Its  values  for  a  series  of  val  i.r^^  iq  and  la 
are  shown  in  the  following  tal)le  : — 

Table  VII.— Value  of  0.. 


b;a. 

»,=    U. 

•2. 

•25. 

•3. 

•6. 

0 

90° 

65°  54' 

63°  26' 

61°  17' 

54°  44' 

•2 

— 

tJ8=  7' 

65°  16' 

62°  51' 

55°  35' 

•4 

— 

78°  31' 

72°  59' 

69°  r 

58°  42' 

•5 

— 

90° 

76°  55' 

61°  62' 

•6 

— 

67°  33' 

•7 

"" 

83°  26' 

The  blanks  signify  that  for  the  corresponding  values  of  rj  and 
hja  the  curves  do  not  pass  through  the  centre  of  the  disk. 

The  curve  of  no  radial  displacement  lies  between  the 
tangents  at  the  centre  when  that  is  a  double  point  on  the 
curve.  Witliin  the  disk,  how^ever,  it  departs  but  little  from 
these  tangents,  so  that  the  portion  of  the  disk  wherein  the 
distance  of  elements  from  the  axis  of  rotation  is  reduced  is 
never,  comparatively  speaking,  very  large.  The  interval 
between  hi^ja  and  //9/a  is  narrow,  and  these  values  alter  some- 
what rapidly  with  rj.  Thus  experimental  observation  of  these 
values,  if  possible,  might  prove  a  delicate  method  of  deter- 
mining Poisson's  ratio. 

§  ib.  The  variations  in  the  nature  of  the  curve  of  no 
radial  strain  are  most  conveniently  traced  by  supposing  l>la  to 
increase  from  0.  Figures  1,  2,  3,  and  4  show  the  several 
types  of  the  curve  for  the  value  '25  of  77.  The  same  types 
occur  with  other  Unite  values  of  t),  the  only  ditference  being  in 
the  critical  values  of  /j/a.  The  curve  is  of  course  symmetrical 
about  both  axes  of  the  ellipse,  so  we  need  consider  its  form 
only  in  one  quadrant.  In  each  figure  OA,  OB  are  the  semi- 
axes  of  the  elliptic  quadrant  whose  perimeter  is  the  thick 
curve.  The  thin  curve  is  that  of  no  radial  strain  ;  any  part 
of  it  lying  outside  the  ellipse  is  without  physical  import. 

When  bja  is  small  the  curve  cuts  the  major  axis  very  near 
its  extremity,  and  between  it  and  the  rim  lies  a  very  thin 
area  wherein  the  radial  strain  is  a  compression.  This  area, 
though  very   thin,   lias  a    finite  thickness,   unless  7?  =  0,   for 
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finite  values  of  b/a.  The  curve  crosses  the  rim  at  but  a  small 
distance  from  the  end  of  the  major  axis,  and  recrosses  it  at  a 
point  whose  angular  distance  from  the  end  of  the  minor  axis 
is  not  very  small.  The  curve  passes  through  the  centre 
cutting  the  minor  axis  at  a  finite  angle.  Thus,  at  finite 
distances  from  the  centre,  there  is  radial  compression  every- 
where in  the  neighbourhood  of  the  minor  axis.  This  second 
area  of  radial  compression  is  much  more  considerable  than 
that  at  the  end  of  the  major  axis  ;  liut  the  two  areas  together 
are  a  good  deal  smaller  than  the  area  throughout  which  the 
radial  strain  is  an  extension.  This  type  of  curve  is  illustrated 
by  fig.  1,  which  answers  to  t/a  =  *4,  ?;  =  '25. 

Fig.  l.—b/a  =  --i. 


As  h/a  increases  the  area  of  radial  compression  at  the  end 
of  the  major  axis  expands  both  in  length  and  thickness.  The 
angular  distance  from  the  minor  axis  where  the  curve  re- 
crosses  the  rim  also  increases,  but  the  angle  at  which  the 
curve  cuts  the  minor  axis  at  the  centre  diminishes.  This 
latter  angle  eventually  vanishes  when  h/a  reaches  the  value 
/>2/«  of  Table  VI.,  and  we  get  the  type  shown  in  fig.  2,  which 
answers  to  b/a=-'5,  r]  =  '2d. 


Fig.  2.— b/a =-5. 


Br 


As  h/a  further  increases  the  points  in  which  the  curve  cuts 
the  rim  continually  approach  one  another,  and  the  point  in 
which  it  cuts  the  minor  axis  recedes  from  the  centre.  In  this 
stage  we  have  the  constricted  type  shown  in  fig.  3,  which 
answers  to  h/a='6,  r)  =  '25. 


Solid  Cylinders  of  Elliptic  Section. 
Fig.  3.-V«  =  '6. 
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Finally,  the  curve  ceases  to  cut  the  rim,  and  its  constricted 
shape  near  the  minor  axis  tends  to  disappear,  till  Ave  get  a 
type  closely  resembling  the  ellipse  itself,  as  in  fig.  4,  which 
answers  to  b/a  =  'S,  r)  =  '2^.  So  long,  however,  as  b/ciKl, 
the  area  of  radial  compression  is  thickest  at  the  end  of  the 
minor  axis. 

Fig.  4. — b/a=-S. 
B 
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§  26.  More  precise  information  as  to  the  details  for  various 
values  of  r]  may  be  derived  from  the  following  tables.  Table 
VIII.  gives  .^'o,  the  distance  from  the  centre  of  the  points 
where  the  curve  of  no  radial  strain  cuts  the  major  axis. 


Table  VIII. 

— Value  of 

.I'o/a. 

b/a. 

71=                  U.                             -I. 

•25. 

•3. 

•5. 

0 

1                                1 

1 

1 

1 

•2 

1           -ggo 

•995 

•994 

•991 

•4 

1               -987 

•984 

•982 

•972 

•6 

1               -976 

•972 

•967 

•953 

•8 

1           •96a 

•956 

•950 

•931 

1-0 

1                -940 

•931 

•920 

•882 
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The  results  are  only  approximate,  except  for  hja  =  0  and 
for  7)  =  0.  The  thickness  a—x^  of  the  area  of  radial  com- 
pression at  an  end  of  the  major  axis  is  seen  to  increase  with 
h/a  and  with  77,  hut  even  in  a  circular  disk  of  material  7]  =  '5 
it  is  less  than  da/'25. 

Table  IX.  gives  yo?  the  distance  from  the  centre  of  the  points 
where  the  curve  of  no  radial  strain  cuts  the  minor  axis.  This 
distance  is  finite  only  when  b/a  exceeds  the  h2/a  of  Table  VI. 


Table  IX.— Value  of  i/o/b. 

b/a. 

r,=             -2.                     -25.                       -3. 

1 
•5. 

•5 

•511                      —                      — 

— 

(i 

•748                   -650                   -509 

— 

•8 

•898                   -872                   -844 

•680 

1-0 

•943                  ^931                  -920 

•882 

The  results  are  only  approximate.  In  the  case  of  the 
blanks  the  curve  still  passes  throuoh  the  centre  of  the  disk. 
Comparing  this  Table  with  Table  VI.,  we  see  that  the  points 
in  which  the  curve  cuts  the  minor  axis  retire  from  the  centre 
with  great  rapidity  as  h/a  increases  from  b.2/a.  Thus  for 
?7  =  *25  we  have  yo/b  increasing  from  0  to  "HS  as  J'/u  increases 
from  '5  to  '6. 

§  27.  The  investigation  of  the  vectorial  angles  of  the  points 
where  the  curve  of  no  radial  strain  crosses  the  rim,  and  the 
determination  of  the  limiting  values  of  b/a  for  which  such 
points  of  section  exist,  lead  I0  some  very  simple  and  interest- 
ing relations. 

From  (1)  and  {o^)  we  find  the  vectorial  angles  in  question 
to  be  given  by 

ci'b^A.^  +  C3  tan  '6  +  B3  tan  *<9)  -  (A^  +  Bi  tan  ^6) (6^  +  a'  tan  W)  =  0. 

Substituting  their  values  for  Aj,  B^,  A3,  B3,  and  C3,  it  will  be 
found  that  there  exists  a  factor  a^  —  2r}a-b'^  +  b^ ,  which  clearly 
cannot  vanish  for  a  permissible  value  of  77.  Dividing  out  by 
this  factor  we  reduce  the  equation  to 

r}aHiin^e-{{a^-by-2va^b''}iim''e  +  r)b'^  =  0.     .     (60) 

Now  substitute  for  6  the  eccentric  angle  (f)  from 

a  tan  6  =  b  tan  (f>, 
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and  we  obtain  the  simple  result 

sin  2cf)=  {rif  X  2(^/a)^  (1-^V)- 
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(61) 


If  ^1,  02  be  the  eccentric  angles  of  the  points  of  section  in 
the  positive  quadrant,  and  6^,  6^  be  the  corresponding  vec- 
torial angles,  then 

.     .     (62) 

•     .     (63) 


(j)i  +  (}>2  =  '7r/2 

6^  +  6.^  =  tan- '  iv) -'  =  2®  say. 


Thus  the  eccentric  angles  are  always  complementary,  and  the 
arithmetic  mean  of  the  vectorial  angles  is  independent  of  the 
shape  of  the  disk. 

§  28.  When  the  two   points  of  section  coincide   and   the 
curve  of  no  radial  strain  touches  the  rim,  we  at  once  deduce 

m 

(65) 


</>  =  W4, 

6'=0=|tan-'(7/)-J,      .     . 

h/a=  ^i^ij—  x/r)  =  b3/a  say 


.     .     (66) 

The  angle  2^!),  it  may  be  noticed,  is  the  same  as  the  inclination 
^0  to  the  major  axis  of  the  tangent  at  the  centre  to  the  curves 
of  no  radial  displacement  and  strain  in  the  limiting  form  of 
the  disk  for  which  /^/a  =  0. 

When  b/a  exceeds  bs/a,  the  area  of  radial  compression  ex- 
tends uninterruptedly  round  the  rim  of  the  disk.  The  values 
oibja  and  of  the  corresponding  vectorial  angle  0 — answering 
to  the  point  of  contact  of  the  curve  of  no  radial  displacement 
and  the  rim  in  the  positive  quadrant — are  given  approximateltj 
in  Table  X. 


Table  X 

. — Values 

of  bs/a  and  @. 

n  = 

•1. 

•2. 

•25. 

•3. 

•5. 

bja= 

•733 
36°  13^' 

•648 
32°  57' 

•618 
31°  43' 

•592 
30°  39' 

•518 
27°  22' 

When  b/a  is  less  than  Agti  the  curve  of  no  radial  strain 
crosses  the  rim  in  the  two  points  in  the  positive  quadrant 
whose  vectorial  angles  di,  d^  are  approximately  as  follows : — 
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Table  XL — Values  of  6i  and  0^. 


hja. 

^=         -2. 

•25. 

•3. 

•5. 

■"■{ 

1°  5' 
64°  50' 

1°  12' 
62°  14' 

1°  19*' 
59°  58^ 

1°  44' 
53°  1' 

■4{ 

5°  7' 
60°  48' 

5°  47' 
57°  39' 

6°  25' 
54°  52' 

8°  48' 
45°  56' 

.{ 

9°  23' 
56°  31' 

10°  49' 
52°  37' 

12°  14' 
49°  3' 

19°  28' 
35°  16' 

.e( 

18°  2' 
47°  52' 

22°  39' 
40°  47' 



The  twu  bhiuks  in  the  last  line  signify  that  the  curve  has 
ceased  to  cross  the  rim  before  hja  is  as  large  as  '6.  A  simple 
test  of  the  accuracy  of  this  table  is  supplied  by  means  of  the 
relation  (63),  employing  the  values  of  ©  in  Table  X. 

From  Table  XI.  we  see  that  for  a  given  value  of  hja  the 
portions  of  the  disk's  rim  which  lie  within  the  areas  of  radial 
compression  at  the  ends  of  both  the  major  and  minor  axes 
increase  with  i). 

§  29.  While  the  data  in  the  })revious  tables  give  a  general 
idea  of  the  nature  of  the  curves  of  no  radial  strain,  it  seems 
desirable  to  possess  more  exact  information  for  some  one 
value  of  ?;.  This  is  supplied  for  17  =  "25  in  Table  XII.,  which 
gives  the  ratio  of  r2,  the  radius  of  the  curve  of  no  radial 
strain,  to  /•  the  radius  of  the  rim  for  the  assigned  values  of  Q. 

Table  XII. — Values  of  Vs/r. 


h!a. 

0=       0. 

15°. 

30°. 

45°. 

60°. 

75°. 

90°. 

•4 

•984 

1072 

M89 

1-180 

•939 

— 

— 

•5 

•978 

1-017 

1071 

1-054 

•908 

•561 

0 

•6 

•972 

•987 

1-008 

•989 

•902 

•749 

•650 

•8 

•956 

•956 

-953 

•940 

•914 

•885 

•872 

The  results,  except  for  5/a  =  *5  with  ^  =  90°,  are  approximate. 
The  blanks  in  the  first  line  signify  that  the  curve  of  no  radial 
strain  has  reached  the  centre  of  the  disk  ere  6  attains  to  75°. 
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In  actually  drawing  figs.  1-4  the  values  of  )'2/a  were  employed 
as  more  conyenient  for  that  purpose. 

§  30.  The  terms  of  order  c^  in  (14)  and  (15)  indicate  that 
for  a  given  value  of  x,yi\\Q  radial  displacement  and  strain  are 
always  algebraically  greatest  when  ^  =  0.  Thus  the  natural 
influence  of  rotation  in  repelling  the  material  from  the  axis  is 
most  felt  in  the  central  plane  and  least  in  the  faces  of  the  disk. 
The  magnitude  of  the  difference  is  best  brought  out  by 
reference  to  the  curvature  in  lines  originally  parallel  to  the 
axis  of  rotation.  Before,  however,  entering  on  details  it  is 
desirable  to  consider  briefly  the  reliability  of  the  results,  as 
they  depend  on  terms  in  a  and  /3  of  order  z^. 

If  the  principle  of  statically  equivalent  load  systems  be 
conceded,  it  must  I  think  be  admitted  that  the  results  our 
solution  gives  for  the  curvature  are  exact,  to  the  present 
degree  of  approximation,  except  at  points  quite  close  to  the 
rim.  If  this  be  granted  it  is  difficult  to  see  how-  the  curva- 
ture given  by  our  solution  at  the  rim  itself  could  differ  from 
the  true  curvature  there  by  a  quantity  comparable  with  itself. 
The  difference  would  have  to  arise  from  a  difference  between 
the  strain  of  our  solution  and  the  true  strain  extending 
throughout  an  area  whose  thickness  is  only  a  few  multiples 
of  /.  It  would  also  represent  not  the  absolute  amount  of  this 
difference  in  the  strains  of  the  two  cases,  but  only  thaf  part 
of  it  which  varies  with  z.  Thus  an  error  in  our  measure  of 
curvature  at  the  rim  comparable  with  that  curvature  would 
seem  to  necessitate  the  existence  either  in  our  solution  or  in 
the  actual  case  of  large  normal  stresses  varying  rapidly 
with  z.  Such  stresses  do  not  exist  in  our  solution,  and  they 
seem  incompatible  with  a  free  surface  at  the  rim. 

Important  evidence  on  these  points  is  deducible  from  my 
previous  solution.     This  gave  over  the  rim  stresses 

.iu'i  =  0i5^,     t/t/i  =  CoZ^,  say, 
in  place  of  the 

of  the  present  solution.  Thus  the  difference  between  the 
strains  of  the  present  solution  and  the  previous  represents  the 
effects  of  surface  forces 

.■^3=01/73,      ^3=02^/3 

at  the  rim  ;  while  the  difference  between  the  strains  of  the 
present  solution  and  the  true  strains  represents  the  effect  of  the 

surface  forces  AU'2,  yi/2  given  above.     The  stresses  ,v,V2,  x.v^ . . . 
are,  it  will  be  noticed,  of  the  same  order  of  magnitude. 
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Now  the  present  and  the  previous  solutions  assign  precisely 
the  same  values  for  the  curvature  of  lines  originally  parallel 
to  z  throughout  the  whole  disk.     Thus  unless  the  fact  that 

xx^  and  yi/2  have  a   term  variable  with  z,  whereas  .i^'g  and 

^3  have  not,  constitutes  a  fundamental  difference,  we  should 
expect  the  curvature  supplied  by  the  present  solution  to  be 
everywhere  exact  to  the  })resent  degree  of  approximation. 

This  seems  almost  conclusive  so  far  as  concerns  points  not 
in  the  immediate  neighbourhood  of  the  rim.  For  if  there  be 
any  truth  in  the  theory  of  statically  equivalent  load  systems, 

the  influence  of  a  stress  system  a'a'o,  j/1/2,  whose  statical 
resultant  over  a  generator  is  zero,  must  be  small  except  in  the 
immediate  neighbourhood  of  its  application  compared  to  the 

influence  of  a  system  aw^,  yyz,  where  the  stresses  at  every 
point  of  a  generator  have  the  same  sign,  while  their  order  of 
magnitude  is  the  same  as  that  of  the  other  system. 

Near  the  rim  the  existence  of  the  terms  in  z^  in  a\V2,  yy^ 
renders  it  probaljle  that  this  stress  system  would  have  more 

effect  on  the  curvature  than  the  system  xi-g,  yy^.  iStill  in  the 
latter  case,  though  the  stress  is  uniform  along  a  generator, 
its  efl:'ect  at  a  neighbouring  point  in  the  disk  must  be  largely 
influenced  by  the  greater  or  less  proximity  of  that  point  to  a 
face  of  the  disk.  Thus,  while  one  might  reasonably  look  for 
a  greater  curvature  in  the  first  case  than  in  the  second,  one 
would  hardly  expect  the  curvatures  in  the  two  cases  to  be  of 
different  orders  of  small  quantities. 

These  considerations  point  strongly  to  the  conclusion  that 
the  expressions  we  are  about  to  find  for  the  curvature  of  lines 
originally  parallel  to  the  axis  of  rotation  are  exact  to  the 
present  degree  of  a]:)proximation  for  all  points  not  very  close 
to  the  rim,  and  that  even  at  the  rim  itself  the  error  is  likely 
to  be  small.  General  reasoning  of  this  kind  is,  however,  at 
best  unsatisfactory,  and  I  do  not  regard  the  results  for  the 
curvature,  at  least  close  to  the  rim,  as  deserving  the  same 
confidence  as  the  other  results  of  this  paper. 

§  31.  In  determining  the  curvature  of  a  line  through  the 
point  {a^  y,  0)  originally  parallel  to  the  axis  of  rotation,  we 
require  to  know  the  osculating  plane  of  the  curve  it  forms. 
Now  the  curve,  as  we  have  seen,  is  orthogonal  to  the  para- 
boloids (29) — strictly  so  at  the  faces  of  the  disk,  sufficiently 
nearly  so  elsewhere — ;  thus  the  osculating  plane  at  {x,  y,  0) 
contains  the  normal  to  the  ellipse  of  equal  longitudinal  dis- 
placement through  that  point.     Thus  the  principal  radius  of 
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curvature  R  of  the  curve  is  given  by 


where  the  suffixes  0,  /  denote  the  corresponding  values  of  z. 
Having  regard  to  (30),  (31),  and  (32),  we  easilv  deduce 
from  (14)  and  (15), 

R-'  =  2M(ci-7a/+yV/>x^)'' (67) 

To  put  this  in  a  more  convenient  form,  let  ka^,  kh^  be  the 
semi-axes  of  the  ellipse  of  equal  longitudinal  displacement 
through  (.f,  j/,  0),  and  let  kp^  be  the  perpendicular  from  the 
centre  on  the  tangent  at  [x,  i/,  0)  to  this  ellipse.  Then  we 
have 

U-'  =  2^lki2),=  {-8l/l)x(2k;p,).     .     .     .   (68) 

Thus  for  points  on  a  given  ellipse  of  equal  longitudinal  dis- 
placement R  varies  as  the  perpendicular  from  the  centre  on 
the  tangent,  and  for  points  along  a  given  radius-vector  r  from 
the  axis  of  rotation  R  varies  as  1/r. 

§  32.  At  the  rim  it  is  convenient  to  measure  the  curva- 
tures in  lines  originally  parallel  to  the  axis  in  two  planes, 
one  containing;  the  normal,  the  other  the  tano-ent  to  the  rim. 
Calling  these  curvatures  1/R,,  and  1/R^  respectively,  and 
denoting  by  />  the  perpendicular  from  the  centre  on  a  tangent 
to  the  rim,  we  easily  obtain 

a    _  a)>2      pa-\a^--l'naV/  +  6^)  +a/^-' (1  +  2>v)V\a^  +  h^)       ,.„. 
R„~      E     "'^  ^a'  +  2a?b'  +  %^  '     ^^'^^ 

R,         W'-'^  ai)'  ~^JaF+2^^U^+W ^^ 

From  the  form  of  (()9)  it  is  obvious  that  the  curvature  1/R„ 
has  a  minimum  where 

p^  =  {l  +  ?,r)) aVr{cc  +  /r')  -r- (a^  -  •Irjc^h''  +  h^) . 
This  is,  however,  a  real  minimum  only  when 

/  <  a-,  or  a*  >  ^(^^^^(1  +  bri)  +  St]//. 

Unless  this  inequality  hold,  1/R„  is  a  mininnun  at  the  end 
either  of  the  major  or  minor  axis.  The  maximum  value  of 
1/R„  always  occurs  at  the  end  of  a  principal  axis,  and  this  is 
the  major  or  the  minor  axis  according  as 

(a -b)\a''  +  ab  +  h'')  >  or  <  rjah (Sa^  +  'lah  +  W) . 

§  33.  The  curvature  l/R^  may  be  regarded  as  measuring 
the  tendency  of  the  material  in  the  central  plane  at  the  rim 

H  2 


100  Br.  W.  Pole  on  some  unpithlished 

to  be  driven  by  rotation  nearer  to  the  longest  diameter  than 
is  the  material  in  the  faces.  Its  maximum  in  the  positive 
quadrant  occurs  at  the  point  where 

, [, (71) 

i.e.  tan  6=  K^b^a'  ) 

where  6  is  the  vectorial  angle. 

The  corresponding  maximum  is  given  by 

a   _<ii^po?  ^    a—b  a^  —  2'r}a^b^  +  b^  .„^. 

%  ~  ~W  '^'^     a    3«*  +  l^m  +  W  ■     •     ■    ^     ^ 

This  vanishes  of  course  in  a  circular  disk  for  all  values  of  r) 
and  for  ■>;  =  0  in  all  forms  of  disks. 

§  34.  In  a  circular  disk  every  line  originally  parallel  to 
the  axis  of  rotation  has  a  plane  containing  that  axis  for 
osculating  plane.  Calling  the  radius  of  curvature  in  a  line 
at  distance  /•  from  the  axis  of  rotation  R^,  we  easily  find 
from  ((37) 

a/R^=  (o)2pa7E)  x  (r/a)  x  7^(1  +  ^)  ") 

\-     '     '    (73) 

Comparing  (73)  with  (38)  and  (37),  we  find  between  the 
curvature  in  a  generator  of  the  rim  and  that  at  the  centre  of 
a  face  of  a  circular  disk  the  simple  relation 

//R«  =  a/R (74) 

Thus  in  a  thin  disk  the  curvature  produced  by  rotation  in  a 
rim  generator  is  much  greater  than  that  produced  at  the 
centre  of  the  faces.  The  curvature  in  the  rim  generator 
might  perhaps  be  measured  by  an  optical  method,  at  least  in 
a  circular  disk. 


X.  Some  unpublished  Data  on  Colour-Blindness. 
By  Dk.  William  Pole,  F.R.S* 

[Plato  II.] 

THESE  data  have  reference  to  a  paper  "On  Colour- 
Blindness  "  which  the  Royal  Society  did  me  the  honour 
to  publish  in  the  Philosophical  Transactions  of  1859,  and  a 
Report  on  which,  by  Sir  John  Herschel,  was  printed  in  the 
'  Proceedings,'  vol.  x.  p.  72.     There  were  some  points  in  this 

*  Communicated  by  the  Author. 
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paper  left  incomplete,  and  I  was  ad-s-ised  to  add  supplementary 
explanations,  but,  for  various  reasons,  this  was  not  done.  As, 
however,  there  is  still  much  uncertainty  and  misunderstanding 
on  the  sul)ject  generally,  it  appears  to  me  that,  even  after 
this  lapse  of  time,  it  may  be  useful  to  put  on  record  any  facts 
or  observations  which  may  tend  to  throw  light  upon  it. 

The  paper  contained,  so  far  as  I  know,  the  earliest  com- 
])lete  quantitative  demonstration  of  the  general  facts  of 
dichromic  vision,  made,  at  the  suggestion  of  Prof.  Stokes,  by 
Clerk  Maxwell's  elegant  device  of  the  colour-top,  then  newly 
introduced.  I  carried  out  the  necessary  series  of  experiments, 
first  on  my  own  vision,  and  afterwards  on  that  of  some  other 
persons  reputed  to  be  colour-blind  ;  and  I  was  surprised  to 
find  in  the  latter  an  anomaly  wliich  led  me  to  add  the 
following  postscript,  dated  October  1859  : — 

"  Since  the  foregoing  paper  was  written  I  have  had  the  oppor- 
tunity of  examining  three  coloiu'-bhnd  persons,  and  have  found 
that  the  vision  of  each  is  perfectly  dichromic,  corresponding  pre- 
cisely in  general  character  with  my  own.  But  the  remarkable 
feature  has  presented  itself,  that  the  coefficients  of  the  colour-top 
equations  vary  considerably  in  the  different  cases.  Thus,  for 
example,  although  my  equation  XV.  will  always  hold  in  its  general 
form, 

m  Vermilion  -f-  n  Ult.  =p  Black  -\-q  "White, 

yet  the  values  of  m,  n,  p,  and  q  will  vary  for  different  individuals." 

The  observations  themselves  were  not  given,  but  I  propose 
to  add  them  now,  with  others,  as  being  in  many  respects  of 
permanent  interest. 

Two  of  the  persons  examined  were  brothers,  named  Nicoll- 
Carne,  gentlemen  of  high  position  and  education,  residing 
near  Cowbridge  in  South  Wales  ;  and  they  had  already,  at  a 
much  earlier  time,  acquired  some  public  celebrity  in  regard 
to  this  matter.  On  the  25th  of  June,  1816,  a  paper  was  read 
before  the  Royal  Medical  and  Chirurgical  Society  of  London 
by  Whitlock  Nicholl,  Esq.,  M.D.,  of  Cowbridge,  entitled 
"  Account  of  a  curious  Imperfection  of  Vision;"  and  it  referred 
to  "  a  boy  11  years  old,  clever,  lively,  and  healthy,"  who  made 
the  kind  of  mistakes  which  are  now  so  famihar  to  us,  but 
which  were  then  thought  so  strange  and  unaccountable.  He 
was  said  also  to  have  "  an  infant  brother,"  of  whose  vision 
nothing  could  then  be  known.  Now  these  two  brothers  were 
the  gentlemen  whom,  forty-three  years  afterwards,  I  accident- 
ally heard  of,  and  who  kindly  gave  me  permission  to  examine 
their  vision.  1  may  give  the  following  extracts  from  letters 
received  from  one  of  them  : — 
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"Nash  Manor,  June  1S59." 
"  The  great  peciiliarily  of  my  case  is  that  it  has  existed  in  my 
family,  as  far  as  we  ha\e  been  able  to  trace,  for  generations,  and 
has  always  skipped  OAer  the  femah^  branches,  although,  as  in  my 
oun  case,  it  has  been  transmitted  through  them. 
"  My  brother  has  the  same  peculiarity  of  vision. 
"  I  have  long  been  convinced  that  I  really  see  but  three  colours, 
viz.  blue,  yellow,  and  white,  and  the  absence  of  all  colour,  black. 
By  taking  the  \\ater-colours  gamboge,  Prussian  blue,  and  Indian 
ink,  I  can  produce  all  the  colours  I  see  in  Nature.     I   form    my 
reds,   greens,  and  browns  by  combinations  of  yellow  and  black ; 
pinks  and  crimsons  by  light  and  dark  blue.     The  rainbow  appears 
to  me  to  be  composed  of  but  two  well-defined  and  distinct  bands, 
stripes,  or  colours,  the  one  shaded  from  light  to  dark  blue,  and  the 
other  shaded  from  light  to  dark  yellow." 

"K.  C.  Nicoll-Cabne." 

I  visited  these  gentlemen  on  the  14th  of  July,  1859.  They 
had  never  hefore  beensulijected  to  any  precise  or  quantitative 
experiments,  and  I  am  glad  to  have  the  opportunity  of  record- 
ing the  actual  facts  of  their  vision.  Both  brothers  took  part 
in  the  examination,  and  their  colour-impressions,  so  far  as 
I  could  tell,  appeared  precisely  similar. 

I  also  examined  a  Mr.  Lloyd,  a  middle-aged  gentleman  of 
good  intelligence,  but  not  pretending  to  scientific  knowledge  ; 
and  a  fourth  example  was  Mr.  Parry,  a  professional  chemist, 
whose  case  was  peculiarly  useful  as  forming  the  greatest  con- 
trast with  mine. 

In  all  these  cases  I  followed  the  same  plan.  After  a  pre- 
liminary examination  with  the  (yhevreul  circle  and  "gammes," 
]  ol)tained  their  matche-;  with  the  revolving-disk  tests,  in  the 
maniu'r  described  for  myself  in  par.  19  of  my  paper.  I  have 
collected  the  wdiole  of  the  equations  at  the  end  of  this  article, 
and  I  have  added  the  case  of  Mr.  Simpson,  who  was  tested 
by  Prof.  Clerk  Maxwell  about  the  same  time,  with,  I  believe, 
the  same  colours. 

I  am  also  able  to  add  to  these,  by  indirect  CAddence,  another 
case  of  great  celebrity,  namely  that  of  John  Dalton.  Sir 
John  Herschel  -svas  good  enough  to  submit  for  my  examination 
the  data  he  had  obtained  from  Dalton,  as  mentioned  in  the 
well-known  letter  of  1833;  and  I  had  no  difficulty  in  estab- 
lishing the  general  simikrity  between  Dalton's  vision  and 
my  own,  subject  to  certain  Variations  of  the  kind  I  am  now- 
considering*.  And,  further,  I  found  some  data  by  wdiich  to 
estimate  roughly  the  nature  and  extent  of  these  variations. 
He  had  pointed   out   samples  of  red  and  green  silk,  which 

*  See  '  Contemporary  lieview,'  May  1880,  for  fmther  particulars. 
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seemed  a  very  near  match  to  him  ;  while  to  me  there  was  the 
difference  that  the  ojreen  was  the  darker  by  two  numl)ers  of 
Chevreul's  yellow  gamme.  This  fixed  Dalton's  variation  as 
abont  intermeiliate  between  my  two  extremes,  probably 
corresponding  pretty  nearly  with  Mr.  Lloyd's. 

The  quantitative  data  here  collected,  and  all  comparable, 
furnish  very  important  materials  for  inference  and  reasoning  as 
to  the  still  open  question  of  the  varieties  of  colour-blindness.  It 
is  not  my  object  to  enter  further  on  that  argument  now,  but  it 
is  necessary  to  show  that,  in  order  to  make  use  of  the  facts  by 
proper  classitieation,  more  detailed  attention  must  l)e  devoted 
to  the  minute  peculiarities  of  dichromic  vision ;  and  this 
opens  another  point  in  which  my  original  paper  was  deficient. 
I  had  given  a  general  comparison  between  the  normal  and 
the  dichromic  hues  seen,  referring  briefly  to  various  tints  and 
shades  of  them  ;  but  it  is  now  necessary  to  examine  these 
tints  and  shades  more  accurately  than  has,  I  think,  hitherto 
been  done.  For  the  proper  understanding  of  what  we  really 
do  see  depends  almost  entirely  on  this  point,  and  it  is  often 
much  misunderstood. 

Although  the  dichroinic  patient,  as  his  name  implies,  sees 
only  two  varieties  of  Ime,  yet  the  number  of  colour-impressions 
he  derives  from  these  admit  of  great  diversity  of  character  ; 
and  this  is  the  reason  why  his  defect  so  often  escapes  notice. 
He  hears  of  the  variety  in  colour  presented  by  nature  ;  and  he 
knows  that  nature  also  offers  great  variety  to  him  :  what  he 
does  not  know  till  he  is  tauoht,  is  the  different  nature  of  the 
variety  in  the  two  cases.     It  is  this  we  have  now  to  explain. 

The  colour-impressions  received  in  dichromic  vision  may 
be  classed  in  eleven  species,  seven  of  which  further  admit  each 
of  iniinite  variety  in  degree.  And  in  describing  them  I  shall 
adhere,  without  discussion,  to  my  original  names  of  yellow 
and  blue  for  the  two  hues  seen.     Then  we  have  : — 

1.  The  impression  of  the  full  yellow  colour  in  its  most 
powerful  form. 

2.  The  corresponding  impression  of  the  full  blue  colour. 

3.  Then  there  is  the  impression  of  what  Sir  John  Hei'schel 
called  "  the  equilibrium  of  the  two,''  or  full  white.     And 

4.  There  is  what  he  called  the  "  negation  "  of  the  two,  i.  e. 
black. 

According  to  the  method  of  testing  by  pigments,  these  four 
form  what  we  may  call  the  fundamental  colour-impressions 
of  dichromic  vision,  by  combinations  of  which  all  other  coloui*- 
impressions  are  jiroduced.  These  combinations  form  by  i'ar 
the  most  important  part  of  the  visual  phenomena,  and  require 
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therefore  special  study.     They  belong,  as  already  stated,  to 
seven  species. 

5.  An  infinite  variety  of  impressions  may  be  given  by 
diluting  the  fundamental  yellow  with  different  proportions  of 
white.  The  painters  have  a  practical  name  for  these,  namely 
tints  ;  but  we  want,  for  quantitative  purposes,  another  form 
of  expression.  The  freedom  of  a  colour  from  white  is  usually 
called,  in  this  country,  "purity;"  but  it  will  suit  our  present 
object  better  to  adopt  the  equivalent  of  the  German  term 
Silttigxing.  Helmholtz,  for  example,  repeatedly  uses  such 
expressions  as  "  hochste  Slittigung,"  or  "  bei  sehr  gesattigten 
Farben ;"  and  I  propose  to  define  these  mixtures  as  degrees  of 
saturation.     If  to  y  parts  of  yellow  we  add  w  parts  of  white, 

then  the  resulting  "  degree  of  saturation  "  is  =     "^    ,  the  full 

saturation  of  the  yellow  colour  being  =1. 

6.  Then  we  have  an  infinite  variety  of  impressions  of  a 
different  kind,  by  darkening  the  fundamental  yellow  with 
black.  These  modifications  painters  call  shades,  and  we 
may  term  them  degrees  of  brightness  or  degrees  of  himi- 
nosity.      Thus,  if  to  y  parts  of  yellow  we  add  b  parts  of  black, 

the   degree   of  luminosity  will  be  expressed    by     ^,,    the 

original  luminosity  of  the  yellow  colour  being  =1. 

7.  But  there  is  another  infinite  variety  of  impressions 
obtainable  by  mixing  yellow  with  different  proportions  of  both 
lolute  and  t>lacl;  by  which  its  saturation  and  luminosity  are 
loth  reduced,  and  the  character  of  the  impression  is  materially 
changed.  If  y  parts  of  yellow  are  mixed  with  iv  parts  of 
white,  and  b  parts  of  black,  the  degree  of  saturation  will  be 

=  —^ :  and  the  deojree  of  luminosity  =  ■ — ; -^• 

y  +  h  +  ic'  ®  -^        y  +  w  +  b 

8.  d,  10  are  corresponding  varieties  of  impression  for  the 
blue  colour. 

11.  Then,  finally,  there  is  an  infinite  variety  of  impressions 
of  "  grey,"  formed  by  mixing  white  and  black  in  different 
proportions.     The   luminosity  of  any  such  mixture  will   be 

IV +  b 

The  mixtures  of  yellow  with  blue  produce  no  new  impres- 
sions— none  but  what  are  included  in  the  above  classes. 

It  is  worth  while  also  to  define  another  quantitative  function 
of  the  dichromic  mixtures,  i.  e.  the  strength  or  power  of  the 
impression  of  the  colour  proper,  in  relation  to  the  full  power 
of  the  hue  from  which  it  is  derived.     1  propose  to  call  this  the 
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chromic  strength.     In  class  5  this  will  be  the  same  thing  as 
the  deeree  of  saturation  ;  in  class  6  it  will  be  the  same  as  the 


tlepree  of  luminosity  ;  but  in  class  7  it  will  be  = 


_      y 


>/  +  ic  +  h' 


Now,  having  defined  quantitatively  the  different  varieties 
of  dichromic  colour-impressions,  we  ought  to  be  able  to  repre- 
sent them  in  graphic  i'orm  ;  and  this  is  another  point  in  which 
my  original  paper  required  supplementing.  Professor  Clerk 
Maxwell,  who  Avas  kind  enough  to  take  much  interest  in  my 
case,  pointed  this  out  to  me,  referring  me  to  the  explanation 
he  had  given  on  the  subject  in  the  Phil.  Trans,  for  1860. 
The  system  he  there  laid  down,  founded  on  Newton^s  law 
for  colour  mixtures,  has  since  become  well  known  to  earnest 
students.  For  normal  vision  an  equilateral  triangle  is  drawn, 
and  on  its  three  angles  are  supposed  to  be  located  the  three 
fundamental  colour-sensations — red,  green,  and  violet,  by 
combinations  of  which,  according  to  Young^s  theory,  all 
hues  are  formed.  Then  every  possible  hue  will  be  repre- 
sented by  a  point  within  the  triangle,  which  can  be  determined 
by  Newton''s  rule. 

The  application  of  this,  however,  to  dichromic  vision  has 
never  yet  received  proper  attention.  Maxwell,  in  his  fig.  11, 
gave  an  example,  the  object  of  which  was  to  compare  di- 
chromic with  trichromic  vision,  and  for  which,  therefore,  he 
used  the  normal  triangle.  But,  to  show  simply  the  pheno- 
mena of  dichromic  cases,  or  to  compare  them  with  each  other, 
this  becomes  unnecessarily  complicated,  and  makes  a  clumsy 
figure.  We  know  nothing  of  red,  green,  or  violet  (none  of 
them  existing  in  our  system),  and  have  no  inducement  to  base 
our  triangle  upon  them  ;  and,  moreover,  we  have  none  of  the 
varieties  of  hue,  to  depict  which  the  normal  triangle  is  formed. 

For  these  reasons,  availing  myself  of  a  suggestion  made  to 
me  by  Lord  Rayleigh,  I  have  adopted  a  different  arrangement 
of  the  diagram,  which,  while  founded  on  the  same  principles, 
shall  be  specially  adapted  to  the  facts  of  our  vision.  I  retain 
the  equilateral  triangle,  but  I  place  on  its  three  angles  the 
three  chief  sensations  received  by  dichromic  eyes;  i.e.  the  warm 
colour,  the  cold  colour,  and  the  sensation  of  their  "equilibrium,^^ 
white.  I  then  find  an  additional  ])oint  for  their  "  negation," 
black,  and  thus  I  get  the  four  starting-points  of  the  colour- 
impressions  which  it  is  the  object  of  the  diagram  to  portray. 

The  construction  will  be  readily  understood  from  fig.  1,  where 
Y  is  the  warm  colour,  yellow  ;  U  is  the  cold  colour,  ultra- 
marine blue  ;  and  W  is  white  ;  the  point  for  black  is  deter- 
mined for  each  special  patient  l)y  equation  1.      For  my  vision 
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the  line  YU  must  be  divided  at  0  in  the  proportion  of  01^  to 
38|,  and  a  line  must  be  drawn  from  W  through  0  and  pro- 
longed downwards.  The  distance  WO  being  taken  as  64 
parts,  the  prolongation  must  be  made  36  parts,  which  will 
give  the  point  Bk.  Then  the  lines  from  this  point  to  Y  and 
U  will  complete  the  figure.  It  will  now  be  easy  to  see  how 
all  the  varieties  of  our  colour-impressions,  above  described, 
may  be  represented  on  the  diagram. 

The  simple  impressions  1,  2,  3,  4  are  on  the  angular  points. 
The  line  Y  W  contains  the  whole  series  of  class  5 ;  the  line  U  W 
the  whole  series  of  class  8  ;  the  line  Y  Bk  contains  the  whole 
series  of  class  6  ;  the  line  U  Bk,  that  of  class  9  ;  the  line 
W  Bk  contains  the  whole  series  of  greys  in  class  11.  The 
position  of  a  point  representing  any  given  mixture  along 
these  lines  is  fixed  by  the  usual  Newton's  rules  ;  thus  a 
mixture  of  half  yellow  and  half  white  would  lie  halfway 
between  Y  and  W.  A  mixture  of  one  part  yellow  and  3 
parts  black  would  lie  at  a  distance  from  Bk  of  one  fourth  the 
length  of  the  line. 

The  impressions  in  classes  7  and  10  are  represented  by 
points  lying  in  the  interior  of  the  figure  ;  No.  7  (yellow) 
lying  all  on  the  left-hand  side  of  the  grey  line  ;  No.  10 
(blue)  all  on  the  right-hand  side.  The  mode  of  finding  the 
position  of  any  point  will  be  best  shown  by  an  exam])le  : 
take  the  emerald  green  as  defined  by  my  equation  IX.  First 
divide  the  grey  line  into  (58-}- 19  =  )  77  parts,  of  which  set 
off  19  at  the  lower  end,  giving  a  point  a.  From  this  draw 
a  line  aY,  divide  it  into  100  parts  and  set  otf  23  of  these 
from  a.  This  will  give  the  point  Gr,  representing  my  emerald 
green.  The  various  quantities  relating  to  this  impression  may 
be  determined  geometrically  as  follows  : — Draw  a  line  from  W 
through  the  colour-point  G,  cutting  the  line  Y  Bk  in  s  ;  then 

the  degree  of  saturation  =  1  —  ^^^^ .    Similarly  draw  a  line  from 

Bk  through  Gr,  cutting  'W'Y  in  /,  then  the  degree  of  hnninos/ti/ 

=  1  — ■=•,  and  the  chromic  strength  =  =. 

/B'  ^  aY  . 

If  a  line  be  drawn  from  vermilion,  or  from  any  red  colour, 
to  U,  the  point  where  it  crosses  the  line  W  Bk  will  represent 
a  colour  which,  though  a  powerful  crimson  or  "  purple  '^  to 
the  normal  eye,  will  be  grey  to  dichromic  eyes,  or,  in  other 
words,  a  red  invisible  to  them.  And,  similarly,  in  a  line  GU, 
the  point  where  it  cuts  the  grey  will  be  an  "  invisible  green.'"' 

In  this  way,  the  figure,  when   completed  for  the  various 
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colours  used  in  the  tests,  will  give,  at  a  glance,  a  perfect 
idea  of  the  phenomena  of  vision  of  the  dichi'omic  patient ; 
and  bv  the  simple  a)>{)licati()n  of  a  pair  of  compasses,  the 
(juantitative  determinations  may  at  once  be  found. 

It  will  now  be  easily  seen  that  the  diliereuce  between  this  dia- 
gram and  MaxwelPs  normal  one  exactly  expresses  the  essential 
difference  between  normal  and  dichromic  vision.  In  the 
former  the  most  salient  feature  is  the  immense  variety  of 
lines  ;  the  normal-eyed  person  has  not  only  six  chief  colours, 
each  one  ditfering  essentially  from  all  the  rest,  but  their  com- 
binations with  each  other  afford  an  infinity  of  additional 
varieties  of  hue.  This  variety  is  wanting  in  dichromasie,  but  its 
place  is  supplied  by  an  infinity  of  varieties  of  tint  and  shade. 

Now  in  both  diagrams  the  area  of  the  figure  may  be  filled 
with  innumerable  points,  each  of  which  will  express  a  different 
variety  of  colour-impression  ;  but  while  in  the  normal  case 
these  are  varieties  of  hue,  in  the  dichromic  case  they  are 
varieties  of  tone. 

The  want  of  appreciation  of  this  difference  becomes  con- 
tinually evident  in  commvmieations  between  normal  and 
colour-blind  people,  the  two  parties  being  frequently  quite  at 
a  loss  to  understand  each  other  ;  and  it  accounts  for  some  of 
the  mistaken  views  held  by  normal-eyed  persons,  even  those 
who  have  studied  colour,  as  to  what  our  impressions  really  are. 
The  errors  often  made  by  them  in  describing  our  sensations 
seem  quite  as  ludicrous  to  me,  as  any  attempts  of  mine  to 
identify  the  normal  colours  would  be  to  them. 

The  same  consideration  influences  the  discussions  on  the 
the  alleged  danger  with  railway  signals.  The  alarmists  think 
it  quite  sufficient  to  say  that  "  the  colour-blind  are  unable  to 
distinguish  between  red  and  green."  But  this  is  speaking 
in  an  unknown  tongue.  The  point  to  test  is,  "  whether  the 
peculiar  variety  of  colour-impression  made  on  the  dichromic 
eye  by  the  red-lamp  rays  is  so  different  from  that  made  by 
the  green-lamp  rays,  that  the  distinction  l)etweeu  them  is 
easily  perceived.'''  This  is  a  form  of  the  problem  not  often 
thought  of. 

Fig.  1  is  the  diagram  of  my  own  vision.  Fig.  2  is  that  of 
Mr.  Parry,  which  forms  the  greatest  contrast  to  mine.  It  is 
not  necessary  to  give  the  intermediate  ones  ;  but  the  im- 
portant results  are  recorded  in  the  following  table,  which  will 
be  a  useful  addition  to  the  simple  elementary  data. 
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Table  of  the  Comparative  Colour-Impressions  produced  by 
the  rays  of  various  coloured  pigments  upon  several  indi- 
viduals, each  having  Yellow  and  Blue  Dichromic  Vision. 

The  fidl  Saturation,  Luminosity,  and  Cbroniic  Strength  of  the  fundamental 
colour-disk  used  are  each  denoted  by  unity. 


Pole. 

Simpson. 

Lloyd 

and 

probably 

Dalton' 

Two 

brothers 
Carne. 

Parry. 

By  Eed  Colours 
(Hue  yellow). 
Carmine. 

roi* 

•10 
•10 

1-00 
•235 
•235 

TOO 
•60 
•50 

0-95 
•18 
•13 

TOO 
•04 
•04 

0-95 
•135 

•085 

1-00 
•08 
•08 

100 
•03 
•03 

roo 

•08 
•08 

100 
•35 
•35 

Chromic  strength    

Vermilion. 

Saturation   .. 

Luminosity 

Chromic  strength  

Orange. 

Saturation   

Luminosity 

Chromic  strength    

By  Green  Colours 
(Hue  yellow). 
Emerald  Green. 

Saturation  

Luminosity 

0'81 
•42 
•23 

0-97 
•125 
•095 

0-78 
0-55 
033 

0-74 
•54 

•28 

TOO 
•12 
•12 

0-81 
•61 
■42 

0^87 
•56 
•43 

0-98 
•17 
•15 

Chromic  strength   

Bruritiwick  Green. 

Saturation  

Chromic  strength  

By  Vermilion  and  Blue. 

Proportion   of  bhie    for  [ 
neutralization    J 

Proportionate  luminosity  1 
of  the  resulting  grey. . .  j 

0^37 
016 

0-18 
0^12 

0-12 
Oil 

Oil 
0^04 

Oil 
0-08 

By  Emerald  Green  and 
Blue. 

Proportion   of  blue  for"! 

neutralization  j 

Proportionate  luminosity  "1 

of  the  resulting  grey    J 

0-37 
0^30 

0-47 
0^40 

0^43 
0-35 

0-61 
035 

0-66 
0-33 

By  Yellow  and  Blue. 

Proportion  of  blue   for  ] 
neutralization    J 

1-6 
036 

1-4 
031 

15 
035 

144 
031 

1-5 
0^40 

Proportionateluminosity  | 
of  the  resulting  grey  ...  J 

See  note  on  p.  110. 
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Then,  finally,  there  was  another  incompleteness  in  my 
paper,  pointed  out  by  Sir  John  Herschel.  He  was  pleased  to 
say,  ill  a  letter  to  me  dated  14th  JSovember,  1856,  that  he 
"  thought  my  paper  had  exhausted  the  part  of  the  subject 
referring  to  absorptive  or  negative  colour  (that  with  which 
painters  and  dyers  were  conversant),"  but  he  reconnnended 
that  I  should  follow  up  the  communication  with  another, 
giving  more  attention  to  the  prismatic  phenomena,  which  he 
termed  positive  colour,  Soon  after  this,  Professor  Clerk 
Maxwell  undertook  to  make  with  me  the  necessary  experi- 
ments on  the  prismatic  colours,  by  the  aid  of  the  colour-box 
described  in  his  paper  of  1860,  They  made  some  progress, 
but  were  unfortunately  never  completed.  Since  that  time 
several  observations  on  dichi'omic  vision  with  spectral  colours 
have  been  published.  They  agree  in  general  character,  but 
fully  confirm  the  tendency  to  variability  in  the  quantitative 
details.  It  will  suffice  here  to  give  a  general  description  of 
the  appearance  of  the  spectrum,  according  to  my  vision,  with 
the  view  of  showing  its  analogy  to  my  colour-impressions 
from  pigments,  as  above  described. 

The  two  diagrams,  figs.  3  and  4,  will  illustrate  the  com- 
parison between  the  normal  and  the  dichromic  views  of  the 
spectrum.  Fig.  3  gives  the  ordinary  Xewtonian  colour 
divisions.  Fig.  4  describes  the  appearance  of  the  correspond- 
ing parts  to  my  eyes. 

My  whole  spectrum  is  coloured,  mostly  very  vividly.  It  is 
di\'ided  into  two  lengths  ;  the  left-hand  division  being  occu- 
pied by  various  modifications  of  my  less  refrangible  colour, 
yellow;  the  right-hand  by  precisely  similar  and  symmetrically- 
arranged  modifications  of  my  more  refrangible  colour,  blue. 

Much  interest  attaches  to  the  point  of  division  between  the 
two  colours.  It  must  not  be  supposed  that  there  is  any 
distinct  line^,  it  is  simply  the  place  (by  no  means  well 
defined,  for  physiological  reasons  often  explained)  where  the 
two  colours,  becoming  gradually  fainter  or  paler  as  they 
approach  on  either  side,  at  last  lose  their  htie  and  merge 
together.  This  place  is  called  the  neutral  point.  Its  position 
varies  a  little  with  different  persons,  and  even  for  the  same 
person  with  different  lights  ;  but  it  is  generally  somewhere 
near  midway  between  the  Fraunhofer  lines  b  and  F  ;  and  for 
me  its  wave-length  is  about  500.  In  the  normal  spectrum 
this  point  is,  I  believe,  a  powerful  blue-green. 

*  It  is  sometimes  asserted  that  there  is  a  coloui-less  band  here  of 
greater  or  less  width.  I  can  only  say  I  never  saw  such  a  band  myself,  nor 
can  I  understand  how  such  a  band  could  be  formed,  according  to  the 
known  origin  of  the  appearances. 
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I  m;iy  now  describe  the  appearance  of  the  colours  on  each 
side,  beginning  with  the  left-hand  or  yellow  division.  Pro- 
ceeding from  the  neutral  point  towards  b,  the  sensation  of  the 
yellow  colour  immediately  comes  in,  bnt  at  first  very  faint 
and  pale,  being  much  diluted  with  white  ;  but  as  we  go 
further  the  saturation  gradually  increases  until,  beyond  E^ 
the  colour  becomes  a  beautiful  resplendent  fully-saturated 
yellow. 

This  continues  for  some  distance,  until,  somewhat  beyond 
D,  the  strength  of  the  colour  l)eoins  to  fall  oif  again.  But 
the  change  now  is  of  a  nature  different  from  that  already 
descri])ed  in  coming  from  the  neutral  point.  There  is  here 
no  dilution  with  white,  the  saturation  remains  full  and  con- 
stant, the  change  being  a  diminution  of  laminosif//  only. 
This  diminution  increases  gradually,  giving  an  appearance 
like  that  of  the  shading  of  a  round  column  in  an  engraving, 
and  it  increases  in  darkness  till  the  visible  spectrum  ends. 
But  the  saturation  of  the  colour  is  fully  maintained  the  whole 
way,  and  some  good  authorities  contend  that  it  even  increases 
towards  the  end  *.  This  fact  is  very  important,  for  the  high 
saturation  of  the  dark  yellow  at  the  end  of  the  spectrum 
gives  so  novel  an  effect  as  often  to  lead  dichromic  patients  to 
belicA'e  they  really  see  a  third  colour  there,  and  so  to  give  an 
erroneous  account  of  their  vision.  This  error  was  fallen  into 
by  no  less  a  person  than  John  Dalton,  and  it  was  the  cause 
of  the  long  delay  in  the  general  acceptance  of  Herschel's 
dichromic  explanation. 

The  length  of  the  spectrum  visible  is,  I  believe,  variable 
even  with  normal-eyed  persons;  with  dichromic  vision  it  is 
often  considerably  shortened  at  the  red  end.  But  that  is  not 
my  case  ;  Sir  John  Herschel,  who  had  expected  a  shortening, 
soon  found  I  had  none,  and  repeated  comparisons  have  con- 
hrmed  his  statement. 

The  arrangement  of  the  colouring  in  the  more  refrangible 
division  of  the  spectrum  is  precisely  similar  to  that  already 
described.  Starting  from  the  neutral  point,  fhe  blue  colour 
enters,  at  first  much  diluted  with  white,  Ijut  gradually 
strengthening  till  it  becomes  brilliant  and  fully  saturated 
between  F  and  Gr.  Beyond  this  it  is  gradually  darkened,  but 
still  preserving  its  saturation  till  it  disappears. 

The  actual  vividness,  to  me,  of  m}-  two  colours,  in  their 
maximum  saturation  and  luminosity,  t.  e.  near  D  and  between 
F  and  G,  has  been  found  to  be  nearly  the  same  as  for  normal 
eyes. 

*  See  some  slight  indicatiou  of  this  by  the  increased  figure  for  the 
saturation  of  carmine  on  page  108. 
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In  onler,  now,  to  show  the  connexion  between  these 
appearances  and  those  of  the  pigmental  colours,  it  is  necessary 
to  state  how  the  spectrum  appearances  are  explained.  For 
this  purpose  I  have  added  the  diagram,  ifig.  5,  of  the  two 
colour  sensations  in  the  manner  shown  by  Clerk  Maxwell  in 
liis  pa})er  of  1860.  The  ordinates  of  the  curves  *  give  a 
general  idea  of  the  variations  of  the  luminous  strength  of  the 
sensations  at  the  various  points  of  the  wave-length.  Begin- 
ning at  the  left-hand  end  of  the  figure,  the  yellow  curve  near 
its  origin  has  a  small  ordinate,  and  consequently  the  colour- 
impression  is  dark.  But  further  on  the  luminosity  rapidly 
increases  till  it  arrives  at  its  maximum.  This  series  of  colour- 
impressions,  therefore,  exactly  corresponds  to  the  pigmental 
class  No.  6,  i.e.  yellow  fully  saturated,  but  darkened  by 
varying  gradations  of  illumination. 

A  little  beyond  the  maximum,  where  the  yellow  curve 
begins  to  descend,  a  new  element  comes  in,  as  we  enter  on 
the  wave-lengths  which  excite  the  other  or  blue  curve;  and 
beyond  this  we  have  both  the  yellow  and  blue  acting  together. 
The  effect  of  this  mixture  is  to  make  ivhite,  and  so  to  dilute 
the  yellow  colour,  and  to  diminish  its  saturation.  This 
accounts  for  the  paler  hue  of  the  yellow  as  it  approaches  the 
neutral,  the  dilution  constantly  increasing  till  the  power  of 
the  two  colours  becomes  equilibrated,  when  the  yellow  dis- 
appears and  we  get  the  neutral  hue. 

In  this  part  of  the  spectrum,  therefore,  we  have  two  causes 
of  diminution  of  chromic  strength  :  first  the  gradual  loss 
of  luminosity  of  the  yellow  (indicated  by  the  reducing 
ordinate),  and,  secondly,  the  gradual  loss  of  its  saturation. 
This  combination  will  at  once  identifj'  the  colour-impression 
with  the  pigmental  class  7,  where  the  yellow  is  mixed  with 
both  white  and  black. 

The  blue  division  of  the  s})ectrum  is  subject  to  a  precisely 
similar  explanation. 

The  position  of  the  neutral  point,  in  the  powerful  blue- 
green,  shows  that  the  particular  normal  green  hue  at  that 
place  is  invisible  as  a  separate  colour  to  the  dichromic  eye. 
But  it  has  been  ex[)Iained  in  my  paper  that  there  is  also  a  hue 
of  red,  which  is  invisible.  This  does  not  exist  in  the  spectrum, 
but  by  mixing  a  spectral  red  with  a  spectral  blue  or  violet  in 
proper  proportions,  the  invisible  hue  is  obtained.  Hehnholtz; 
calls  it  purple,  and  it  is,  to  the  normal  eye,  the  complement 
of  the  invisible  green. 

*  These  curves  do  not  express  any  definite  magnitudes  or  quantitative 
data.  Prof.  Maxwell  did,  I  know,  });-ot  out  the  oxact  curves  for  ray 
vision,  and  promised  them  to  me,  but  1  never  had  them.  Thev  will, 
however,  L  think,  not  diiler  much  from  those  liere  shown. 
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It  is  easy  from  these  explanations  to  give  the  general 
location  of  the  spectral  colours  on  the  diagram  fig.  1.  From 
the  first  visibility  at  the  red  end  the  colour-impressions, 
beginning  at  Bk,  will  lie  along  the  line  BkY^  till  they  reach 
the  maximum  brilliancy  at  Y,  corresponding  to  the  normal 
yellow  part  of  the  spectrum.  From  that  they  will  pass  along 
or  near  the  line  YU,  till  at  0,  corresponding  to  w.-l.  500, 
they  reach  the  neutral  point  where  the  yellow  hue  ends. 
Then,  continuing  along  the  same  line,  the  blue  sensation  will 
come  in,  and  will  increase  to  its  maximum  (between  F  and 
G)  at  U,  after  which  it  will  return  by  the  line  UBk  till  the 
"vasible  spectrum  ends.  In  other  words^  the  line  of  the 
spectral  colour-impressions  is  simply  along  the  lines  of  the 
lower  triangle,  Bk,  Y,  0,  U,  Bk.  The  exact  gradations  and 
positions  along  this  course  will  vary  with  different  individuals, 
and  can,  by  pro})er  observations,  be  easily  plotted  for  any 
individual  in  their  true  geometrical  position. 

I  believe  this  gives  what  Sir  John  Herschel  recommended 
me  to  do,  and  so  completes,  according  to  his  expression,  the 
"  exhaustive  ^'  description  of  the  phenomena  of  the  yellow 
and  blue  dichromic  vision,  characterizing  the  great  mass  of 
the  persons  said  to  be  "  colour-blind."  I  have,  I  am  afraid, 
gone  into  what  may  seem,  to  outsiders,  a  large  amount  of 
detail  as  to  the  facts  of  the  case  ;  but,  in  the  present  unsatis- 
factory state  of  knowledge  of  the  subject,  I  believe  it  is  only 
by  a  more  careful  study  of  the  actual  facts  that  there  can  be 
any  hope  of  a  better  state  of  things. 

William  Pole. 

Atheufeum  Club,  S.W. 
May,  1892. 

APPENDIX. 
Table  of  (.'omparative  Colour-Equations  of  different  persons, 
to  illustrate   the  varieties  existing  in  Yellow  and  Blue 
Dichromic  Vision. 


These  equations  were  taken  by  Prof.  Clerk  Maxwell's 
Colour-top,  using  the  following  colour  cards  supplied  under 
his  direction  (1858-9)  : — 

Yellow  (Pale  or  Lemon  Chrome)  Orange  Chrome,  Ver- 
milion, Carmine,  Ultramarine,  Blue  Verditer,  Emerald 
Green,  Brunswick  Green,  Black,  White. 

Mr.  Pole. 
I.  38^  Y.-f6HUlt.  =  64    Black  +36  Wh. 

11.62    Y.  +  38    Ult.  =  78    Orange chro.  + 22  Wh. 
III.  51    Y.  +  49    Ult.  =  88    Emerald  gr.  -f- 12  Wh. 
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IV.  481  Y.  +  5H  UU.=  7()    VormiHon      +30    Wh. 

V.  42i  Y.  +  57^  Ult.  =  r)()    (lurmine         +3-4    Wh. 

VI.  421  Y.  +  57|  Ult.  =  ()8i  Brunsw.  gr.  +3U  Wh. 

VII.  20"Y.  +  80    Ult.  =  G5' Blueverditer  +  35    Black. 

VIII.  50    Y.  +  50    Blk.  =100  Orange  chrome. 

IX.  23    Y.  +  58    Blk.  +  19Wh.=  100  Emerald  green. 

X.  23|  Y.  +  76^  Blk.  =  100  Vermilion. 

XI.  10    Y.  +  90    Blk.  =   99  Carm.+  l  Wh. 

XII.     91  Y.  +  87i  Blk.+   3  Wh.  =  100  P>rmisw.  green. 

XIII.  70  Ult.  +  30"  White  =100  Blue  verditer. 

XIV.  73  Emerald  gr.     +27  Ult.  =70^  Blk.  +  29i  Wh. 
XV.  73  Vermilion         +27  Ult.  =83^  Blk.  +  lGi  Wh. 

XVI.  86  Carmine  +14  Ult.  =93    Blk.+    7    Wh. 

XVII.  87  Brunswick  gr.  +  13  Ult.  =90    Blk. +  10    Wh. 

XVIII.  68  Blue  verditer  +32  Y.     =51    Blk.  +  49    Wh. 

XIX.  84  Verm.  + 16  White        =85  Emer.  gr.  +  15  Blk. 

XX.  75  Carm.  + 10  Y.  +  15  W.  =  76  Emer.  gr.  +  24  Blk. 

XXI.  96  Carm.+     4  White  =  100  Brunsw.gr.  (nearly). 

Me.  Simpson. 
(Experiments  by  Prof.  Clerk  Maxwell.) 

I.  42  Y.  +  58  Ult.       =69  Blk.  +  31  Wh. 

III.  56  Y.  +  32  Ult. +  12  Wh.  =  100  Em.  gr. 

IV.  47  Y.  + 53  Ult.        =70  Verm.  +  30  Wh. 
IX.  33  Y.  +  45  Blk. +  22  Wh.  =  100  Em.  gr. 

X.  13  Y. +  82  Blk.  +  5Wh.  =  100  Verm. 

XIV.  as  Em.  gr.  +  32  Ult.    =  60  Blk.  4  40  Wh. 

XV.  85  Verm.  + 15  Ult.    =  88  Blk. +  12  Wh. 

XIX.  96  Verm.  +  4  Wh.    =  31  Em.gr. +  69  Blk. 

Mr.  Lloyd. 

(With  which  John  Dalton's  vision  may  jirobably 
approximately  agree.) 

1.40  Y.  +  60Ult.  =   65  Blk.  +  35  Wh. 

III.  57  Y.  +  43  Ult.  =100Em.  gr. 

IV.  44  Y.  +  56Ult.  =   71  Verm.  +  29  Wh. 
IX.  28  Y.  +  46  Blk. +  26  Wh.  =  100  Em.  gr. 

X.     8i  Y.  +  86iBlk.+    5  Wh.  =  100  Verm. 
XI.     4i  Y.  +  95|  Blk.  =  1 00  Carmine. 

XII.  12    Y.  +  88    Blk.  =100  Br.gr. 

XIV.  70  Em.  gr.  +  30  Ult.  =   65  Blk. +  35  Wh. 

XV.  89  Verm,     +11  Ult.  =   89  B.lk.  +  ll  Wh. 

FhlL  May.  S.  5.  Vol.  34.  No.  206.  Jubj  1892.  1 
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XVI.  94  Carm.  +    6  Ult.  =   97  Blk.+   3  Wh. 

XVII.  8.5Br.  gr.  +15  Ult.  =   90  Blk.  +  lO  Wh. 

XIX.  79  Verm.  +21  Wh.  =  62  Em.gr.  + 17Ult.  +  21Bk. 

XXi.  93Carm.  +   7  Wh.  =  84  Br.  gr.  +    9Ult.  +  7Bk. 

Mr.  Lloyd  matched  a  Red  of  Clievreul's  with  No.  18  on 
tlie  Yellow  Gamme.  To  me  it  matched  at  the  same  time 
between  Nos.  16  and  17. 

For  the  indication  of  Dalton's  vision  see  pages  102,  103. 

The  Tivo  Brothers  Carne. 

1.41    Y.  +  59Ult.  =  69Blk.  +  31  Wh. 

IX.  42    Y.  +  39  Blk.  +  19  W.  =  100  Em.  gr. 
X.     7|  Y.  +  92i  Blk.  =100  Verm. 

XIV.  62  Em.  gr.  + 38  Ult.         =65    Blk. +  35    Wh. 
XV.  90  Verm.    +10  Ult.         =   95^  Blk.+   4^  Wh. 
XIX.  75 Verm. +  25Wh.  =  511  Em.gr. +  23Ult.  + 251  Bk. 

Messrs.  f -arne  matched  a  Red  of  Chevreul's  with  No.  17  of 
the  Yellow  Gamme.     To  me  it  matched  No.  16. 


Mr. 

Paruy. 

I. 

40  Y.  +  60  Ult. 

=  60Blk.  +  40Wh. 

II. 

54  Y.  +  46  Ult. 

=  70  Orange +  30  Wh. 

III. 

62  Y.  +  38  Ult. 

=  86  Em.gr. +  14  Wh. 

IV. 

43  Y.  +  57  Ult. 

=  62  Verm.    +38  Wh. 

V. 

41  Y.  +  59  Ult. 

=  60  Oarm.    +40  Wh. 

VI. 

46  Y.  +  54  Ult. 

=  65  Br.gr.  +35  Wh. 

nil. 

35  Y.  +  65  Wh. 

=  100  Orange. 

IX.  43Y.  +  44Blk.  +  i3Wh.=  100Em.  gr. 
X.     8  Y.  +  92  Blk.  =100  Verm. 

XL     3  Y.  +  97  Blk.  =100  Carm. 

XIL  15  Y.  +  83  Blk.  +  2  Wh.  =100  Br.  gr. 
XIV.  60  Em.  gr.  + 40  Ult.        =(y^^    Blk. +  33    Wh. 
XV.  90  Verm.    + 10  Ult.        =92    Blk.+   8    Wh. 
XVI.  961  Carm. +  31  Ult.        =97*  Blk.+   2^  Wh. 
XVII.  81iBr.gr. +  181  Ult.      =87    Blk. +  13    Wh. 
XVIII.  73  Blue  verd.  +  27  Y.      =47i  Blk.  +  52i  Wh. 
XIX.  68  Ver.  +  23i  Y.  +  8I  W.  =  68  Em.  gr.  +  32  Blk. 
XX.  871  Car.  +  10iY.  +  2  W.  =  88  Br.  gr.  +12  Blk. 

Mr.  Parry  matched  a  Red  of  Chevreul's  with  No.  18  of 
the  Yellow  Gamme.  To  me  it  matched  No.  1&.  He  matched 
a  Green  of  Chevreul's  with  No.  16  of  the  same  Gamme.  To 
me  it  matched  No.  17.  His  perceptions  of  yellow  and  blue 
were  exceedingly  acute,  even  in  the  hghtest  tints. 
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XI.  An  Air-mercurt/  Pump,  for  rainlac)  Mercury  in  dif- 
ferent kinds  of  Mercurial  Piiinps.  Bi/  Fred E RECK  J. 
Smith,  M.A.,  Millard  Lecturer  on  Mechanics  and  Physics, 
Trinity  College,  Oxford  * . 

MANY  people  who  constantly  use  the  mercury-pump  of 
Sprengel,  or  otlier  tVirnis  of  pumps  in  which  a  vacuum 
is  produced  by  the  fall  of  mercury,  must  have  felt  that  it 
would  be  a  considerable  help  in  their  work  if  the  mercury 
which  falls  in  working  the  pump  could  be  returned  at  once 
to  the  cistern  at  the  top  of  the  instrument  without  any 
personal  attention,  so  that  the  process  of  exhaustion  mioht 
tjo  on  without  interruption  for  days  together  if  necessary. 
The  instrument  which  I  now  describe,  when  added  to  the 
ordinary  mercurial  pump,  renders  it  perfectly  self-acting.  I 
propose  to  call  the  device  the  Mercury  Elevator. 

In  the  Philosophical  Magazine  for  1888,  vol.  xxv.  p.  313, 
I  described  a  water-engine,  whereby  mercury  was  raised  for 
driving  a  pump  used  for  exhausting  glow-lamps.  This 
arrangement  was  satisfactory  but  costly,  and  required  careful 
adjustment.  The  instrument  about  to  be  described  produces 
the  same  results,  while  it  can  be  easily  made  up  from  appa- 
ratus in  daily  use  in  every  laboratory.  The  idea  of  a 
Sprengel  pump  completely  reversed  both  in  position  and 
action,  first  suggested  to  me  the  possibility  of  making  this 
instrument. 

The  mercury  elevator  is  nothing  more  than  a  Sprengel 
pump,  inverted,  and  worked  backwards.  Where  a  vacuum 
is  formed  under  ordinary  circumstances,  air  is  forced  in, 
and  instead  of  little  cylinders  of  mercury  falling  they  are 
raised. 

The  construction  is  shown  in  the  appended  diagram, 
where  A  is  the  cistern  of  the  Sprengel  or  other  mercurial 
pump  ;  B  C  D,  a  tube  furnished  with  a  side  tube  at  C,  and 
attached  at  D  to  the  catcher  of  the  Sprengel  pump  E.  By 
means  of  the  pinch-cock  F,  the  supply  of  compressed  .air  is 
controlled.  The  air  may  be  compressed  either  by  an  ordinary 
condensing  pump  driven  by  any  prime  mover,  or  by  tho 
following  arrangement,  which  may  be  used  where  there  is  a 
supply  of  water  at  a  sufficient  pressure. 

G  is  an  ordinary  water-pump.  When  water  under  pres- 
sure enters  at  L,  air  is  drawn  in  at  G,  and  is  discharged  at 
K  into  a  copper  cylinder  H  ;  here  the  air  and  water  separate; 

♦  Communicated  by  tbe  Author. 
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the  air  passes  through  the  tube  P  to  a  drying-chamber  Q, 
and  to  the  elevator  RGB,  the  water  rises  in  the  tube  M  N, 
and  is  discharged  at  N  (the  tubes  are  shown  broken  to 
economize  space  in  the  diagram);  the  pressure  of  the  air  is 
controlled  by  the  pressure  of  the  supply  at  L,  and  by  the 
vertical  height  of  M  N. 

When  the  elevator  is  to  be  used,  water  is  turned  on  at  L, 
till  it  flows  freely  at  N,  and  F  is  slightly  opened  ;  then  the 
Sprengel  pump  is  started.     As  soon  as  sufficient  mercury 


N^n 


QF 


J 


M^ 


has  collected  to  overflow,  it  is  immediately  raised  by  the 
compressed  air  into  A,  the  sum  of  the  lengths  of  the  little 
columns  such  as  IS,  T,  &c.  being  less  than  the  length  of  the 
column  R  D. 

As  the  water  used  in  compressing  the  air  is  in  no  way 
injured  by  the  process,  it  may  fill  a  tank  and  be  used  for 
any  purpose. 

The  elevator  will  of  course  raise  many  other  liquids  besides 
mercury.  If  water  is  used  instead  of  air,  the  mercury  is  also 
raised  but  wetted  in  the  process.  Water  may  be  used  when 
fluids  which  do  not  mix  with  it  are  to  be  dealt  with. 

In  the  diagram  the  supports  which  carry  the  tubes,  &c., 
have  been  left  out  for  the  sake  of  clearness.  In  the  instru- 
ment, which  has  been  at  work  for  the  last  two  years  in  the 
Millard  Laboratory,  the  height  of  the  tube  M  N  is  about 
eight  feet,  and  the  pressure  of  water  at  L  36  lb.  per  square 
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inch.  After  the  elevator  has  been  started  the  supply  of 
water  may  be  reduced  till  just  sufficient  to  raise  the  mercury. 
The  quantity  of  water  then  used  to  keep  it  going  is  very 
small.  I  may  add,  in  conclusion,  that  the  air-compressor  is 
also  used  in  the  laboratory  for  sui»plying  a  blo\vj)ipe  and  small 
gas-furnace,  and  other  lecture-apparatus  in  which  compressed 
air  is  required. 

Oxford,  June  11,  1892. 

XI r.  The  Action  of  Dried  IIydrochlo7nc-Acid  Gas  on  Iceland 
Spar.  By  R.  E.  Hughes,  B.Sc,  Scholar  of  Jesus  College, 
Oxford,  and  F.  R.  L.  WiLSON,  B.A.,  Scholar  of  Keble 
College,  Odford*. 

KOHLRAUSCH  asserts  that  all  pure  substances  are 
electrolytes,  and  if  the  assumption  of  Ostwald  be  true 
that  chemical  reactions  take  place  only  between  the  electro- 
lytic ions,  it  follows  that  no  reactions  are  possible  between 
pure  substances,  and  only  become  possible  in  the  presence 
of  some  body  which  is  capable  of  producing  the  electrolytic 
dissociation. 

Inasmuch  as  the  majority  of  chemical  reactions  take  place' 
in  the  presence  of  water  or  some  other  solvent,  and  since  the 
experiments  of  Dixon  on  the  explosion  of  mixtures  of  dried 
gases,  Wanklyn  on  the  action  of  dry  chlorine  on  metals, 
Baker  on  the  combustion  of  dry  substances,  and  Veley  on  the 
action  of  dry  sulphuretted  hydrogen  on  oxide  of  calcium, 
prove  that  the  presence  of  water  is  an  essential  condition  for 
these  reactions  to  take  place,  it  seemed  an  interesting 
question  to  determine  whether  dried  hydrochloric-acid  gas  is 
capable  of  displacing  carbon  dioxide  from  carbonates. 

Therefore,  at  the  suggestion  of  Mr.  V.  H.  Veley,  M.A., 
we  have  undertaken  an  investigation  with  this  object  in  view. 

It  must  be  mentioned  that  the  action  of  liquefied  hydro- 
chloric acid  on  various  carbonates  has  been  investigated  by 
Gore,  as  a  result  of  which  he  found  that,  with  the  exception  of 
calcium  carbonate,  all  the  carbonates  investigated  showed  a 
more  or  less  complete  conversion  into  the  chlorides. 

Wiedemann,  in  the  British  Association  Report  for  1887, 
states  that  "  Dr.  Gore  has  shown  that  if  you  put  anhydrous 
liquefied  hydrochloric  acid  upon  carbonate  of  lime,  the  carbonic 
iicid  is  chased  away  and  calcium  chloride  is  formed  "  ;  but 
what  evidence  there  is  for  such  a  statement  we  are  at  a  los^ 
to  determine. 

*  Cniiiniiiniciitt'd  by  ProCi'^sor  Odlinj^-,  F.K.S. 
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We  wish  it  to  be  distinctly  understood  that  these  experi- 
ments are  only  of  a  preliminary  character,  and  that  the 
method  adopted  for  drying  this  exceedingly  hygroscopic  gas 
was  probably  not  sufficient  to  insure  absolute  freedom  from 
moisture. 

The  apparatus  which  was  used  in  these  investigations  was 
as  follows  : — 

To  two  of  the  branches  of  a  three-way  tube  were  attached 
respectively  a  Kipps'  apparatus  for  the  production  of  carbon 
dioxide,  and  a  flask  in  which  was  generated  the  hydrochloric 
acid  (the  hydrochloric  acid  being  made  either  from  concen- 
trated sulphuric  acid  and  sodium  chloride  or  by  dropping 
concentrated  sulphuric  acid  into  a  saturated  solution  of 
hydrochloric  acid  in  water).  The  current  of  gas  was  regu- 
lated by  means  of  stopcocks. 

The  gas  passing  from  the  three-way  tube  bubbled  through 
concentrated  sulphuric  acid,  whence  it  was  conducted  through 
the  purifying  and  drying  apparatus,  which  was  made  up  of, 
firstly,  a  tube  filled  with  copper  turnings  to  remove  any 
chlorine  that  might  be  present,  next  through  four  straight 
tubes  containing  small  lumps  of  pumice  moistened  wuth 
concentrated  sulphuric  acid  previously  boiled,  each  of  which 
tubes  was  about  a  foot  in  length,  then  it  passed  through  two 
tubes  containing  pumice  and  phosphorus  pentoxide,  of  lengths 
respectively  6  and  18  inches. 

Finally,  the  gas  was  led  through  a  series  of  four  pentoxide 
bulbs,  to  which  was  attached  the  experimental  tube  contained 
in  an  air-bath,  beyond  which  was  placed  a  dr}ang-tube  of 
calcium  chloride  ;  the  issuing  gas  was  passed  into  a  wash- 
bottle  containing  sodium  hydrate. 

The  method  of  experiment  was  this  : — 

Carbon  dioxide  having  been  passed  through  the  apparatus 
for  a  sufficient  length  of  time  to  remove  the  air,  the 
experimental  tube,  being  maintained  at  a  temperature  of 
about  130°  Centigrade,  was  sealed  and  weighed. 

The  tube  was  replaced,  the  ends  were  cut  off,  and  a  stream 
of  hydrochloric-acid  gas  was  passed  through  for  about  an 
hour  ;  the  current  of  hydrochloric-acid  gas  was  then  stopped 
and  carbon  dioxide  was  driven  through  to  remove  the  hydro- 
chloric acid.  It  was,  however,  fovmd  so  difficult  to  remove 
the  hydrochloric  acid  from  the  sulphuric-acid  drying-tubes, 
that  these  were  replaced  by  a  series  of  calcium-chloride  tubes, 
with  the  result  that  in  a  short  time  the  last  traces  of  hydro- 
chloric acid  were  removed. 

The  tube  was  again  sealed,  it  having  been  raised  to  a 
temperature  of  about  130°  Centigrade  before  sealing.  It  was 
then  weighed  together  with  the  ends  previously  cut  off. 
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Experiments  were  undertaken  at  the  temperature  of  the 
laboratory  and  at  about  100°  Centigrade. 

The  weight  of  the   Iceland   spar  taken  in  an  experiment 
conducted  at  the  temperature  of  the  laboratory  was 
•8705  gram. 

The  weight  after  the  passage  of  the  hydrochloric-acid  gas 
was  '8712  gram. 

The  difference  shows  an  increase  of  weight  equal  to 
•0007  gram, 
or  a  percentage  increase  of  '08. 

Another  experiment,  conducted  at  the  temperature  of 
95°-!  10°  Centigrade,  gave  the  following  results  : — 

The  weight  of  Iceland  spar  taken =   'OK'G  gram. 

The  weight  after  passage  of  hydrochloric- 
acid  gas =   '62025, 

which  shows  an  increase =   '00065, 

or  a  percentage  increase =   •!. 

The  theoretical  increase  is  29  per  cent. 

Tn  order  to  compare  our  experiments  with  the  dried  gas 
with  the  case  in  which  the  gas  was  not  dry,  the  hydrochloric 
acid  before  passing  over  the  carbonate  was  caused  to  take  up 
moisture  by  passing  through  a  tube  in  which  moist  glass 
wool  had  been  'placed.  This  showed  a  very  considerable 
action,  and  the  numbers  are  as  follows  : — 

The  weight  of  calcium  carbonate  taken    .   =  '68735  gram. 

The  weight  of  the  carbonate  after  the 

passage  of  the  hydrochloric-acid  gas    =  '70735. 

The  increase  shown  is     '02. 

(comparing  this  experiment  with  moist  hydrochloric  acid 
with  those  in  which  the  dried  gas  was  used,  we  find  that  if 
the  action  on  the  carbonate  when  moist  hydrochloric-acid  gas 
was  used  be  100,  then  the  action  on  the  carbonate  when  dried 
hydrochloric-acid  gas  was  used  becomes  2'66  and  3. 

If  a  piece  of  dry  blue  litmus-paper  was  placed  in  the  tube 
through  which  the  dried  gas  was  passing,  no  change  of  colour 
was  observed  ;  but  if  the  gas  was  allowed  to  take  up  a  small 
quantity  of  moisture,  then  an  immediate  change  to  a  red 
colour  was  noticed. 

Glacial  acetic  acid  was  shown  by  Marsh  to  have  no  action 
on  litmus,  and  Gore  showed  the  same  for  the  liquefied  dried 
hydrochloric  acid. 

An  experiment  was  undertaken  on  the  action  of  dried 
hydrochloric-acid  gas  on  witherite  at  the  temperature  of  the 
laboratory. 

The  conditions  of  the  experiment  were  the  same  as  those 
under  \vhich  the  experiments  with  calcium  carbonate  were 
made. 
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The  weight  of  barium  carbonate  (witherite)  used  was 

•9976. 

The  weight  after  the  passage  of  dried  hydrochloric-acid  gas 
was  -9984, 

which  shows  an  increased  weight  of 

•0008, 
or  a  percentage  increase  in  weight  of 

•08, 
whereas  the  theoretical  increase  is  14'7  per  cent. 

Thus  the  action  of  dried  hydrochloric-acid  gas  on  witherite 
is  nearly  double  the  amount  of  its  action  on  Iceland  spar. 

The  specimen  of  witherite  used  was  fairly  pure,  but  in 
performing  further  experiments  on  the  carbonate  of  barium 
the  precipitated  pure  carbonate  will  be  used.  Incidentally 
it  was  noticed  that  the  dried  gas  liad  no  action  upon  cellulose, 
whereas  a  moistened  filter-paper  placed  in  the  current  of  the 
gas  became  rapidly  converted  into  a  gum-like  mass  which 
was  probably  hydrocellulose. 

In  conclusion,  we  wish  to  point  out  that  the  variations  in 
weight  which  we  observed  were  so  minute  that  no  definite 
assertion  can  be  made  of  an  action  having  taken  place  ;  and 
the  slight  variations  observed  may  be  due  to  experijnental 
errors,  and  to  the  in^prisonment  or  entanglement  of  the 
molecules  of  hydrochloric-acid  gas  amongst  the  finely-divided 
particles  of  the  Iceland  spar  or  wdtherite. 

We  propose  to  repeat  and  extend  the  investigations  on  these 
and  other  carbonates,  rising  greater  weights  of  the  substances 
experimented  upon,  longer  times  of  exposure  of  these  sub- 
stances to  the  action  of  the  gas,  and  more  elaborate  precautions 
to  ensure  the  absence  of  moisture. 


XIII.  On  the  Calculation  of  the  lllumlnatlng-Power  of 
Ilifdrocarhons  and  their  Mixtures.  By  R.  H.  M.  BoSAN- 
QUET,  F.R.S* 

WHILE  reading  recently  the  work  of  Percy  Frankland  f 
on  the  illuminating-power  of  gases,  the  following 
considerations  suggested  themselves.  In  considering  mix- 
tures of  marsh-gas  with  ethylene,  &c.,  it  is  observed  by 
P.  Frankland  that  such  mixtures  give  a  greater  illuminating 
effect  than  mixtures  with  hydrogen.  The  marsh-gas  is 
regarded  simply  as  a  diluent,  and  the  explanation  of  its 
greater  power  is  sought  in  the  greater  amount  of  heat  which 


*  Communicated  by  the  Author. 
+  Chemical  Journal,  1884-85. 
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it  produces  (Chom.  Jonrn.  1884,  p.  38.)  It  occurred  to 
me  at  once  that  the  carbon  of  the  marsh-gas  is  present,  and 
ought  not  to  be  neglected.  In  fact  it  certainly  has  an  illu- 
minating value,  as  has  been  shown  by  P.  Frankland  himself, 
who  found  it  (I.  c.  p.  Si))  to  have  an  illuminating-power  of 
several  candles.  I  cannot  therefore  think  that  the  carbon  in 
the  marsh-gas  should  be  neglected.  If  we  regard  the  carbon 
in  flame  as  being  in  a  sense  in  solution  in  the  hydrogen,  until 
it  is  precipitated  in  the  luminous  form,  it  is  clear  that  aU  the 
carbon  present  must  count. 

This  consideration  led  me  to  a  method  of  representing  the 
connexion  between  illuminating-power  and  composition, 
which  depends  primarily  on  the  assumption  that  the  illumi- 
nating-power is  a  function  of  the  ratio  of  carbon  to  hydrogen. 
It  seemed  also  probable  that  the  carbon  density  might  be 
involved. 

The  CyH  ratio  employed  might  be  more  correctly  written 
m/a,  where  Cm  H^  is  considered.  But  it  is  perhaps  more 
convenient  to  speak  of  it  as  the  C/H  ratio.  It  will  ])e  repre- 
sented by  .r,  and  measured  along  the  horizontal  axis.  The 
candle-power  is  represented  by  ?/,  and  measured  along  the 
vertical  axis. 

First  I  took  the  series  of  mixtures  of  ethylene  and  hydro- 
gen which  is  given  at  Chem.  Journ.  1884,  p.  34,  The  O/H 
ratio  was  calculated,  also  the  carbon  density.  The  table  then 
assumes  the  following  form  : — 


Ethylene  and  Hydrogen. 


Per  cent. 

Carbon 

Density. 

0/H  ratio. 

O.P. 

c,n,.     11,/. 

ItiO               0 
77-56       22-45 
68-39       31-Gl 
53-58       4G-42 
36-47       04-53 
26-08       73-92 
13-37       86-G3 

2 

1-55 

1-37 

1-07 
-709 
•522 
-267 

X 

-5 

•437 

-40G 

-349 

•262 

•207 

-118 

Direct.                   Indirect. 
G8-5                           G5 
64-58 
49  37 
39-21 
30-85 
22-84 
G-73 

*  I  have  added  the  subscript  2  here, 
the  caleulatioud. 
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In  addition  to  those  we  have  also  from  P.  Frankland  ^  : — 


Ethane,  C^He 
Propane,  CgHg 


Carbon     -^.^r      ,■ 
Density.    C/H  ratio. 

3  -375 


C.P. 

35 

54 


These  were  all  laid  down  as  on  the  figure.  These  mixtures 
are  shown  by  round  black  points  ;  ethane  and  propane  by 
oblique  crosses,  x  . 

The  general  course  of  the  mixtures  can  be  roughly  repre- 
sented by  a  straight  line.  ThiSj  however,  passes  below  the 
ethylene  point  at  the  top.  All  the  mixture  lines  obtained 
later  agree  in  placing  the  ethylene  point  at  a  C.P.  lower 
than  68*5,  and  we  shall  assume  that  65  is  the  point  through 
which  the  line  should  be  drawn. 

The  point  representing  ethane  lies  on  the  right  of  the  line, 
below  it,  and  near  it  at  a  point  whose  carbon  density  is  about 
1,  that  of  ethane  being  2.  The  point  for  propane  is  on  the 
other  side  of  the  line,  its  carbon  density  being  3.  It  appears 
then  that,  so  far  as  mixtures  are  concerned,  the  carbon  density 
has  no  direct  influence.  The  influence  of  carbon  density  on 
pure  substances  will  be  treated  later. 

Next  we  proceed  to  consider  the  mixtures  of  ethylene  and 
marsh-gas  given  by  P.  Frankland,  I.  c.  The  carbon  density 
is  now  omitted. 

Ethylene  and  Marsh-Gas. 


c,n,. 

CH,. 

C/H  ratio. 

X 

C.P. 

y 

85-67 

14-33 

•4642 

57-91 

6909 

3091 

•4227 

47-88 

57-74 

42-26 

•3943 

40-42 

35-90 

6410 

•3397 

33-17 

1300 

87-00 

•2825 

19-35 

7-87 

92-13 

•2697 

17-59 

These  are  also  laid  down  on  the  figure,  being  represented 
by  small  circles  with  dots  in  the  centre.  It  will  be  seen  that 
they  lie  pretty  closely  upon  a  straight  line  drawn  from  the 
point  w^hich  represents  ethylene,  taking  the  C.P.  as  65,  and 
meeting  the  x  axis,  or  disilluminate  line,  at  x  =  -\'d  nearly.  The 
last  two  terms  of  the  above  series  aftbrd  an  explanation  which 

*  Cliem.  Jouru.  1885,  p.  238. 
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is  cnicial  with  respect  to  this  method.  The  percentage  of 
ethylene  in  the  last  but  one  is  nearly  twice  that  in  the  last, 
yet  the  C.P.  cliflFers  but  little.  The  explanation  is  that  here 
the  carbon  of  the  ethylene  is  added  to  the  considerable  quan- 
tity of  carbon  already  present  in  the  form  of  marsh-gas. 

I  now  come  to  a  point  of  some  difficulty.  If  this  straight 
line  repi'esents  the  behaviour  of  mixtures  of  ethylene  and 
marsh-gas  as  well  as  it  appears  to  do,  it  should  also  represent 
the  case  of  marsh-gas  itself.  But  seeking  *  the  point  in  the 
line  corresponding  toa^  =  '25,  we  find  ?/=:12'4.  This  indi- 
cates what  we  may  call  a  theoretical  candle-power  of  12"4  for 
marsh-gas. 

Now  it  is  certain  that  marsh-gas  does  possess  illuminating- 
power.  P.  Frankland  states  that  marsh-g-as  determined  in 
the  Referee's  burner  gives  a  power  of  "  several  candles  '^  f. 
Also  Wright  has  determined  its  lighting-power,  which  he 
makes  about  5  candles  (Chem.  Journ.  1885,  p.  202). 

But  admitting  that  the  gas  has  some  illuminating-power, 
it  will  not  be  generally  thought  that  this  can  amount  to  12 
candles. 

There  are  two  views  which  may  be  taken.  The  one,  that 
the  straight  line  fails  here  to  repi'esent  the  properties  of  the 
mixture  when  the  ethylene  vanishes.  This  is  quite  possible. 
If  so,  a  curved  tail  will  have  to  be  added  to  represent  the 
j)ure  marsh-gas,  when  it  has  been  determined  exactly  what 
the  candle-power  is  that  it  can  be  supposed  to  have. 

The  other  view,  to  wdiich  I  incline,  is  that  our  methods  are 
not  adapted  for  the  measurement  of  illuminating-powers  of 
small  intensity  ;  and  that  for  the  present  we  must  treat  such 
cases  with  reserve. 

Turn  back  for  a  moment  to  the  series  of  mixtures  of  ethy- 
lene and  hydrogen.  The  lowest  point  falls  considerably 
below  a  line  drawn  through  the  two  next  above.  Now  it 
may  be  that  the  illuminating  value  shown  by  this  lowest 
point  is  too  low  for  the  reason  above  suggested,  the  inade- 
quacy of  the  methods  for  very  low  powers.  If  so,  the  real 
course  of  the  hydrogen  mixtures  may  be  substanti;illy  different 
from  that  shown. 

*  The  equation  was  formed  to  tho  line  passing  through  the  first  and 
last  but  cue  ui'  the  mixture  points.     This  liue  gave 

C.P. 

Ethylene    65'5 

Marsh-gas      12'4 

I  do  not  enter  at  length  into  the  discussion  of  tho  ethylene  values;  but 
this  was  regarded  as  the  most  important  of  the  values  employed. 
t  Chem.  Journ.  1884,  p.  39. 
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Again,  lines  drawn  through  the  points  representing  the 
two  sets  of  mixtures,  excluding  the  ethylene  point,  meet  at  a 
lower  C.P.  than  that  given  by  the  direct  determination  of 
ethylene. 

A  value  of  65  C.P.  for  ethylene  fits  both  series  much 
better  than  the  direct  number  68'5,  and  would  also  fit  better 
combinations  which  occur  later. 

I  therefore  adopt  the  number  65.  The  question  is  here 
not  so  much  whether  this  is  the  exact  C.P.  of  ethylene,  as 
whether  the  mixtures  behave  as  if  it  were  so.  This  they  appear 
to  do. 

The  remaining  mixtures  are  all  made  with  "  disilluminated 
gas  "  of  the  Gas  Light  and  Coke  Company.  The  analysis  of 
this  gas  is  given  at  Chem.  Journ.  1884,  p.  193.  The  C.P. 
of  the  original  gas  is  16.  I  assumed  at  first  that  the  "dis- 
illuminating  "  was  equivalent  to  the  removal  of  the  heavy 
hydrocarbons,  the  proportions  of  the  remaining  marsh-gas 
and  hydrogen  giving  the  value  of  x.  I  did  not  take  any 
account  of  the  presence  of  the  other  gases,  which  include 
about  6  p.  c.  of  nitrogen  and  4  p.  c.  of  carbonic  oxide. 

The  percentages  of  hydrogen  and  marsh-gas  are 

H2  =  47-99,     CH4  =  37-64. 

From  these  the  C/H  ratio  comes  out  ,r  =  "1527,  as  obtained 
direct  from  the  analysis. 

Two  mixtures  were  made  with  this  disilluminated  gas  and 
ethylene  *  ;  I  have  added  the  values  of  x. 


Disilluminated 

gas. 

86-59 
G8-98 

Ethylene. 

13-41     . 
3102 

X 

C.P. 

y 

•2224 
•2992 

16-84 
28-40 

These  points  are  represented  in  the  figure  by  upright 
crosses,  +  ;  a  line  drawn  through  them  passes  below  the 
ethylene  point  at  65,  and  to  the  left  of  the  calculated  dis- 
illuniinate  point  ,2?= "1527.  It  must  be  remembered  that, 
besides  the  possibility  of  imperfect  disillumination,  the  gas 
contains  considerable  quantities  of  nitrogen  and  carbonic 
oxide  ;    so   that  it  seems  better  to  derive   the  disilluminate 

♦  L.  c.  p.  101. 
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point  from  the  actual  behaviour  of  the  mixtures  than  direct 
from  the  analysis.     The  disilluminate  point  selected  is 

.?;  =  -1321,     ;j  =  0. 

This  is  the  mean  of  the  numbers  given  by  equations  of  lines 
drawn  from  the  ethylene  point  at  05  to  the  mixture  points  *. 
Two  mixtures  were  also  made  with  disilluminated  gas  and 
benzene  vapour. 

Dis.  gas.  Benzene.  x  y 

96-91  3-09  -21210  22-92 

96-70  3-30  -21222  24-17 


Mean -21216  23-54 

The  two  points  are  too  close  together  to  draw  a  line  through 
with  any  useful  result.  I  have  calculated  the  position  of  such 
a  line,  and  it  is  nearly  vertical,  which  does  not  correspond  at 
all  with  other  indications.  (The  illuminating-power  of  ben- 
zene would  come  out  about  1000.)  So  I  have  taken  the 
mean  of  the  numbers,  and  denoted  the  point  by  an  upright 
cross  of  dotted  lines. 

Through  this  benzene  cross  a  line  is  drawn  from  the  dis- 
illuminated-gas  point,  a;  =  -1321.  If  the  various  suppositions 
that  are  made  are  at  all  true,  this  line  at  its  intersection  with 
x=-\  should  give  the  C.P.  of  benzene.  This  number  calcu- 
lated from  the  above  data  is  255. 

It  remains  only  to  consider  the  complete  gas  of  the  Gas  Light 
and  Coke  Co.  The  percentage  and  numerical  formula  of  the 
heavy  hydrocarbons  are  given,  so  that  the  value  of  C/H  for 
the  whole  gas  can  be  obtained.     Hence  I  find 

X  y 

Gas  Light  and  Coke  Gas -198         16 

This  point  is  laid  down  as  a  dotted  oblique  cross.  A  line 
drawn  through  this  from  the  disilluminated-gas  point  (,f  = 
•1321)  lies  fairly  between  the  lines  of  the  benzene  mixture 
and  the  ethylene  mixture.  The  influence  of  the  nature  of  the 
mixture  of  heavy  hydrocarbons  thus  indicated  will  be  dealt 
with  later. 

Let  us  now  turn  to  the  meaning  of  the  lines  on  the  figure. 
The  slope  of  a  line  represents  a  ratio  Ay/Ax,  the  ratio  of 
difference  of  candle-power  to  difference  of  C/H  ratio.  Wo 
may  regard  it  as  the  illuminating  value  of  unit  C/H  difference, 
and  shall  speak  of  it  as  the  illuminating  ratio. 

*  I  have  not  succeeded  in  representing  this  with  great  correctness  on 
tlie  small  figure.  That  conveys  a  general  idea,  but  the  numbers  have  in 
•all  cases  been  worked  out  by  the  equations. 
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We  infer  from  the  examples  which  have  been  considered 
detail,   that    (subject    to  exceptions    connected  with  low 


■  =  efl{  rutio. 


illuminating    values),  the  illuminating  ratio  is  constant  for 
mixtures  of  two  definite  substances.     The  marsh-gas-ethylene 
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mixtures  form  the  best  example  of  this.  Thoy  all  obey  the 
law  pretty  closely  except  marsh-o;as  itself,  which  has  been 
consitlered.  Supposing,  for  the  sake  of  an  example,  that  wo 
admit  the  "  theoretical  value  "  12-4  G.P.  for  marsh-gas,  the 
illuminating  ratio  may  be  obtained  at  once  by  taking  A^  and 
A.f  for  the  two  substances. 

Ai/=65-12-4  =  52-6 

A.i'=  '5— '25  =  '25. 

Illuminating  ratio  =  Ay/Aa7  =  210"4. 

Then  this  ratio  is  the  same  or  nearly  so,  from  whatever 
pair  of  the  mixtures  it  is  derived. 

I  will  now  employ  these  principles  to  calculate  the  illu- 
minating-power of  the  Gas  Light  Coke  gas  from  its  analysis, 
as  given  in  Chem.  Journal,  1^84,  p.  193,  as  far  as  our  present 
materials  permit. 

I  take  from  the  analysis  : — 

Percentage  of  heavy  hydrocarbons 4"41 

A                  1  f  C         2-1)8 

Average  value    j  pj         ^.^2 

?I       47-99 
CH4     37-G4 
The  H  is  of  course  Hg. 
From  this  I  calculate, 

For  heavy  hydrocarbons     x=     -690 

For  entire  gas "198 

The    disilluminate    point    is    determined    as  \ 
before  described   by  the  two  mixtures  of  >-132 
disilluminate  gas  with  ethylene    } 

For  Ethylene C.  P.=   G5 

For  Benzene 255 

These  are  the  data. 

First  form  the  equation  of  the  line  joining  the  ethylene 
and  benzene  points. 

oc/'  =  \         y"  =  255     Benzene, 
w'  =  'ij         y'=   65     Ethylene. 
The  equation  is, 

y  —  ()0  =  (.v—'b)  — :, ;— . 

In  this  put  x  =  'i]d,  and  we  get  for  the  O.P.  of  the  heavy 
hydrocarbons  1/=  137.     Combining  this  with  the  disilluminate 
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point,  we  get  a  line  which  rojiresents  all  mixtures  of  these 
hydrocarbons  with  the  disilluminated  gas. 
Equation  to  line  through, 

^"  =  •69     y=137  hj'drocarbon  mixture, 

and  A''='132y=0      disilluminated  gas 

137 

is  r/^(^--132).^,^_.^3^. 

In  this  put  t'r=-198  ;  and  we  have  for  the  C.P.  of  the 
entire  gas,  ?/=16'2. 

So  that  we  have  determined  the  illuminating-power  within 
2  tenths  of  a  candle  of  the  real  value  IG,  from  the  data  given. 

Of  course  there  are  many  things  in  this  process  which  re- 
quire further  attention.  Chiefly  the  influence  of  the  dihiont 
constituents,  which  are  present  in  small  quantity,  and  the 
assumption  that  the  heavy  hydrocarbons  are  entirely  composed 
of  ethylene  and  benzene,  which  cannot  be  entirely  true,  though 
it  may  be  so  very  nearly,  according  to  the  analysis. 

We  proceed  to  consider  the  question  of  the  carbon  density 
of  pure  substances.  It  appears  at  once  evident  that  the 
representative  points  surround  the  disilluminate  region  in 
such  a  way  that  the  angles  with  the  x  axis  made  by  lines 
radiating  from  that  region  to  the  points  are  larger  for  sub- 
stances of  greater  carbon  density,  and  smaller  for  those  of 
less.  The  first  question  is,  what  point  is  to  be  assumed  as 
centre  ?  We  have  the  data  for  determining  this  only  in  the 
case  of  carbon  density  =2.  Drawing  a  line  through  ethy- 
lene and  ethane,  and  taking  ethylene  C.P.  =  65  we  have 
;c  =  '138  at  the  intersection  with  the  x  axis.  In  the  absence 
of  further  information  we  assume  that  this  point  represents 
what  may  bo  called  the  disilluminate  hydrocarbon  centre. 

It  appears  probable  that  the  illuminating  ratio  is  formed 
by  the  addition  of  differences  which  correspond  to  successive 
units  of  carbon  density. 

The  first  unit  is  a  difficulty,  as  we  are  uncertain  as  to  the 
C.P.  of  marsh-gas.  Perhaps  it  is  best  to  leave  this  out  of 
consideration  at  first,  and  arrange  the  number  in  accordance 
with  the  rest  of  the  series,  the  law  of  the  whole  being  as  far 
as  possible  continuous.  The  values  of  the  iUuminating  ratios 
formed  by  lines  drawn  to  '138,  0,  are  as  follows  : — 
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Illuminatiuo-  Ratios  from  Disillmninate  Hydrocarbon 
Point,  -138,  0. 


Cai-bon 
density. 


Siibstauce. 


Marsh-gas 
Ethylene 

Propane... 
Benzene... 


Experi- 
mental 
nuujber. 


65 


•5--138 
54 


■375 --138 


=  180 

=228 


255 
1--138 


=295-8 


Adjusted 
number. 


108 

180 

228 
260 
281-3 
295-5 


Differences  of 

successive 

terms. 


72 
48 

32 
21-3 

14-2 


The  differences  form  a  geometrical  progression,  which  has 
the  common  ratio  2/3,  and  108  for  the  first  term.  Thus  the 
successive  units  of  carbon  density  correspond  to  increments 
of  iUuminating  ratio  in  strict  geometrical  progression,  and  all 
the  numbers  present  a  continuous  law*. 

To  find  the  C.P.  of  any  hydrocarbon,  as  detei'mined  by 
these  niunbers,  we  use  the  equation 

ij  —  y'z=iii{x  —  ,v'),  where  .v'  =  *138  and  ?/'  =  0. 

ni  stands  for  the  illuminating  ratio. 

Thus  to  find  the  value  of  the  C.P.  of  marsh-gas,  as  indicated 
by  this  scheme,  we  have 


whence 


^  =  108  (a- --138)  and  .f  =  -25, 
y=:C.P.  =  12-l, 


a  somewhat  lower  value   than  that   (I2'4)    previously  found 
from  the  ethylene  mixtures.     The  agreement  is  remarkable, 
considering  the  entire  independence  of  the  two  methods. 
For  another  example  take  tetrane,  C^Hio, 

y  =  260  (.t-  -  •  1 38) ,  and  x  =  -4, 
O.P.  =  68; 

*  The  difference  48  was  taken  as  iixed,  and  the  factor  found  which 
would  briiiof  the  benzene  number  right ;  it  proved  to  be  just  2  3.  This 
was  then  applied  tu  form  the  fir-^t  term,  whicl;  fell  into  its  place. 
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5 
Fentane,  y  =  2^1  (^t*  — "ISS),  and  a'=-^=*417, 


C.P.  =  117. 

In  the  same  way  the  C.P.  of  all  hydrocarbons  up  to  carl)on 
density  6  can  he  obtained  I'roni  the  scheme.  How  far  they 
will  prove  to  be  accurate  remains  to  be  seen.  It  must  be 
remembered  that  the  number  for  benzene  is  a  most  imporhmt 
element,  and  that  it  depends  only  on  the  mean  of  two  mixtures, 
neither  of  which  contained  much  more  than  o  per  cent,  of 
benzene. 

No  doubt  the  })rocess  could  be  carried  further,  but  more 
experimental  evidence  would  be  desirable  first.  So  far  I 
have  taken  no  account  of  the  presence  of  mere  diluents,  such 
as  nitrogen  or  carbonic  acid  or  oxide. 

Experimental  determinations  of  i)ro})ylene  and  its  homo- 
logues,  and  of  the  ])araflins,  or  of  mixtures  of  these  substances 
with  marsh-gas  or  disilluminated  gas,  are  commended  to  those 
who  possess  experimental  facilities  in  connexion  with  the 
subject.  Also  more  determinations  of  benzene  mixtures  are 
wanted. 

I  hope  shortly  to  return  to  the  question  of  diluents,  so  far 
as  the  available  material  will  permit. 


XIV.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 

[Continued  from  vol.  xxxiii.  p.  540.] 

February  10,  1892.— Sir  Archibald  Geikie,  D.Sc,  LLD.,  F.li.S., 
President,  in  the  Chair. 

THE  following  communications  were  read  : — 
1.  "  The  Eaised  Beaches,  and  '  Head  '  or  Hubble  Drift  of  the 
South  of  England  :  their  relation  to  the  Yalley  Drifts  and  to  the 
Glacial  Period  ;  and  on  a  late  Post-Glacial  Submergence. — Part  I." 
By  Joseph  Prestwich,  D.C.L.,  F.K.S.,  F.G.S. 

The  author  remarks  that,  besides  the  subaerial,  fluviatile  and 
marine  Drifts  of  the  South  of  England,  there  is  another  Drift 
which  is  yet  unplaced.  This  he  considers  to  be  connected  Avith 
the  '  Head '  overlying  the  Eaised  Beaches.  Of  these  he  describes 
the  distribution,  characters,  and  relations  along  the  South  Coast. 
The  '  Head '  overlies  the  beaches,  and  frequently  overlaps  them. 
In  the  beaches  large  boulders  are  found,  and  marine  shells,  of  which 
lists  for  the  various  localities  are  given.  The  '  Head '  frequently 
shows  rough  stratification  of  finer  and  coarser  materials.     It  contains 
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mammalian  hones,  land-shells  only,  and  occasionally  flint  imple- 
ments. On  the  coasts  of  Devon  and  Cornwall  it  is  separated  from 
the  liaised  Eeaches  by  old  sand-dunes. 

In  South  Wales  the  beach  occurs  below  the  mammaliferous  cave- 
deposits,  whilst  material  corresponding  to  the  '  Head  '  seals  up  the 
cave-mouths.  The  ossiferous  breccias  of  the  caves  are  therefore 
intermediate  in  age  between  the  beaches  and  the  '  Head.' 

The  origin  of  the  boulders  is  discussed,  and  it  is  inferred  that  they 
have  been  brought,  not  from  the  French  coast,  nor  from  a  sub- 
merged land,  but  from  a  north-easterly  source  by  floating  ice 
through  the  Straits  of  Dover.  The  mollusca  of  the  Kaised  Beaches, 
of  which  a  list  of  (J4  is  given,  are  closely  related  to  forms  living 
in  the  neighbouring  seas. 

These  liaised  Beaches  are  not  of  the  age  of  the  Higher  Valley- 
gravels  ;  but  the  evidence  (especially  that  yielded  by  the  Sommo 
Valley  deposits)  points  rather  to  their  connexion  with  the  Lower 
Valley-gravels,  and  therefore,  with  the  exception  of  the  Caves,  they 
rei^resent  the  latest  phase  of  the  Glacial  Period. 

2.  "  The  OIeneUi(S-Zone  in  the  jSTorth-West  Highlands."  By 
B.  N.  Peach,  Esq.,  F.K.S.E.,  F.G.S.,  and  J.  Home,  Esq.,  F.R.S.E., 
F.G.S. 

In  the  stratigraphical  portion  of  this  j)aper  brief  descriptions  are 
given  of  certain  sections  in  the  Dundonnell  Forest,  from  eight  to  ten 
miles  N.N.E.  of  Loch  Maree,  which  have  yielded  fragments  of 
Olenellus.  The  organisms  are  embedded  in  dark  blue  shales 
occurring  near  the  top  of  the  '  Fucoid  Beds '  and  towards  the 
base  of  the  '  Serpulite  Grit,*  forming  part  of  the  belt  of  fossiliferous 
strata  stretching  continuously  from  Loch  EriboU  to  Stroma  Ferry — 
a  distance  of  ninety  miles. 

In  the  Dundonnell  Forest  the  basal  quartzites  rest  with  a  marked 
unconformability  on  the  Torridon  Sandstone.  There  is  an  unbroken 
sequence  in  certain  sections  from  the  base  of  the  quartzites  either 
to  the  '  Serpulite  Grit '  or  to  the  lowest  bands  of  the  Durness  Lime- 
stone. At  these  horizons  the  strata  are  truncated  by  a  powerful 
thrust,  which,  at  LochMd,  brings  forward  a  slice  of  Archteau  rocks 
with  the  Torridon  Sandstone  and  basal  quartzite. 

The  strata  from  the  base  of  the  quartzites  to  the  base  of  the 
Durness  Limestone,  exposed  in  the  Dundonnell  Forest,  are  compared 
with  their  prolongations  to  the  north  and  south  of  that  region, 
from  which  it  appears  that  there  is  a  remarkable  persistence  of 
the  various  subzones  identified  in  Assynt  and  at  Loch  Eriboll.  But 
between  Little  Loch  Broom  and  Loch  Kishorn  dark  blue  shales 
near  the  top  of  the  'Fucoid  Beds'  have  been  observed  at  various 
localities,  evidently  occupying  the  same  horizon  as  the  OlencUus' 
shales  in  the  Dundonnell  Forest. 

The  serpulites  {iSaUereUa)  associated  mth  the  trilobites  in  the 
'  Serpulite  Grit '  occur  in  the  basal  bands  of  the  overlying  lime- 
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stone ;  they  were  found  during  last  season  in  the  brown  dolomitic 
shales  accompanying  the  Oknellus-shdlGS,  in  the  '  Fucoid  lieds,'  and 
they  were  formerly  detected  in  the  third  subzone  of  the  '  pipe-rock ' 
in  Sutherland.  Their  appearance  on  these  horizons  leads  us  to 
cherish  the  hope  that  portions  of  Ohnellus  may  yet  be  met  with  in 
certain  shales  in  tlie  quartzites  and  probably  in  the  lowest  group  of 
limestone. 

The  evidence  now  adduced  proves  (1)  that  the  ■•  Fucoid  Beds'  and 
'  Serpulite  Grit '  are  of  Lower  Cambrian  age,  the  underlying 
quartzites  forming  the  sandy  base  of  the  system  ;  (2)  that  the 
Torridon  Sandstone,  which  is  everywhere  separated  from  the  over- 
lying quartzites  by  a  marked  unconformability,  is  pre-Cambrian. 

The  Olenelhis  which  has  been  discovered  is  described  as  a  new 
species  (0.  Lapvjorthi)  closely  allied  to  0.  Thompson'} ,  Hall,  from 
which  it  differs  chiefly  in  the  arrangement  of  the  glabella-furrows 
and  in  the  presence  of  a  rudimentary  mesial  spine  at  the  posterior 
margin  of  the  carapace.  Remains  of  other  species  referable  to 
Olenellus  are  described,  but  these  are  too  fragmentary  for  exact 
determination.  All  are  cliaracterized  by  a  reticulate  ornamentation 
similar  to  that  described  by  Walcott  in  0.  {Mesonacis)  asapJioides, 
Emmons.     The  remains  consist  chiefly  of  portions  of  carapaces. 

February  24.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 
President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  '•  The  Raised  Beaches,  and  '  Head,'  or  Rubble-Drift,  of  the 
South  of  England :  their  Relation  to  the  Valley-Drifts  and  to  the 
Glacial  Period ;  and  on  a  late  Post-Glacial  Submergence. — 
Part  II."     By  Joseph  Prestwich,  D.C.L.,  F.R.S.,  F.G.S. 

The  ossiferous  deposits  of  the  Caves  of  Gower  are  shown  to 
be  contemporaneous  with  the  raised  sand-dunes  between  the  beaches 
and  the  '  head,'  and  reasons  are  given  for  supposing  that  the  ele- 
vation of  land  which  preceded  their  formation  need  not  necessarily 
have  been  greater  than  120  feet.  The  mammalian  fauna  of  these 
caves  is  the  last  fauna  of  the  Glacial  or  post-Glacial  period,  and 
the  '  head '  or  Rubble-drift  mai'ks  the  closing  chapter  of  Glacial 
times. 

Evidence  is  given  for  considering  that  the  '  Rubble-drift '  has 
a  wide  inland  range,  and  that  to  it  are  to  be  referred  the  '  Head ' 
of  De  la  Beche,  the  Subaerial  Detritus  of  Godwin -Austen,  the 
Angular  flint  drift  of  Murchisou,  and  in  part  the  •  trail '  of  Fisher 
and  the  '  warp'  of  Trimmer,  as  well  as  other  deposits  described  by 
the  author.  The  accumulation  is  widespread  over  the  South  of 
England,  and  occurs  in  the  Thames  Valley,  on  the  Cotteswold 
Hills,  and  on  the  flanks  of  the  Malverus.  The  stream-tin  detritus 
of  Cornwall  and  the  ossiferous  breccia  filling  fissures  (which  must 
be  distinguished  from  the  ossiferous  deposits  of  the  true  caves)  are 
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held  to  be  representatives   of   the  '  Euhble-drift,'  which   is    of  a 

variable  character. 

The  author  discusses  the  views  of  previous  writers  on  the  origin 
of  the  accumulations  which  he  classes  together  as  '  Rubble-drift,' 
and  points  out  objections  to  the  various  views.  He  considers  that 
they  were  formed  on  upheaval  after  a  period  of  submergence 
which  took  place  slowly  and  tolerably  uniformly  ;  and  that  the 
absence  of  marine  remains  and  sedimentation  shows  the  sub- 
mergence to  have  been  short.  This  submergence  cannot  have  been 
less  than  lOOU  feet  below  present  sea-level,  and  was  shortly  brought 
to  a  termination  by  a  series  of  intermittent  uplifts,  of  which  the 
'  head  '  affords  a  measure,  sufficiently  rapid  to  produce  currents 
radiating  from  the  higher  parts  of  the  country,  causing  the  spread 
of  the  surface-detritus  from  various  local  centres  of  higher  ground. 
The  remains  of  the  land  animals  killed  during  the  submergence 
were  swept  with  this  debris  into  the  hollows  and  fissures  on  the 
surface,  and  finally  over  the  old  cliffs  to  the  sea-  and  valley-levels. 
Simultaneously  with  this  elevation  occurred  a  marked  change  of 
climate,  and  the  temperature  approached  that  of  the  present  day. 
The  formation  of  the  '  head '  was  followed  in  immediate  succession 
by  the  accumulation  of  recent  alluvial  deposits  ;  so  that  the  Glacial 
times  came,  geologically  speaking,  to  within  a  measurable  distance 
of  our  own  times,  the  transition  being  short  and  almost  abrupt. 

In  this  paper  only  the  area  in  which  the  evidence  is  most 
complete  is  described.  The  author  has,  however,  corroborative 
evidence  of  submergence  on  the  other  side  of  the  Channel. 

2.  "  The  Pleistocene  Deposits  of  the  Sussex  Coast,  and  their 
Equivalents  in  other  Districts."  By  Clement  Eeid,  Esq.,  F.L.S., 
E.G.S. 

The  gales  of  last  autumn  and  early  winter  exposed  sections  such 
as  had  not  before  been  visible  in  the  Selsey  Peninsula.  Numerous 
large  erratic  blocks  were  discovered,  sunk  in  pits  in  the  Bracklesham 
Beds.  These  erratics  included  characteristic  rocks  from  the  Isle  of 
Wight.  The  gravel  with  erratics  is  older,  not  newer  as  is  commonly 
stated,  than  the  Selsey  '  mud-deposit '  with  southern  mollusca. 
Numerous  re- deposited  erratics  are  found  in  the  mud-deposit,  which 
is  divisible  into  two  stages,  a  lower,  purely  marine,  and  an  upper,  or 
8crohicularia-mud,  with  acorns  and  estuarine  shells. 

At  West  Wittering  a  fiuviatile  deposit,  with  erratics  at  its  base 
and  ston}-  loam  above,  is  apparently  closely  allied  to  the  mud- 
deposit  of  Selsey ;  it  yields  numerous  plants,  land  and  freshwater 
mollusca,  and  mammalian  bones,  of  which  lists  are  given. 

The  strata  between  the  brickearth  (  =  Coombe  Rock)  and  the 
gravel  with  large  erratics  yield  southern  plants  and  animals,  and 
seem  to  have  been  laid  down  during  a  mild  or  iiiterglacial  episode, 
A  similar  succession  is  found  in  the  Thames  Valley  and  in  various 
parts  of  our  eastern  counties. 
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March  9.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 

President,  in  the  Chair. 
The  following  communications  were  read  : — 

1.  "  The  iSTew  Railway  from  Grays  Thurrock  to  Romford : 
Sections  between  Upminster  and  Romford."  By  T.  V.  Holmes, 
Esq.,  F.G.S. 

In  the  Hornchurch  cutting  of  the  new  railway,  Boulder  Clay, 
of  which  about  15  feet  is  seen,  rests  upon  the  London  Clay  near 
the  100-feet  contour-line,  and  is  overlain  by  10  to  12  feet  of  sand 
and  gravel.  The  author  gives  reasons  for  itifei'ring  that  this  sand 
and  gravel  belongs  to  the  oldest  terrace  of  the  Thames  Yalley  gravel 
occurring  in  this  district,  and  states  that  it  demonstrates  the  truth 
of  Mr.  W'hitaker's  conclusion  that  the  Thames  Valley  deposits  are 
(locally)  post-Glacial,  or  newer  than  the  local  Boulder  Clay. 

2.  "  The  Drift  Beds  of  the  North  \yales  and  Mid-Wales  Coast." 
By  T.  MeUard  Reade,  Esq.,  C.E.,  F.G.S. 

This  paper  is  a  continuation  of  papers  by  the  author  on  the  Drift 
Beds  of  the  X.W.  of  England  and  Xorth  Wales.  The  author  first 
treats  of  the  Moel  Tryfaen  and  other  Caernarvonshire  drifts  ;  he  de- 
scribes the  drifts  of  the  coast  and  coastal  plain,  connecting  his  observa- 
tions with  those  of  the  Moel  Tryfaen  drifts.  An  important  feature  of 
the  investigation  is  the  numerous  mechanical  analyses  of  the  various 
clays,  sands,  and  gravels.  In  all  the  samples  but  one,  a  large  pro- 
portion of  extremely  rounded  and  polished  quartz-grains  have  been 
found,  which  the  author  maintains  to  be  true  erratics,  and  a  certain 
sign  of  marine  action.  He  shows  that  the  Moel  Tryfaen  marine 
sands  are  in  part  overlain  by  typical  till,  composed  almost  wholly  of 
local  rocks  with  a  small  percentage  of  clay,  whereas  the  sands  and 
gravels  are  full  of  erratics  including  rocks  from  Scotland  and  the 
Lake  District,  numerous  flints,  Carboniferous  Limestone,  and  cry- 
stalline schists.  Throughout  the  drifts  of  the  coastal  plain  he  has 
found  a  greater  or  less  proportion  of  granite  erratics,  as  well  as,  in 
many  cases,  minute  rolled  shell-fragments.  He  maintains  that  these 
drifts  are  the  result  of  two  opposing  forces,  one  radiating  from 
Suowdonia,  and  the  other  acting  from  the  sea  to  the  southwards, 
and  their  characteristics  change  as  the  one  or  the  other  force  pre- 
ponderated. 

The  other  divisions  of  the  paper  are  taken  up  with  a  description 
of  the  Merionethshire  drift  and  that  of  Mid-Wales,  numerous  sections 
being  given.  Attention  is  called  to  a  remarkable  glaciation  of  the 
rocks  at  Barmouth. 

In  a  concluding  part,  giving  inferences  and  suggestions,  the 
author  discusses  the  land-ice  and  submergence  hypotheses,  and 
concludes  that  his  observations  distinctly  strengthen  the  grounds 
for  believing  in  a  submergence  of  the  land  to  an  extent  of  not  less 
than  1400  feet. 

An  Appendix  contains  details  of  nineteen  mechanical  analyses  of 
tills,  sands,  and  gravels,  and  a  bibliography  of  papers,  observations, 
and  theories  of  the  high-level  drifts  of  ^Moel  Tryfaen. 
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March  23,— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 
President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  "On  the  Occurrence  of  the  so-called  Viverra  Hastingsioi  of 
Hordwcll  in  the  French  Phosphorites.''  By  K.  Lydekker,  Esq., 
B.A.,  F.G.S. 

2.  "  I^ote  on  two  Dinosaurian  Foot-bones  from  the  Wealden." 
By  R.  Lydekker,  Esq.,  B.A.,  F.G.8. 

3.  "  On  the  Microscopic  Structure,  and  Residues  insoluble  in 
Hydrochloric  Acid,  in  the  T3evonian  Limestone  of  South  Devon.'' 
By  Edw.  Wethered,  Esq.,  F.G.S.,  F.C.S.,  F.E.M.S. 

Microscopic  examination  of  the  Devonian  Limestones  of  South 
Devon  shows  that  they  have  been  built  up  by  calcareous  organisms, 
but  that  the  outlines  of  the  structure  have  for  the  most  part  become 
obliterated  bj*  molecular  changes,  and  the  limestones  are  often  ren- 
dered crystalline.  In  connexion  with  this  the  author  alludes  to  the 
disturbances  which  have  affected  the  limestones.  He  finds  occasional 
rhombohedra  of  dolomite,  and  discusses  the  probability  of  their  deri- 
vation from  magnesian  silicates  contained  in  the  rocks. 

A  description  of  the  insoluble  residues  follows.  The  micas,  the 
author  considers,  may  be  of  detrital  origin,  but  this  is  by  no  means 
certain  ;  he  is  disposed  to  consider  that  the  zircons,  tourmaline,  and 
ordinary  rutile  were  liberated  by  the  decomposition  of  crystals  in 
which  they  were  originally  included.  Minute  crystals,  referred  to 
as  '  microlithic  needles,'  resemble  '  clay-slate  needles,'  but  are  not 
always  straight :  they  occur  in  every  fine  residue,  and  as  inclusions 
in  siliceous  and  micaceous  flakes.  The  siliceous  fragments  which 
enclose  them  frequently  contain  many  liquid  inclusions,  which  does 
not  necessai'ily  imply  any  connexion  between  the  two,  though  there 
may  possibly  be  some  connexion.  Micro-crystals  of  quartz  occur, 
and  have  been  derived  from  decomposing  silicates. 

April  6.— W.  H.  Hudleston,  Esq.,  :N[.A.,  F.R.S., 

President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  "  Geology  of  the  Gold-bearing  Rocks  of  the  Southern  Trans- 
vaal."    By  Walcot  Gibson,  Esq.,  F.G.S. 

The  author  describes  the  general  characteristics  of  the  rocks  of 
the  Southern  Transvaal,  and  gives  a  summary  of  previous  work  on 
the  area ;  he  then  discusses  the  physical  relations  of  the  gold- 
bearing  conglomerates  and  associated  rocks  in  the  Witwatersrandt 
district,  and  describes  the  various  rocks  in  detail. 

He  concludes  that  the  gold-bearing  conglomerates  and  the 
quartzites  and  shales  of  the  Witwatersrandt  district  (which  have 
undergone  considerable  metamorphism)  form  one  series,  of  which 
the  base  and  summit  are  not  seen  ;  that  this  series  is  much  newer 
than  the  gneisses  and  granites  on  the  eroded  edges  of  which  they 
rest,    and   older  than  the  coal-bearing  beds  which  unconformably 
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overlie  them  ;  that  the  entire  series  associated  with  the  gold-bearing 
beds  has  been  thrust  over  the  gneisses,  and  was  not  originally 
deposited  in  its  present  position,  the  movements  having  taken  jilace 
in  two  directions,  viz.  from  south  to  north  and  from  east  to  west ; 
that,  after  the  cessation  of  these  movements,  the  strata  w^ere  injected 
with  basic  and  sub-basic  igneous  material,  and  much  of  the  country 
was  flooded  with  lavas  of  the  same  character ;  and  that  the  con- 
glomerates have  been  formed  maialy  at  the  expense  of  the  under- 
lying granites  and  gneisses,  which  were  largely  threaded  wiih 
auriferous  quartz-veins  and  contained  larger  masses  of  quartz. 

The  author  then  describes  tlie  geology  of  districts  outside  the 
typical  area,  which,  though  at  first  sight  more  complex,  are  really 
simpler  than  that  of  the  typical  area.  The  conclusions  arrived 
at  from  an  examination  of  these  areas  confirm  the  results  of  the 
study  of  the  rocks  of  the  "Witwatersrandt  district. 

2.  "The  Precipitation  and  Deposition  of  Sea-borne  Sediment." 
By  R.  G.  Mackley  Browne,  Esq.   F.G.S. 

The  author  discusses  the  mode  of  deposition  of  current-borne 
sediment  upon  the  ocean-floors,  and  considers  the  effects  of  current- 
action  in  sifting  the  material  and  causing  it  to  accumulate  into 
stratified  linear  ridges  having  directions  generally  parallel  with  those 
of  the  currents — the  dip  of  the  strata  varying  according  to  the 
velocity  of  the  currents.  He  considers  that  the  conclusions  deducible 
from  his  analysis  appear  to  be  in  accord  with  the  evidence  afforded 
by  the  structure  of  ancient  subaqueous  sedimentary  deposits. 

April  27.— Prof.  J.  W.  Judd,  F.E.S.,  Vice-President, 
in  the  Chair. 

Prof.  W.  C.  Williamson.  F.R.S,,  exhibited  the  following  spe- 
cimens : — 

Slab  of  Carboniferous  Limestone  from  Bolland,  illustrating  the 
passage  of  a  foraminiferal  ooze  into  crystalline  calcite ; 

Asteropecfen    Orion,  Forbes,   from    the    Kellaways    Rock,    near 
Pickering,  Yorkshire  : 
and  made  the  following  remarks  : — 

The  specimen  before  me  is  a  slab  of  Carboniferous  Limestone 
from  the  Bolland  district  of  West  Yorkshire.  In  its  centre  is 
a  magnificent  section  of  a  large  Xautilus — beautiful  as  a  fossil,  but 
still  more  important  because  of  what  it  teaches.  Its  large  terminal 
chamber  is  filled  with  foraminiferal  ooze,  the  component  objects 
of  which  are  almost  as  perfect  as  when  the  organisms  were  living. 
The  surrounding  limestone  is  chiefly  in  an  amorphous  state  :  but  it 
contains  innumerable  evidences  that  it  also  consists  of  foraminiferal 
ooze,  largely  reduced  to  the  amorphous  state  by  the  agency  of  car- 
bonic acid,  now  known  to  be  so  abundant  in  the  depths  of  the 
ocean.  The  action  of  this  acid  upon  the  minute  calcareous  shells 
necessarilv  converted  the  water  into  a  solution  of  carbonate  of 
lime.  In  this  state  it  percolated  by  osmosis  through  the  shell  of 
the  Nautilus,  penetrating  its  closed  chambers,  which  it  gradually 
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filled  with  calcareous  spar.  The  •siiecimen  is  thus  an  epitome, 
within  its  limited  area,  of  what  has  taken  place  on  a  gigantic  scale 
in  the  deep  sea.  We  have  here  first  the  organic  mass,  next  its 
couver8ion  into  amor])hous  limestone,  and  lastly  the  production  of 
the  crystalline  state  of  tlie  same,  so  frequently  seen  filling  the 
interiors  of  fossils. 

The  second  object  •  is  the  original  type-specimen  of  Forbes's 
Asteropecten  Orion.,  from  a  sandstone  bed  of  the  Kellaways  rock  in 
the  neighbourhood  of  Pickering,  in  Yorkshire.  This  starfish  had 
lived  upon  and  became  buried  in  a  sandy  matrix  which  contained 
no  lime.  When  the  rock  was  split  open,  the  space  originally 
occu])ied  by  the  starfish  was  hollow ;  the  sand  contained  no 
solulilc  material,  like  that  which  filled  the  chambers  of  the  Xautilus. 
T5ut  in  the  lowest  beds  of  the  Coralline  Oolite  at  Filey  Brigg,  on  the 
Yorkshire  coast,  we  long  ago  found  another  species  of  starfish, 
closely  allied  to  the  Pickering  species.  This  was  embedded  in  cal- 
careous stone,  which  had  once  in  all  probability  been  foraniiniferal 
ooze,  and  the  processes  which  filled  the  chambers  uf  the  Xautilus  also 
filled  the  cavity  left  by  the  decay  of  the  starfish  with  crystalline 
carbonate  of  lime. 

These  specimens,  studied  collectively,  iUustrate  two  of  the  most 
important  and  common  of  the  processes  by  which  the  mineralization 
of  fossil  remains  has  been  efifected. 

The  following  communications  were  read : — 

1.  "  Notes  on  the  Geology  of  the  Xorthern  Etbai  or  Eastern 
Desert  o^  Egypt ;  with  an  Account  of  the  Emerald  Mines."  By 
Ernest  A.  Floyer,  Esq.,  F.G.S, 

The  principal  feature  in  the  district  is  a  long  ridge  of  igneous 
upthrust  running  N.X.W.  and  B.S.E.,  in  which  porphj-ry  rises  into 
lofty  peaks,  whilst  the  lower  parts  are  formed  of  granites  and  sedi- 
mentary rocks.  To  the  west  of  the  watershed,  sedimentary  rocks 
occur  dipping  slightly  to  the  west. 

The  following  succession  of  rocks  in  descending  order  is  given  by 
the  author  : — Limestone,  sandstone,  clay,  '  cataract  '-rock  (cor- 
responding to  the  Sfoc/i-granit  of  Walther),  and  compact  hard 
granite.  The  sedimentary  rocks  are  frequently  metamorphosed,  and 
the  author  stages  that  every  stage  of  metamorphism  is  shown,  from 
sandstone  to  compact  green  granite.  The  blue  clay  shows  various 
kinds  of  metamorphism,  and  forms  the  pistachio-breccia  containing 
topazes,  and  the  mica-schist,  mica-slate,  and  talcose  blue  clay  of  the 
mass  of  Zabbara  containing  emeralds. 

The  author  discusses  certain  theoretical  questions,  and  considers 
that  the  erosion  of  the  valleys  does  not  indicate  the  existence  of  a 
greater  rainfall  than  thi^  present  one.  He  concludes  by  giving  an 
account  of  the  emerald  mines. 

2.  "  The  Rise  and  Fall  of  Lake  Tanganyika."  By  Alex.  Carson, 
Esq.,  B.Sc. 

In  this  paper  attention  is  called  to  certain  recorded  discrepancies 
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concerning  the  discharge  of  Tanganyika  by  the  Luknja.  It  is 
suggested  that  the  rise  of  the  lake  is  due  to  the  blocking-up  of  the 
river  by  vegetation,  assisted  by  silting  during  the  first  rains,  whilst 
the  fall  is  produced  by  the  destruction  of  the  barrier  formed  in  this 
manner. 

May  11.— W.  H.  Hudleston,  Esq.,  M.A.,  F.li.S., 

President,  in  the  Chair, 
The  following  communications  were  read  : — 

1.  "  On  the  so-called  Gneiss  of  Carboniferous  age  at  Guttannen 
(Canton  Berne,  Switzerland)."  By  Prof.  T.  G.  Bonney,  D.Sc, 
LL.D.,  F.R.S.,  V.P.G.8. 

It  is  stated  by  Dr.  Heim  (Quarterly  Journal,  vol.  xlvi.  p.  237) 
that  the  stems  of  Calamitci^  have  been  found  at  Guttannen  in  a 
variety  of  gneiss,  i.  e.  in  one  of  a  group  of  rocks  which  exactly 
"  resemble  true  crystalline  schists  in  mode  of  occurrence.  Petro- 
graphically  they  ai'e  related  to  them  by  passage  rocks  ;  at  least  the 
line  of  separation  is  not  easily  distinguished.  ..  .The  Palaeozoic 
formations  mostly  show  an  intimate  tectonic  relation  to  the  crystal- 
line schists,  and  have  been  converted  petrographically  into  crystal- 
line schists.'' 

The  author  describes  the  result  of  a  visit  to  the  section  at  Gut- 
tannen in  company  with  Mr.  J.  Eccles,  P.G.S.  (to  whom  he  is 
greatly  indebted  for  kind  assistance),  and  of  his  subsequent  study  of 
the  specimens  then  collected.  The  belt  of  sericitic  "  phyllites  and 
gneisses,"  presumably  of  Carboniferous  age,  represented  on  the  Swiss 
geological  map  (Blatt  xiii.)  as  infolded,  at  and  above  Guttanuen,  in 
true  crystalline  gneissoid  rocks,  is  found  on  examination  to  consist 
partly  of  true  gneisses,  partly  of  detrital  rocks.  The  boulder  from 
which  the  stems  in  the  Berne  Museum  were  obtained  belongs  to  the 
latter.  These  rocks  sometimes  present  macroscopically,  and  occa- 
sionally even  microscopically,  considerable  resemblance  to  true 
gneisses,  but  this  proves  on  careful  examination  to  be  illusory. 
They  are,  like  the  Torridon  Sandstone  of  Scotland,  or  the  Gres 
feldspatlnqxie  of  Xormandy,  composed  of  the  detritus  of  granitoid  or 
gneissoid  rock,  which  sometimes  forms  a  mosaic  resembling  the 
original  rock,  and  which  has  been  generally  more  or  less  affected  by 
subsequent  jn'essure  and  the  usual  secondary  mineral  changes.  Thus, 
if  the  term  be  employed  in  the  ordinary  sense,  they  are  no  more 
gneisses  thau  the  rocks  of  Carboniferous  age  at  Yernayaz  (Canton 
Valais)  are  micaschists,  but  in  some  cases  the  imitation  is  unusually 
good,  and,  so  far  as  the  author  saw,  there  are  at  Guttannen  neither 
conglomerates  nor  slates  to  betray  the  imposition,  as  happens  at  the 
other  locality. 

2.  "  On  the  Lithophyses  in  the  Obsidian  of  the  Rocche  Rosse, 
Lipari."  By  Prof.  Grenville  A.  J.  Cole,  F.G.S.,  and  Gerard 
W.  Butler,  Esq.,  B.A.,  E.G.S. 

The  rock  described  in  this  paper  differs  in  no  essential  particular 
from  that  at  Forgia  Vecchia,  or  from  the  obsidian  on  the  north  flank 


Lithophyses  in  the  Ohsidiaa  of  the  Rocche  Rosse,  Lipari.   1 39 

of  Vulcano ;  but  the  specimens  show  in  a  specially  striking  manner 
the  passage  through  various  stages  of  lithophysal  structure,  from  indis- 
putable steam-vesicles  with  glassy  walls  to  typical  solid  spherulites. 
A  full  description  is  given  of  the  formation  of  spherulites  by  a  double 
process — firstly,  divergent  growth  from  the  margins  of  vesicles  out- 
wards, and,  secondly,  convergent  growth  inwards  from  the  margins 
towards  the  centres  of  the  hollows,  until  in  the  smallest  cases  the 
fibres  from  the  opposite  sides  of  the  vesicle  may  meet  in  the  centre, 
producing  a  spherulite,  which,  but  for  the  occurrence  of  intermediate 
stages,  might  be  supposed  to  have  originated  entirely  by  divergent 
growth.  The  authors  give  details  of  the  appearances  presented  by 
intermediate  stages  of  growth. 

The  prevailing  type  of  spherulite,  both  in  Lipari  and  Vulcano, 
shows  in  section  a  clusl<y  fibrous  central  area,  which  may  possess  eon- 
centric  as  well  as  radial  structure,  surrounded  by  an  irregular  brown 
cloudy  zone  of  various  width.  The  authors'  studies  lead  them  to 
the  conclusion  that  this  type  owes  its  characters  to  the  dual  mode  of 
growth,  and  therefore  to  the  original  presence  of  vesicles  in  the  rock. 
Commonlj'  the  process  of  infilling  does  not  go  so  far  as  this  ;  on  the 
ends  of  the  felspar  fibres  plates  of  tridymite  are  deposited,  and  this 
seems  to  close  the  growth.  It  is  clear  that  the  lithophysal  structure 
of  the  Lipari  obsidians  was  formed  during  the  cooling  of  the  mass, 
and  not  by  subsequent  amygdaloidal  infilling  of  vesicles. 

The  authors  discuss  the  effect  of  confined  vapours  on  such  rocks 
as  those  forming  the  subject  of  the  paper,  noting  that  these  vapours 
may  be  kept  at  a  high  temperature  for  a  considerable  time,  each 
vesicle  thus  becoming  a  sphere  of  hydrothermal  action  ;  so  that  if 
the  surrounding  glass  remains  at  a  temperature  little  below  its 
fusion-point,  crystallization  will  be  promoted  in  it,  and  at  the  same 
time  the  action  of  the  vapour  in  the  vesicle  will  produce  reactions 
on  its  walls. 

An  Appendix,  by  Prof.  Cole,  treats  of  the  lithoi)hyses  and  hollow 
spherulites  of  altered  rocks.  While  admitting  the  presence  of 
true  lithophyses  in  many  of  the  Welsh  lavas,  he  is  not  prepared  to 
abandon  a  former  suggestion  that  the  interspaces  between  successive 
coats  of  the  Conway  lithophyses  result  from  alteration  of  a  formerly 
solid  mass.  In  the  lavas  of  Esgair-felen  and  near  the  Wrekin  he  has 
no  doubt  as  to  the  production  of  "  hollow  spherulites "'  by  ordinary 
processes  of  decay.  The  typical  Continental  pyromerides  are  truly 
spherulitic,  as  is  much  of  the  AVrekin  lava.  In  the  latter  case  and 
that  of  the  rocks  of  Bouley  Bay  it  will  be  difficult  to  distinguish 
between  infilled  primary  and  secondary  cavities. 

May  25.— AV.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 

President,  in  the  Chair. 

The  following  communications  were  read  : — • 

1.  "On  Del'phino(inathtis  conoc&phalus  (8eeley)  from  the  Middle 
Karoo  Beds,  Cape  Colony,  preserved  in  the  South-African  Afuseum, 
Capetown."     By  Prof.  H.  G.  Seeley,  F.R.S.,  F.G.8. 


140  Intelligence  and  Miscellaneous  Articles. 

2.  "  On  Further  Evidence  of  Endothiodon  hatliystoma  (Owen) 
from  Oude  Kloof,  in  the  Nieuwveldt  Mountains,  Cape  Colony."  By 
Prof.  H.  G.  Seeley,  F.R.S.,  F.G.S. 

3.  "  On  the  Discovery  of  Mammoth  and  other  Remains  in 
Endsleigh  Street,  and  on  Sections  exposed  in  Eudsleigh  Gardens, 
Gordon  Street,  Gordon  Square,  and  Tavistock  Square,  N.W."  By 
Henry  Hicks,  M.D.,  P.R.S.,  Secretary  of  the  Geological  Society. 

4.  "The  Morphology  of  Steplianoceras  zigzag.^'  By  S.  S, 
Buckman,  Esq.,  F.G.S. 

XV.   Intelligence  and  Mi scellaneons  Articles. 

EXI'ERIMENTS  ON  ELECTROLYTIC  POLARIZATION. 
BY  L.  ARONS. 
TF  a  cell  containing  dilute  sulphuric  acid  through  which  a  current 
-*•  is  passed  by  means  of  platinized  electrodes-is  divided  into  two 
halves  by  a  partition  of  one  of  the  noble  metals  platinum,  gold,  or 
silver,  so  that  all  the  lines  of  tlou  must  traverse  the  metal,  an  en- 
feeblement  of  the  current,  in  general,  occurs.  On  that  side  of  the 
partition  u  hich  is  opposite  the  anode  hydrogen  polarization  occurs, 
and  on  the  opposite  side  oxygen  polarization.  The  true  resistance 
of  the  cell  is  not  appreciably  altered,  if  the  thickness  of  the  metal 
is  very  small  compared  with  the  length  of  the  cell  of  liquid.  The 
question  suggests  itself  whether  the  metal  partitiou  can  be  made 
so  thin  that  the  electrical  polarization  on  either  side  will  neutralize 
the  action  of  that  on  the  other.  I  have  in  fact  succeeded  in 
observing  this  phenomenon. 

The  cell,  '22  cm.  long,  5  cm.  broad,  and  8  cm.  high,  was  divided 
into  two  halves  ;  a  hole  1*5  cm.  in  diameter  was  bored  in  the 
plate,  \vhich  could  be  easily  removed  and  replaced  by  exactly  similar 
ones  in  which  the  aperture  was  filled  with  plates  of  different 
metals.  The  cell  formed  in  the  first  place  part  of  a  circuit  with 
a  galvanometer  and  a  battery  of  2  to  5  accumulators.  If,  instead 
of  the  plate  \\ith  a  free  aperture,  one  Mas  used  which  was  closed 
bv  platinum  foil  <)'i  mm.  in  thickness,  the  deflexion  of  the  gal- 
vanometer became  considei'ably  less,  and  on  both  sides  there  was 
a  considerable  disengagement  of  gas.  The  apertm-e  of  a  second 
plate  was  closed  by  gold-leaf  fastened  by  Canada  balsam.  If  this 
plate  \^as  substituted  for  that  with  a  free  aperture,  the  deflexion 
of  the  galvanometer  remained  unchanged  and  there  was  no  visible 
trace  of  disengagement  of  gas.  The  result  was  the  same  when 
silver  was  used  instead  of  gold-leaf.  It  might  be  supposed  that 
the  current  did  not  at  all  traverse  the  metal  leaf,  but  that  minute 
holes  in  it  formed  a  path  for  the  current.  No  such  holes  could, 
however,  be  perceived  in  the  layers  used  ;  they  could  therefore  be 
only  microscopic  if  they  at  all  existed,  and  the  sum  of  their  sections 
must  be  infinitely  small  in  comparison  with  the  surface  of  the 
metal.       But    openings     of    even    considerable    size    could    not 
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account  for  the  complete  cessation  of  polarization.  As  a  proof  of 
this,  i  bored  a  hole  of  about  3  mm.  diameter  so  that  the  current 
could  partially  traverse  this  aperture.  By  introducing  this  also 
there  was  a  considerable  decrease  of  the  current  strength,  and  at 
the  same  time  a  powerful  disengagement  of  gas  on  both  sides.  I 
have  had  the  observations  repeated  by  a  student,  Mr.  John  Dauiell, 
in  such  a  \^'ay  that,  after  introducing  various  metal  partitions,  the 
deflexion  of  the  galvanometer,  in  case  there  was  any  alteration, 
could  be  restox'ed  to  its  original  amount  by  reducing  the  resist- 
ance. In  these  circumstances,  for  the  same  current  strength,  the 
polarization  at  the  terminal  electrodes  is  unchanged  and  the 
resistance  taken  out  is  proportional  to  the  total  polarization  at  the 
metal  partition*. 

In  the  investigation,  besides  the  plates  mentioned  above,  one  was 
used  in  which  the  aperture  was  covered  \Wth  four  superimposed 
gold-leaves  ;  these  formed  apparently  one  plate.  It  was  necessary 
to  remove  in  using  : — 

Perforated  platinum  plate 5  fSiemens  units. 

Platinum  plate    15         ,,         „ 

Silver-leaf   U         ,,         ,, 

Grold-leaf     0         ,,         ,, 

,,       „     fourfold     0-25    ,,         ,, 

It  will  be  of  interest  to  examine  the  dependence  of  the  strength 
of  polarization  on  the  thickness  and  natui'e  of  the  metal  partition. 
This  Mr.  Daniell  intends  to  do  in  my  laboratory. —  VirhandluiKjcn 
der  Phijs.  Gesell  za  Berlin,  ]S"o.  3,  1892. 


NOTE    OX    THE    ABSORPTIOX    OF    RADIANT    HEAT    BY    ALL'M. 
BY    C.    C.    HUTCHINS,    BOWDOIN    COLLEGE. 

it  seems  to  be  the  generally  accepted  opinion  that  a  solution 
of  alum  acts  as  a  particularly  efficient  absorber  of  rays  of  great 
wave-length.  It  is  certain  that  the  alum  cell  is  universally  used 
and  recommended  wherever  a  transparent  medium  is  desired  for 
cutting  off  the  so-called  "  dark  ''  heat-rays. 

In  the  April  number  of  this  Journal  (Am.  Journ.  8ci.)  Mr. 
P.  J.  Kogers  states  that  the  results  of  Julius  Thomsen  are  in  eri'or 
because  Thomsen  used  pure  water  instead  of  alum  solution  as  an 
absorber. 

Whence  this  idea  in  regard  to  the  effect  of  alum  solution  arose 
it  is  difficult  to  say :  I  have  seai'ched  in  vain  for  any  authority 
for  it.  Melloni's  table,  as  far  as  it  goes,  shows  that  bodies  in 
solution  raise  slightly  the  percentage  of  transmitted  rays  above 
that  which  ])asses  through  pure  \\ater. 

I  prepared  a  saturated  solution  of  potash  alum  in  distilled  water 
and  placed  it  in  a  cell  0-6  cm.  thick.     The  sides  of  the  cell  Mere 

*  Of  course  with  the  exception  of  the  perforated  platinum  })liite,  in 
Uiiug  which  there  ii^  u  ahort  circuit  in  the  cell. 
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quartz  plates  0-15  cm.  thick.  My  lieat-measuring  apparatus  was 
used  to  determine  the  transmission  of  the  rays  from  a  naked  gas- 
jet  through  this  cell.  The  mean  of  ten  galvanometer  readings 
Mas  201  divisions. 

Tl>e  cell  A\ as  then  filled  with  pure  ^ater  and  the  mean  of  ten 
readings  found  to  be  196  divisions,  showing,  if  anything,  that 
water  is  a  slightly  better  absorber  than  alum  solution.  When 
two  hundred  ohms  resistance  was  added  in  the  galvanometer 
circuit,  the  deflexion  produced  by  the  unobstructed  gas-jet  was 
240  div.  Through  the  water-cell  it  Mas  21-5  div.  and  the  per- 
cent, transmitted  Mas  8*9.  When  a  sheet  of  plate  glass  0*7  cm. 
thick  Mas  interposed  the  deflexion  Mas  86  div.  and  the  per- 
cent, transmitted  Mas  35-8.  Melloni  shoMs  that  alum  in  its 
crystalline  form  cuts  off  all  save  nine  per  cent,  of  the  rays  from 
a  Locatelli  lamp. 

It  is  not  easy  to  find  perfect  crystals  of  alum,  but  among  a 
large  number  of  ordinary  crystals  one  Mas  found  from  Mhich  a 
nearly  flaMless  plate  Mas  cut.  The  plate  M'as  given  a  perfect 
polish  on  both  sides  by  Brashear's  method  of  A^orking  rock-salt 
sui'faces.  The  plate  m  as  0'37  cm.  thick,  and  the  deflexion  of  the 
galvanometer  by  the  gas-jet  through  the  plate  M"as  23*4  div.  and 
the  percent,  transmitted  9"7. 

Hence  it  appears  that  a  solution  of  alum  is  no  better  absorber 
than  is  Mater;  and  furthermore,  that  it  Mould  hardly  pay  to  use 
plates  of  transparent  alum,  even  if  they  M-ere  to  be  had. — American 
Journal  of  tScience,  June  1892. 


ON  THE  MECHANICAL  EQUIVALENT  OF  HEAT. 
BY  M.  C.  MICULESCU. 

The  author  has  published  in  e^vtenso  in  the  Aimales  de  Ohimie  et 
de  Physique  the  complete  research  on  this  subject,  and  an  abstract 
in  the  Journal  de  Fhi/slque.  The  conclusions  at  which  he  arrives 
are  thus  stated. 

In  this  research  I  have  been  able  to  perfect  Joule's  method  by 
measuring  dinrth/  the  Mork  expended  and  the  heat  produced,  both 
measurements  having  been  made  by  a  zero  method. 

Moreover,  by  taking  a  relatively  considerable  power  (one-horse 
power)  I  have  increased  the  quantity  of  heat  produced  in  unit  time, 
which  has  enabled  me  to  reduce  the  duration  of  the  experiment. 

I  thus  obtained  for  the  mechanical  equivalent  of  heat  the 
numbers 

J= 426-7, 
in  which  I  consider  the  units  to  be  quite  correct,  and  the  tenths  to 
within  0-7. 

The  author  remarks  that  if  Joule's  observations  were  reduced  to 
what  they  M'ould  have  been  at  Paris,  their  mean  value  M'ould  be 

J  =  426-5. 
— Journal  de  Fhi/alque,  March  1892. 
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ON   THE   THEORY   OF   THE  DISSOCIATION   OF   GASES. 
BY    G.  JAGER. 

The  author  starts  from  the  fundamental  idea  that  the  beginning 
of  the  dissociation  of  a  molecule  is  bound  up  with  a  certain 
temperature-limit,  and  in  conformity  with  this  a  certain  limit  of  its 
kinetic  energy.  The  stationary  condition  occurs  when  as  many 
molecules  are  dissociated  as  recombine. 

The  number  of  the  non-dissociated  molecules  which  possess  a 
velocity  between  w  and  dw  is  given  by  Maxwell's  law  in  the  form 
of  a  diiferential  expression.  If  it  be  assumed  that  the  velocity  of 
dissociation  of  a  molecule  is  proportional  to  its  progressive  velocity 
ti»,  the  integral  of  the  above  expression  extended  from  the  lower 
limit  of  velocity  at  which  dissociation  begins  to  w  =  go  is  a  measure 
of  the  number  of  molecules  whicli  split  up  in  unit  time. 

According  to  Maxwell's  law  of  distribution,  the  number  of 
impacts  may  be  calculated  which  a  partial  molecule  ex])eriences  in 
unit  time  so  that  the  velocity  remains  below  a  certain  limit ;  and 
Ukewise  the  probability  that  the  velocity  of  the  colliding  mole- 
cules also  does  not  exceed  the  same  value.  In  this  way  an  ex- 
pression is  obtained  for  the  number  of  molecules  which  combine 
in  unit  time. 

By  calculations  which  cannot  here  be  reproduced  the  author 
arrives  at  the  following  expression  for.  the  dependence  of  the 
density  d  of  a  gas  on  the  temperature  : 

d^ Y- 

In  this  c=ff^e=P/<^^+"'Y(l  -|-  aO%  in  which  a^  and  <p  are  two  constants, 
and  rt=  -^>  d^  is  the  greatest  possible  density  of  the  gas  at  which 

there  are  no  dissociated  molecules. 

The  formula  gives  for  hyponitric  acid  results  whicli  agree  well. 
For  the  temperature  at  which  a  molecule  is  dissociated  t  is  found 
>6O00°,  an  unexpectedly  high  number,  which  is  in  disaccord 
with  the  ordinary  views. — Beihl'dtter  derPhysik,  No.  5, 1892  ;  from 
Wiener  Berichte,  November  12,  1891. 


AURORAS  OBSERVED  AT  GODTHAAB.   BY  ADAM  W.  PAULSON. 

The  author  publishes  the  journal  of  the  observations  of  all  the 
auroras  which  appeared  at  Godthaab  (South  Greenland)  daring  the 
winter  of  1882  to  1883,  and  develops  the  general  considerations 
to  which  they  lead. 

Aurorae  boreales  are  divided  into  two  distinct  categories.  When 
the  phenomenon  is  feeble  they  simply  appear  as  luminosities  or 
luminous  clouds.  The  morenuxrked  aurono  boreales  affect  the  arc 
shape.  These  arcs  may  present  various  shapes  known  as  curtains, 
bands,  zones,  and  coronae.     The  two  latter,  no  doubt,  do  not  differ 
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from  each  other  ;  the  difference  of  appearance  arises  from  a  variation 
in  the  direction  of  the  corona  in  respect  of  the  observer.  The 
aurorae  in  the  form  of  curtains  or  of  draperies  are  very  long  and 
high,  but  have  no  appreciable  thickness.  They  may  sink  to  within 
600  metres  from  the  ground.  Zones  and  corouse,  on  the  contrary, 
ai'e  always  at  very  great  heiglits  and  may  exceed  320  kilometres. 
Thus,  in  the  south  of  Greenland,  the  region  in  which  the  aurorse  are 
produced  extends  from  the  highest  regions  of  the  atmosphere  to 
the  surface  of  the  soil,  while  in  temperate  countries  the  phenomenon 
takes  place  simply  in  the  higher  regions  of  the  air.  If,  then,  we 
admit  the  electrical  origin  of  the  phenomenon,  this  electric  current 
circulates  in  low  latitudes  in  the  higher  regions  of  the  atmosphere 
and  produces  the  well-known  appearance  of  rarefied  gases,  while 
in  the  zone  proper  of  aurorse  boreales  it  descends  to  the  ground.  The 
vertical  direction  of  this  current  in  arctic  countries,  together  with 
the  variations  of  density  of  the  air  traversed,  must  be  the  cause  of 
the  great  difference  of  this  phenomenon  in  arctic  and  in  temperate 
regions. 

The  usual  colour  of  the  aurora  borealis  is  \Ahite  with  a  faint 
tinge  of  green  or  of  yellow.  The  cloud  forms  have  a  greyer  colour. 
The  edges  of  the  draperies  are  often  momentarily  coloured  red  or 
green. 

At  Grodthaab  the  greatest  daily  activity  of  the  aurorae  is  at  9  p.m., 
and  the  annual  maximum  is  about  the  winter  solstice.  The  series 
of  the  observations  in  Greenland  show  a  maxin^um  frequency  at 
the  periods  when  the  number  of  sun-spots  is  smallest,  and  conversely. 

The  law  enunciated  by  M.  Trombolt,  according  to  which  the 
auroral  zone  moves  in  the  course  of  twenty-four  hours  so  that 
during  the  night  it  is  directed  to  the  north,  seems  contradicted  by 
experience. 

Lastly,  a  well-defined  distinction  has  been  obser\'ed  between  the 
greatest  frequency  of  aurorte  boreales  in  arctic  and  in  temperate 
countries.  If  this  is  a  general  fact,  it  will  prove  that  a  more  active 
evolution  of  the  aurora  borealis  in  low  latitudes  enfeebles  the 
auroral  activity  in  the  characteristic  region  of;  the  aurora. — Journal 
de  Phi/sique,  February  1892 ;  from  Observations  internationale 
polaire ;  expedition  danoise:  Copenhagen  1891. 


ON  THE  ABSORPTION  OF  LIGHT  IN  TURBID  MEDIA. 
BY  A.  LAMPA. 

In  front  of  the  collimator-slit  of  a  Glan"s  photometer  a  glass 
trough  with  parallel  sides  was  placed,  and  the  lower  half  filled  with 
an  emulsion  of  a  definite  composition  of  an  alcoholic  solution  of 
mastic  (4*062  to  o"592  gr.  in  100  gr.  absolute  alcohol)  in  water. 
The  absorption  was  examined  which  the  parallel  I'ays  experienced  on 
passing  through  the  emulsion,  and  in  twenty  places  in  the  spectrum. 
The  observations  agree  very  well  with  Lord  Eayleigh's  formula. 
The  author  estimates  the  diameter  of  the  emulsion  at  less  than 
0"2  ^.  On  comparing  emulsions  in  which  the  product  of  thickness 
and  density  was  constant,  the  weaker  media  seemed  to  absorb  more 
strongly. — Beiblatter  der  P/tysiX-,  No.  4, 1892;  from  Wiener  Berichtc. 
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XVI.  On  the  Instability  of  a  Cylinder  of  Viscous  Liquid  wider 
Capillary  Force.     By  Lord  Rayleigh,  Sec.  E.S.* 

THE  main  outline  of  the  theory  of  the  instability  of  a  long 
cylinder  of  liquid  is  due  to  Pkiteau,  \vho  showed  that  if 
the  equilibrium  surface  r  =  a  be  slightly  deformed  so  us  to 
become 

r  =  a  +  acoiikz, (1) 

in  which  z  is  measured  parallel  to  the  axis,  the  deformation  is 
stable  or  unstable  according  as  ka  is  greater  or  less  than  unity; 
that  is,  according  as  the  wave-length  \  of  the  varicosity  is  less 
or  greater  than  lira,  the  circumference  of  the  cylinder.  The 
solution  of  the  merely  statical  question  is,  however,  insufficient 
for  the  a[»plication  to  the  important  problem  of  the  disin- 
tegration of  a  jet  of  liquid.  A  deformation  of  any  wave- 
length exceeding  'lira  increases  exponentially  with  the  time 
(f'') ;  and  what  we  require  to  know  is  the  relation  between  q 
and  A,.  A  value  of  \,  if  any,  for  which  q  h  a  maximum, 
determines  the  mode  of  maximum  instability;  and  this  in 
general  tends  more  and  more  to  be  the  actual  niode  of  disin- 
tegration as  the  initial  disturbances  are  reduced  without  limit. 
As  resisting  the  capillary  force,  Plateau  seems  to  have  had 
in  view  only  viscosity.  "  Par  suite  des  viscositcs  interi^ure 
et  superficielle,  le  rapport  entre  la  longueur  normale  des 
divisions  et  le  diametre  du  cylindre  sur[)asse  toujours  la 
limitede  la  stabiUte.     II  se  reduirait  sans  doute  a  cette  limite 

*  Communicated  by  the  Author. 
Fhll.  Macj.  S.  5.  Vol.  34.  No.  207.  Aug.  LS92.  L 
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menie  si  le  liquide  etait  exempt  de  toute  viscosite"*.  In  the 
case  of  jets  composed  of  liquids  such  as  water,  the  influence 
of  viscosity  might  be  expected  to  be  small,  but  it  would  be 
erroneous  to  conclude  that  the  limit  ka  =  l  would  then  corre- 
spond to  the  mode  of  maximum  instability.  Inertia  would 
necessarily  play  a  leading  part,  and  from  a  complete  investi- 
gation! it  appears  that  the  mode  of  maximum  instability 
corresponds  with  X,  =  4*51  X  2c7,  exceeding  very  considerably 
the  circumference  of  the  cylinder. 

The  importance  attached  by  Plateau  to  viscosity  suggested 
an  investigation  in  which  this  property  should  be  included  ; 
and  the  results  would  at  any  rate  find  application  to  threads 
of  materials  like  glass  and  sealing-w^ax,  in  which  viscosity 
would  predominate  over  inertia.  Having  in  my  mind  some 
old  experiments  upon  the  behaviour  of  tine  threads  of  treacle 
deposited  upon  paper,  which  slowly  resolve  themselves  into 
drops  having  a  very  similar  appearance  to  those  obtained 
from  a  jet  of  water,  I  rather  expected  to  find  that  under  the 
influence  of  viscosity  alone  the  mode  of  resolution  would  be 
nearly  the  same  as  under  the  influence  of  inertia  alone.  This 
anticipation  proved  to  be  wide  of  the  mark,  the  result  showing 
that  under  viscosity  alone  the  value  of  \  for  maximum  insta- 
bility would  be  very  great.  And  a  little  consideration  shows 
that  the  retarding  forces  exerted  by  the  paper  support  may  well 
be  of  quite  a  difierent  character  from  those  due  to  mere  fluid 
viscosity.  In  the  latter  case  the  gathering  together  from  con- 
siderable distances  is  but  little  resisted,  the  motion  not  differing 
greatly  from  that  of  a  solid  body,  whereas  such  a  mode  of 
resolution  would  be  greatly  impeded  by  the  contact  with 
paper.  In  order  better  to  represent  such  contact  forces,  1 
have  considered  the  problem  in  the  form  which  it  assumes 
when  the  resistances  are  proj)ortional  to  the  absolute  velocities 
of  the  parts.  This  admits  of  easy  solution,  and  the  result 
illustrates  the  behaviour  of  the  thread  of  treacle  in  contact 
with  paper,and  shows  that  there  is  a  marked  difference  between 
this  case  and  that  of  a  thread  whose  disintegration  is  resisted 
by  true  fluid  viscosity. 

The  introduction  of  resistances  proportional  to  absolute 
velocities  does  not  interfere  with  the  irrotational  character  of 
the  motion  of  otherwise  frictionless  fluid  f.  The  radial  and 
axial  velocities  ?*,  to  may  thus,  as  usual,  be  regarded  as  derived 
from  a  velocity-potential  according  to  the  equation 

*  Statique  experimentale  et  theorique  dcs  liqrndes  soumis  mix  seides 
forces  molecidaires,  1873,  vol.  ii.  p.  231. 

t  Proc.  Math.  Soc.  November  1878.     See  also  below. 
X  'Theory  of  Sound,' vol.  ii.  §  239  (1878). 
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u  =  (l<pldr,     vj  =  d<l>/(h (2) 

[f  the  resistance  is  /j,'  times  the  velocity,  the  general  equation 
of  pressure,  viz. 

p/p^n-dcf>idt-^w, (3) 

becomes  for  the  present  [)urpose,  where  U^  may  be  neglected, 

P=-fi'<j>-pd<j>ldt (4) 

The  quantities  defining  the  motion  are  as  functions  of  z  pro- 
])ortional  to  e'^''^,  and  as  functions  of  t  proportional  to  e'"' , 
where  k  is  real,  but  n  may  be  complex.  The  general  equation 
for  the  velocity-potential  of  an  incompressible  fluid,  viz. 
V'^(^  =  0,  thus  becomes 

d^d)      1  d(b      ,.-, ,      „ 

(//-       r  dr 

of  which  the  solution,  sul)ject  to  the  conditions  to  be  imposed 
when  r  =  0,  is 

or  rather 

<^  =  Ae'>'+^~-)Jo(//(:r) (5) 

At  the  same  time  p  is  given  by 

2)=-(fj,^  +  inp)(l) (6) 

We  have  now  to  consider  the  boundary  condition,  applicable 
when  r  =  a.  The  displacement  ^  at  the  surlkce  is  connected 
with  0  by  the  equation 

i=<:„dt={fdi  =  lf (7) 

J  J  dr  I n  dr  ^  ' 

The  variable  part  of  the  pressure  is  due  to  the  tension  T, 
which  is  supposed  to  be  constant,  as  is  practically  the  case  in 
the  absence  of  surface-contamination.  The  curvature  in  the 
plane  of  the  axis  is  — d~^/dz",  or  P^.  The  curvature  in  the 
perpendicular  direction  is  (a  +  0)~',  or  l/a  —  ^/a^.     Thus 

^= a^ ' (^) 

and  the  boundary  condition  is 

or  by  (")), 

a  (juadratic  equation  by  which  n  is  determined. 

I.  -1 


148         Lord  Eayleigh  on  the  InstahU'dij  of  a  Cylinder 
li  ^JL'  =  0, 

pa  Oo 

as  found  in  the  former  paper.  In  this  expression  iha  JoV^o  is 
a  real  positive  quantity  for  all  (real)  values  of  ka  ;  so  that  the 
displacement  is  exponentially  unstable  if  ka  <  1,  and  periodic 
if  ^a>l,  as  was  to  be  expected.  In  the  former  case  the 
values  o^  in  are  numerically  greatest  when  ka  =  'jr/4:'5. 

In  the  other  extreme  case  where  inertia  may  be  neglected 
in  comparison  with  viscosity,  we  have 

vi=  —3   — ^ — J , (ii) 

so  that  the  instability  is  greatest  when  ka  has  the  same  value 
as  in  the  first  case. 

The  general  form  of  the  quadratic  is 

{iny-{-in.fi'/p  +  B(I^'a''-l)=0,     .     .     .     (12) 

where  H  is  positive. 

If  ka  <  1,  both  values  of  in  are  real,  one  being  positive  and 
the  other  negative.  The  displacement  is  accordingly  unstable, 
and  the  greatest  instability  occurs  with  the  above-defined 
value  of  ka.  If,  on  the  other  hand,  ka  >  1,  the  values  of  iji 
may  be  either  real  or  imaginary.  In  the  former  case  both 
values  are  negative,  and  in  the  latter  the  real  parts  are  nega- 
tive, so  that  the  deformations  are  stable. 

The  investigation  applicable  to  a  real  viscous  liquid  of  vis- 
cosity p,,  or  pv,  is  much  more  complicated  than  the  foregoing, 
mainly  in  consequence  of  the  non-existence  of  a  velocity- 
potential.  But  inasmuch  as  the  motion  is  still  supposed  to  be 
symmetrical  about  the  axis,  the  equation  of  continuity  gives 

T  dz  r  dv  ^     ' 

where  i/r  is  Stokes's  current  function.  For  small  motions  i/r 
satisfies  the  equation* 

(d^       1  d  ^d'       1  d\/d'       I  d  _^d'\,      ^         ,..- 

In  the  present  question  i/r  as  a  function  of  z  and  t  is  propor- 
tional to  ^•('''+M^  aiiJ  it  may  be  separated  into  two  parts,  i/r^ 

*  Canib.  Trans.  1850.  See  also  Basset's  'Hydrodynamics/  vol.  ii. 
p.  259. 
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and  >|'"2,  of  wLich  ■y^i  satisfies 

and  -^2  satisfies 

where 

r2  =  P  +  m> (17) 

At  the  surface  we  have  to  consider  tlie  noi'mal  stress  P,  and 
the  tangential  stresses.  Of  the  latter  one  vanishes  in  virtue 
of  the  symmetry,  and  the  other  is  to  be  made  to  vanish  in  con- 
formity with  the  condition  that  there  is  to  be  no  impressed 
tangential  force  *.     Thus 

du       dw      „  .,  .,^ 

<fc  +  S7=''' <1») 

or  in  terms  of  i/r  by  (13) 

Introducing  -v/r,,  -^^^j  and  having  regard  to  (15),  (16),  we 
may  express  this  condition  in  the  form 

2P.|ri+(A''  +  F)^/r2  =  0,         ....       (20) 

which  is  to  be  satisfied  when  ?'  =  a. 
Again,  for  the  normal  stress, 

P  =  — 2>  +  2fjidu/dr 

/u  V  „o    \      -,     da 

\r  dr  )      rdr    dr\r  dr  /       r    dr' 

1  ^  /    ^  1  c^j  \  _  pf/^/ri  _ 
r  dr  \  dr  r   dr  )       r  dr   ~    '' 


Herein 
For  -vIti, 


*  II  \t  here  .'is.-imicd  Uial  lliere  i,s  iki  "  sujx'rficiiil  viscosity.'' 
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for  -i/rg, 

r  dr\   drr    dr  /       r    dr  r       dr 

so  that 

P  =  u  f^!^^  +  2ik^-^^^±^\  _'}P^itrH^    J22) 
\     ikr      dr  dr       r       J       kr         dr 

The  variable  part   of  the  capillary   pressure  is,  as  we  have 
already  seen, 

a' 
in  which 

^=^iidt=^, 
na 

Thus,  the  condition  to  be  satisfied  when  r  =  a  is 

w  na  \      ika      dr  dr  r  J        ka  dr      ^ 

The  forms  of  i/r^,  -^2  ^re  to  be  determined  by  the  equations 
(15),  (16),  and  by  the  conditions  to  be  satisfied  when  7'=0. 
It  will  be  observed  that  i/r^  satisfies  the  condition  appropriate 
to  the  stream  function  when  there  is  a  velocity-potential. 
This  would  be  of  the  form 

<l>  =  e'^^J^(ikr), (24) 

so  that 

^,=^(nc)dz=  ^^/^  =  re^'^'J.'iikr). 

Thus 

fi  =  A/'Jo'(//r) (25) 

is  the  most  general  form  admissible,  as  may  be  verified  by 
differentiation.     In  this  jQ{ikr)  satisfies  the  equation 

JJ'{ikr)+-^J,'{ikr)  +  J,{ikr)^0.     .     .     .    (26) 

Since  (16)  differ  from  (15)  only  by  the  substitution  of  k'  for 
k,  the  oeneral  form  for  -^^  is 

f^  =  BrJo'{rk'r) (27) 

By  use   of  these  values   the    first  boundary  condition   (20) 
uGComcs 

2PAJo' (ika) +  {k''  +  k'')BJ^'{ik'a)  =  0.     .     .    (28) 

We  have  next  to  introduce  the  same  values  into  the  second 
boundary  condition  (23).     In  this 

^iii=  ikr  A  fj,:'{ikr)  +  tI;,  Jo'('^-'')]  =  -AikaJ,{ika) 
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by  (26).     In  like  manner, 


dr 


Thus 

'^J^—^^[AJo'{ika)  +  B  j;(t//a)] 

=  _  y  Tb^X^^^-^^  Jo(a-'a)  +  2PAJ,"{ika)  +  '2kk'B  J,"  {ik'a)~^ 

+  l^[AikaJ,{;ka)+Bik'aJ^{ik'a)'\.    .     .     .     (29) 
ka 

Between  (28)  and  (29)  we  now  eliminate  the  ratio  A/B,  and 
thus  obtain  as  the  equation  by  which  [in  conjunction  with 
(17)]  the  value  of  n  is  to  be  determined 

T(l-k^a^)kak'^-k^ 

k'(k'^-k^)J,Xika)^  ,.,,  .-1 

+  £v^-«Jo(//-0-^^^:/]y/^''«Jo(/^-^        (30) 

We  shall  now  apply  this  result  to  the  particular  case  where 
the  viscosity  is  very  great  in  comparison  with  the  inertia. 
The  third  part  of  (30)  may  then  be  omitted,  and  we  have  to 
seek  the  limiting  form  of  the  remainder  when  k'  is  nearly 
equal  to  k,  as  we  see  must  happen  by  (17).    In  the  first  part, 

k'^'-P  _  Sk 

In  the  second, 

^„..,   -         2M'    Jo'(ika)  ika{J,"^-J,'Jn8k 

Jo  C'^-")-F2TFj7pvr)^o  ^'^'^'-^^  ^J7         ' 

and 

k'{k'^-k^)   J,/{ika)  ._lo^ 

k{k"^  +  k^)  Jo'iif^'a)    '^     ^^~         k    ' 

Thus  the  limiting  form  is 

T(l-A-V 


fia 


f^  _  _  2ka  .ika  j  ^  „^      t  '  T  '"      '^"'^"'  I 
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in  which,  however,  we  may  effect  further  simplifications  by 
means  of  the  properties  of  Jq.     We  find  by  use  of  (26) 

SO  that,  finally, 


in=^ 


2iia  .  Fa2(Jo2/j;2  + 1  +  Ijk^a^} 


In  (31)  the  argument  of  Jq,  Ju'  is  i^^^h  ^^  ^  ^^  ^'^  '^^'^^^  ^^^^  ^^ 
for  brevity.     And  by  a  known  property  J(,'=— Ji-     Now 


*^oi'^j  —  ■'•         22           92     A2         *  ■  ■' 

Ji(~)-2\^      2.4   '    '1.^^.^      ' 

1 

so  that  if  .f  =  Aa 

J,H=2  11+274+  OM3  +  --J- 

These  functions  have  been  tabulated  by  Prof.   A.    Lodge* 
under  the  notation  lo(.i'))  Iil-^)?  where 

I,W=Jo(«)  =  l+|2+    j2-^+ (32) 

i.W=-ax;.r)=^[i  +  ^+5-|^g +  ...}.   .  (33) 

In  this  notation 

^^Jo'{ix)lJ,^ix)  +  l  +  V^v^}  =  u;^-^  l-x%%c)/l,%v),    .  (34) 

and  we  have  to  consider  the  march  of  (34)  as  a  function  of  x. 
When  X  is  very  small, 

so  that 

(34)  =  —  3  +  terms  in  x'^ ; 

and  then  from  (31) 

m=^ (35) 

*  ,Biit.  Ass.  Kcport,  ISt^D,  p.  28. 
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We  shall  .see  that  this  corresponds  to  the  luaxiniuin  insta- 
Itility,  and  it  occurs  when  the  wave-length  of"  the  varicosity 
is  very  hirge  in  comparison  with  the  diameter  of  the  cylinder. 
The  following  table  gives  the  values  of  (34)  for  specified 
values  of  .i' :  — 


.r. 

00 
0-2 
0-4 
0-6 


(.•^4). 

-3-0000 
-3-0000 
-3-0004 
-3-0023 


1-0 
2-0 
4-0 
G-0 


(34). 

-3-0188 
-3-2160 
-4-458 
-6-247 


It  will  be  seen  that  the  numerical  value  of  (34)  is  least  when 
.(•  =  0,  which  is  also  the  value  of  x  for  which  the  numerator  of 
(3 1 )  is  greatest.  On  both  accounts,  therefore,  in  is  greatest 
when  X  or  X;a  =  0.  But  over  the  whole  range  of  the  insta- 
bility from  l'a  =  0  to  ^■a  =  l,  (34)  differs  but  little  from  —3, 
so  that  we  may  take  as  approximately  applicable 


t(i-;a<^) 


(36) 


The  result  of  the  investigation  is  to  show  that  when  vis- 
cosity is  paramount  long  threads  do  not  tend  to  divide 
themselves  into  drops  at  mutual  distances  comparable  with 
the  diameter  of  the  cylinder,  but  rather  to  give  way  by 
attenuation  at  few  and  distant  places.  This  is,  I  think,  in 
agreement  with  the  observed  behaviour  of  highly  viscous 
threads  of  glass  or  treacle  when  supported  only  at  the  ter- 
minals. A  separation  into  numerous  drops,  or  a  varicosity 
pointing  to  such  a  resokition,  may  thus  be  taken  as  evidence 
that  the  fluidity  has  been  sufficient  to  bring  inertia  into  play. 

The  application  of  (31)  to  the  case  of  stabihty  {ka>\)  is 
of  less  interest,  but  it  may  be  worth  while  to  refer  to  the 
extreme  case  where  the  wave-length  of  the  varicosity  is 
very  small  in  comparison  with  the  diameter.  We  then  fall 
upon  the  par tictilar  case  of  a  plane  surface  disturbed  by  waves 
of  lengih  X.  The  result,  a})plicable  when  the  \ascosity  is  so 
great  that  inertia  may  be  left  out  of  account,  is  the  limit  of 
(31)  when  a,  or  x,  is  infinite,  while  k  remains  constant,  or 

T/t 
in= i-  Lim  ^{  Jy^(t^)/Ji^(;>)  +  1], 

By  means  of  the  expressions  appropriate  when  the  argument 
is  large,  the  limit  in  question  may  be  proved  to  be  —  1  ;  so 
that 

T^ 
'"=-2;.- ^•^" 


n 
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If  gravity  be  supposed  operative  in  aid  of  the  restoration  of 
equilibrium,  we  should  have  to  include  in  the  boundary  con- 
dition relative  to  pressure  a  term  gp^  in  addition  to  TA'^^  ;  so 
that  the  more  general  result  is  obtainable  by  adding  gp;^  to 
T.     Thus 

-  =  -|(T+f).     ■     •     •     •      (38) 

giving  the  rate  of  subsidence  of  waves  upon  the  surface  of  a 
highly  viscous  material.  It  could  of  course  be  more  readily 
obtained  directly. 

When  gravity  operates  alone, 

in--  ^   --^  m\ 

which  agrees  with  a  conclusion  of  Prof.  Darwin*.  A  like 
result  may  be  obtained  from  equations  given  by  Mr.  Basset  f. 


XVII.  Rotating  Elastic  Solid  Cylinders  of  Elliptic  Sectio7i. 
By  C.  Chree,  M.A.,  Fellmo  of  King's  College,  Canibridgel. 

Part  II. —  The  Long  Elliptic  Cylinder, 

§  35.  ~0  Y  a  long  cylinder  is  here  meant  one  whose  length 
-13  2/  bears  to  its  greatest  diameter  2a  a  ratio  such  as 
is  required  for  the  legitimate  application  of  Saint- Venant^s 
solution  for  beams.  What  this  ratio  may  be  dejiends  on  the 
deo-ree  of  accuracy  aimed  at,  but  the  best  authorities  seem 
satisfied  with  values  of  Ija  which  are  not  markedly  less  than 
10.  The  cylinder  is  supposed  to  be  rotating  uniformly,  and 
to  be  free  from  all  but  "  centrifugal ''  forces.  In  the  paper 
in  the  Quarterly  Journal,  already  referred  to,  I  obtained  a 
solution  for  a  rotating  elliptic  cylinder,  but  its  length  was 
supposed  to  be  maintained  constant  by  the  application  of  suit- 
able forces  over  the  ends.  This  is  a  totally  different  case  from 
the  present,  in  which  the  cylinder  is  supposed  free  from  all  sur- 
face forces  and  capable  of  altering  alike  in  length  and  diameter. 
The  present  solution  is  thus  completely  new,  except  for  the 
case  of  a  circular  section  which  I  have  already  treated  else- 
where §,  and  for  the  limiting  value  0  of  r)  when  the  alteration 

*  Phil.  Trans.  1879,  p.  10.  In  equation  (12)  wiite  ija^-k,  and  make 
i=oo  . 

t  Hydrodynamics,  vol.  ii.  §  520,  equations  (21),  (27).  See  also  Tait, 
Edinb.  Proc.  1890,  p.  110. 

X  Comuiiuiicated  by  the  Author. 

§  Cambridge  Philosophical  Society's  I'roceediugs,  vol.  vii.  part  vi. 
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ill  the  length  of  the  cylinder  is  zero*.  It  seems,  however, 
unnecessary  to  reproduce  the  algebraical  work  of  determining 
the  arbitrary  constants  occurring  in  my  general  solution  of 
the  elastic  solid  equations.  The  work  is  of  no  interest  in 
itself,  and  the  accuracy  of  the  solution  may  be  easily  tested 
by  reference  to  the  internal  equations  and  surface  conditions 
it  has  to  satisfy.  It  satisfies  exactly  the  internal  equations 
(3),  the  three  conditions  (7),  (8),  and  (9)  over  the  curved 
surface,  and  the  conditions  (4)  and  (5)  over  the  flat  ends. 
There  remains  only  the  last  surface  condition  over  the  ends, 
z-=  -\^l,  viz. 

If  this  were  satisfied  the  solution  would  be  absolutely  exact, 
and  applicable  however  great  or  small  Jja  might  be.  This 
condition  is  satisfied  when  "^  =  0,  but  otherwise  we  have  to 
avail  ourselves  of  the  principle  of  statically  equivalent  load 
systems,  replacing  the  above  condition  by 
b 

Tzdxdy  =  0 (75) 

h     


u 


This  equation  the  following  solution  will  be  found  to  satisfy 
for  every  cross  section,  and  not  merely  for  the  ends.  The 
notation  is  the  same  as  in  Part  I. 

EA(l-77)(3a^  +  2a2Z,2  +  3^,4)/„2^  = 

E«(l  -  rj)  (3a^  +  '2a%^  +  3//^)>V  = 

x{a\a''  +  a%^  +  b')  -r){a'  +  a'h^  +  2a%^  +  h')  -l'n^[tv'-h''){a'  +  W) 

-{l^'n)xy^{a'-'nh\cv'  +  l^)-rf{a'-b')], (77) 

*  In  this  case  the  solution  is  the  same  as  for  the  tliin  disk,  and  also  as 
equations  (l;il)-(Lj3}  on  pp.  31-32  Quarterly  Journal,  vol.  xxiii.,  when 
VI  is  put  =n,  and  an  obvious  printer's  error  iutcrchanj.'-injr  x  and  .r^  in 
(131j  is  corrected. 
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Ey5(  1  -7j)  (3rt^  -f  '2a%^  +  W)  ja^p  = 

-(l+77)?/.i2{/>^-7;a2(a'^  +  62)+77V— ^')}. (78 

7=-a>2^7;(a2  +  Z,2^^^(4E), (7[1 

2v[l - 7]) (3a*  +  2a%'^  +  W)lw^p  =  (a^ - x^) { a^  -f  a^'^  +  h'-'n{a^  +  ¥) } 

-2/V(l  +  277),     ...     (80 

yy{i-v)  (3a4  +  2a2^2  ^  3^4^^/^2^ ^  (^^2 _^2j ^^4  +  ^2^2  +  ^4 _ ^^^^^4  _^  ^4^  ^ 

-^2/^X1  +  2^),     ...     (81 

7y{l-'n){?>a'  +  -2a%''  +  U^')j(o'p=-,vy{a'  +  h'-'n{a^-{-h^y}^      .     .     (83; 

P=^'  =  0 C84; 

§  36.  As  already  stated,  ^2;  vanishes  when  r]  =  0.  For 
other  values  of  rj  the  solution  applies  only  under  the  same 
restrictions  as  Saint- Venant^s  solution  for  beams,  and  portions 
of  the  cylinder  immediately  adjacent  to  the  ends  should  be 
excluded  from  its  domain. 

At  everv  point  zz  is  one  of  the  three  princi2>al  stresses, 
but  the  other  two  vary  in  direction  from  point  to  point  of 
the  cross  section,  being  parallel  to  the  axes  of  the  ellipse  only 
at  points  which  lie  on  these  axes.     The  stress  system  other 

than  zz  may  be  conveniently  analysed  into  a  series  of  simple 
systems.     For  shortness  let 

{a*  +  a%'  +  b'-v{a'  +  b')] ^ {(1  -v) (3a^  +  2a%'-  +  3IA)}  =  K',  (85) 

then  the  simple  systems  are  as  follows  : — 

(i.)   A  uniform   normal    tension    tu^pa^K'   parallel    to    the 

major  axis, 
(ii.)   A  uniform    normal   tension   w'^ph'^K'   parallel    to    the 

minor  axis. 
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(iii.)  A  normal  pressure  —ay^pr'^K'  directed  along  the 
radius  r  from  the  axis  of  rotation. 

(iv.)  A  normal  pressure  directed  along  the  tangent  at  the 
point  considered  to  the  ellipse  which  passes  through 
the  point  and  is  similar  and  similarly  situated  to  the 
cross  section.  If  a',  h'  denote  the  semi-axes  of  this 
ellipse,  p'  the  perpendicular  from  its  centre  on  the 
tangent,  this  pressure  is 

On  the  curved  surface  of  the  cylinder,  of  the  two  principal 

stresses  other  than  zz  one,  directed  along  the  normal,  is  zero, 
and  the  other,  whose  line  of  action  is  the  tangent  to  the 
cross  section,  is  given  hy  the  equation 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent 
to  the  elliptic  section.  This  stress  vanishes  when  the  section 
is  circular  for  the  limiting  value  '5  of  rj.  Under  all  other 
conditions  it  is  a  tension.  This  analysis  of  the  stress  is  very 
similar  to  that  given  for  the  thin  disk  in  §  5.  When  77  is  so 
small  that  its  square  is  negligible  the  two  analyses  are  abso- 
lutely identical. 

§  37.  The  stress  zz  vanishes  over  the  cylindrical  surface 

^/a,^+f/h^=l, (88) 

where 

It  is  a  tension  at  points  within,  a  pressure  at  points  outside 
this  surface.  If  e^^  denote  the  eccentricity  of  (88)  and  e 
that  of  the  rotating  cylinder, 

enVe^={l  +  '2v)a^{a^  +  h^)^{2a'  +  a%^  +  b'  +  7]{cc'-h')}.  (Dl) 

When  Z»  =  a  and  rj  =  -b  then  en  =  e.  But  under  all  other 
conditions 

or  the  surface  of  no  longitudinal  stress  and  t]u\  surfaces  of 
equal    lf»ngituilin;il    stress,    which    ai-(>    >imilai-    to    it,   ar.'    of 
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smaller  eccentricity  than  the  surface  of  the  rotating  cylinder. 
It  is  also  easy  to  prove 

Thus  the  surface  of  no  longitudinal  stress  lies  wholly  within 
the  cylinder  when 

^11  <  ^, 

i.  e.   •lh\a^-Vll'f-  {a^'-l^y  +  v{a*-h'Xa''-i-^b')>0. 

When  this  inequality  holds  the  portion  of  the  cross  section 
wherein  the  longitudinal  stress  is  a  pressure  forms  a  complete 
annulus  limited  externally  by  the  surface  of  the  cylinder  and 
internally  by  (88).  When,  however,  the  above  inequality 
does  not  hold — and  by  taking  h/a  small  enough  it  can  aUvays 
be    reversed    even   when    77  =  '5 — the    portion    of   the    cross 

section  wherein  zz  is  a  pressure  consists  of  two  detached  areas 
surrounding  the  ends  of  the  major  axis. 

§  38.  When  7/  =  0  the  maximum  stress-difference  is  always 

correctly  given  by  the  axial  value  of  xa.     But  for  other  values 

of  Tj  it  is  given  by  the  axial  value  of  ^v.v-tf/j  or  by  the  axial 

value  of  xx—zz  according  as  b/a  is  less  or  greater  than  a 
certain  value.  This  value  of  b/a  increases  with  ■?;,  being 
approximately  '217  when  r)  =  "2D,  and  "Dll  when  rj^^'b.  The 
greatest  strain  is  always  correctly  given  by  the  axial  value  of 

dot  ^ 

-T-.  The  exiiressions  for  the  maximum  stress-difference  S 
ax 

and  greatest  strain  s  may  easily  be  found  from  equations 
(77)-(82).     It  seems  unnecessary  to  write  them  down. 

The  limiting  safe  speed  cannot  be  determined  solely  by 
reference  to  a  limitino-  elastic  stress  or  strain  on  account  of  a 
species  of  instability  which  may  arise.  This  question  of 
instability  will  be  discussed  presently,  but  in  the  meantime  it 
is  convenient  to  record  results  from  which  the  limiting  speed, 
according  to  the  stress-difference  and  greatest-strain  theories, 
might  be  simply  derived  when  the  circumstances  are  such 
that  these  theories  apply.  In  Table  XIII.  the  angular 
velocity  is  termed  'Wp  and  in  Table  XIV.  it  is  for  the  sake  of 
distinction  termed  a»2'  Assigning  to  S  and  *'  in  these  tables 
their  limiting  values  for  the  material  under  consideration,  we 
obtain  the  limiting  speeds  according  to  the  stress-difference 
and  greatest-strain  theories,  while  by  assigning  a  given  value 
to  (Oia  and  (0.2a  we  obtain  the  corresponding  maximum  stress- 
difference  and  greatest  strain.  The  tables  should  be  compared 
with  Tables  1.  and  II. 


Solid  Cylinders  of  EUiptic  Section.  159 

Table  XIII. — Value  oi  co^a-i-  \/  a/p  . 


>]• 

J/a=         0. 

-2. 

-4. 

•('). 

•8. 

10. 

0 

1-732 

1-721 

1-G93 

1-661 

1-639 

1-633 

•25 

1-732 

1-745 

1737 

1706 

1-703 

1-732 

•5 

1-732 

1-724 

1-734 

1-784 

1-848 

2-0 

Table  XIV. — Value  of  &)2a-^  v/Ea//3  • 


0 

b/a^          0. 

"2. 

•4. 

•6. 

-8. 

10. 

1-732 

1-721 

1-693 

1-661 

1-639 

1633 

•25 

1-746 

1-734 

1-710 

1-704 

1-745 

1-8.-.2 

•5 

1-789 

1775 

1-762 

1-822 

2-066 

2-828 

The  last  result  iiiTableXlII.  is  exact, there&taveapproximate. 
When  r]  =  0  the  results  are  the  same  on  the  two  theories,  and 
apply,  as  already  stated,  to  cylinders  of  all  lengths.  For  large 
values  of  rj  the  greatest-strain  theory  would  allow  a  con- 
siderably more  ra])id  rotation  than  the  other  theory  for  all 
values  of  b/a.  But  for  values  of  ?;  such  as  "25  the  difference 
between  the  two  theories  is  remarkably  small.  For  a  given 
value  of  r],  other  than  0,  the  limiting  speed  has  on  both 
theories  at  least  one  minimum  as  b/a  increases  from  0  to  1  ; 
but  for  ordinary  values  of  ?/  the  limiting  speed  depends 
wonderfully  little  on  the  value  of  b/a. 

§  39.  We  shall  next  considei*  the  principal  displacements 
in  the  cylinder.  The  longitudinal  displacement  vanishes 
when  17  =  0,  and  for  any  other  value  of  77  the  cylinder 
shortens  under  rotation.  Each  cross  section  remains  plane, 
which  is  perhaps  the  most  striking  difference  between  the 
phenomena  and  those  in  thin  disks.  The  reduction  in  length 
per  unit  length  (  —  81/1)  varies  directly  as  77,  so  it  will  suffico 
to  give  its  value  when  77  =  "25. 


Table  XV.- 

—Value  of  {-U/l),7]  =  '26. 

b/a  = 

0.         -2.           -4.          -6.          -8. 

1-0. 

(-5//0-r(wV7E)  = 

•0625      -065       -0725      -085      -1025 

•125 

100 
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The  results  are  all  exact.  This  table  should  be  compared  with 
Table  III. 

§  40.  In  the  cross  section  the  most  important  displacements 
are  the  alterations  in  the  lengths  of  the  principal  axes.  The 
major  axis  always  lengthens  under  rotation.  The  increase 
Sa  in  the  semi-axis  is  got  by  putting  x  =  a,  3/  =  0  in  (77). 
The  alteration  8b  in  the  minor  semi-axis  is  got  bj  putting 
x  =  0,r/  =  b  in  (78). 

When  7;=0  it  is  easily  seen  that  the  minor  axis  lengthens 
under  rotation  for  all  finite  values  of  b/a.  For  other  values 
of  T},  however,  the  minor  axis  shortens  when  b/a  is  less  than  a 
critical  value  bja.  The  value  of  bja  increases  with  ?;  ;  thus, 
answering  to  i]  =  "25,   d,  '0  we  find  approximately/ 

bija  —  'bM,  '063,  '783  respectively. 

These  do  not  diflxn-  very  much  from  the  corresponding  results 
in  the  case  of  a  thin  disk  (see  Table  VI.).  In  the  following- 
table  of  values  of  haja  and  hlrb  no  sign  is  attached  to  the 
former  quantity  as  being  always  positive. 

Table  XYI. 
Values  of  (Sa/a)-=-(ft>VaVE)  and  (o^//)-r(ft)V«^/E). 


6/a=: 


1^=0 


0. 

•2. 

•4. 

■6. 

■8. 

10. 

•2 

•224 
1     -229 

•225 
•226 
•230 

•233 
•229 
•231 

•242 
•229 
•220 

•248 
•21(1 
•187 

•25 

■1875 
•125 

W'')^('^'p«7E)  = 


,,=0  0         +^0090  +0372  4--0870  +-1587  +-25 

7;  =  ^25  -•0885  --0794  --0496  +0052   +-0858  +-1875 
»,  =  -5     --1875   --1780  --1458  -0840  +-0087  +-125 


The  results  for  &/a=:l  are  exact,  the  others  are  nearly  all  only 
approximate.  This  table  should  be  compared  with  Table  IV. 
§  41.  The  expressions  for  the  displacements  and  strains  in 
the  long  cylinder  are  more  complicated  than  in  the  thin  disk, 
and  their  full  consideration  would  require  more  analysis  than 
the  interest  of  the  results  seems  likely  to  warrant.  I  shall  thus 
merely  call  attention  to  the  more  striking  features  of  the 
i-adial  strain  along  the  principal  axes  of  the  cross  section. 

Alono-  the  major  axis   the    radial   strain  is  the  value  of  -r- 
*=  ■'  dx 

^vith  j/  =  0.     In  a  circular  section  when  ?;— "D  the  radial  strain 
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has  a  constant  value  along  the  radius.  But  for  all  other 
possible  combinations  in  the  values  of  hja  and  t]  the  radial 
strain  along  the  major  axis  continually  diminishes  algebraically 
as  the  distance  from  the  centre  increases.  At  the  centre  the 
radial  strain  along  the  major  axis  is  always  positive,  but 
under  certain  conditions  it  may  be  negative,  i.  e.  a  com- 
pression throughout  a  small  length  at  the  ends  of  the  axis. 
These  conditions  are  most  easily  investigated  by  determining 

da. 
the  points  where  -r-  vanishes  in  the  major  axis.     From  the 

symmetry  we  need  only  consider  the  point  on  the  positive  side 
of  the  axis  of  y,  and  we  shall  denote  its  abscissa  by  Xq.  When 
x^> a  the  radial  strain  is  an  extension  along  the  whole  serai- 
axis;  but  when  XQ<a,  this  strain  is  a  compression  throughout 
a  length  a— .t'o  at  the  end  of  the  axis.  The  expression  for 
A'o/a  given  by  (77)  may  be  thrown  into  the  form 

Remembering  that  17  cannot  exceed  "5,  we  see  that  \)iiQ  co- 
efficient of  .ro'— a^  in  (92)  is  essentially  positive. 

When  77  =  0  we  have  obviously  x^=^a  for  all  values  of  5/a, 
/.  e.  the  radial  strain  vanishes  at  the  end  of  the  major  semi- 
axis,  and  at  every  other  point  of  it  is  an  extension. 

When  77  is  very  small^  and  Z'/a  is  not  very  small,  we  find 
from  (92),  neglecting  terms  in  rp-, 

The  radial  strain  is  a  compression  throughout  this  very  small 
length  a—XQ  of  the  major  semi-axis  and  elsewhere  is  an 
extension.  When  t]  and  a  are  constant,  a  —  x^  has  a  maximum 
value  7;a/3  when  h/a=^\. 

When  hja  is  very  small  as  well  as  77,  we  find  that  the  radial 
strain  is  an  extension  over  the  whole  major  axis  when 

hi  a  <  ^  V377  approximately. 

When  77,  though  no  longer  very  small,  remains  less  than  '3, 
the  radial  strain  is  an  extension  throughout  the  whole  major 
semi-axis  when  h/a  is  small,  but  is  a  compression  over  a  small 
portion  a  — .I'o  at  the  end  when  b/a  exceeds  a  certain  value 

Phil.  Mag.  S.  5.  Vol.  34.  No.  207.  Aug.  1892.  M 
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increasing  with  rj.  Thus  for  77  =  '25  this  critical  value  of  b/a 
is  approximately  '4034,  and  the  approximate  values  of  a—x^ 
answering  to  the  values  '6,  '8,  and  1  of  b/a  are  respectively 

•0045  a,  -0150  a,  and  -0339  a. 

When  7)  =  ''d  it  is  obvious  from  (92)  that  Xo  =  a  when 
b/a=l.  Also  the  coefficient  of  a^  —  b'^  in  the  right-hand  side 
of  (92)  is  easily  proved  to  be  positive  for  this  value  of  77  ; 
thus  Xo>a  for  all  other  values  of  b/a,  or  the  radial  strain  is 
never  a  compression  at  any  point  of  the  major  axis  in  any 
form  of  elliptic  disk,  though  in  a  circular  disk  it  just  vanishes 
at  the  rim. 

As  7}  approaches  close  to  "5  the  coefficient  of  c^  —  V^  in  (92) 
may  become  negative,  but  it  is  easily  shown  that  the  term 
containing  St;  — 1  is  then  always  sufficiently  great  to  keep  the 
right-hand  side  of  (92)  positive.  Thus  when  97  >  "3  we  have 
XQ>a  for  all  values  of  b/a,  or  the  radial  strain  is  an  extension 
at  every  point  of  the  major  axis. 

§  42.  Along  the  minor  axis  the  radial  strain  is  the  value 

of  -V-  with  .r  =  0.     When  7;  is  less  than 
dy  ^ 

"Kv^lS  — 3),  or  •3028  approximately, 

the  radial  strain  along  the  minor  axis  diminishes  algebraically 
as  y  increases  for  all  values  of  b/a.  For  larger  values  of  7; 
the  radial  strain  diminishes  or  increases  algebraically  as  y 
increases  according  as  hla  is  greater  or  less  than  a  certain 
value  depending  on  77.  This  critical  value  of  b/a  increases 
from  0  when  7;  =  '3028,  and  approaches  1  as  77  approaches  '5. 

For  77  =  -3  the  critical  value  is  i^  v/13-3,  or  -3891  approxi- 
mately. For  6a  =  l,  with  77  = '5,  the  radial  strain  has  every- 
where a  constant  value.  When  77  =  0  the  radial  strain  is  for 
all  values  of  b/a  an  extension  at  every  point  of  the  minor  axis 
except  the  ends,  where  it  vanishes.  When  b/a  is  very  small 
the  radial  strain  is  a  compression  throughout  the  whole  minor 
axis  unless  77  be  very  small.  When  both  b/a  and  77  are  very 
small,  we  find  for  points  in  the  minor  axis  the  approximate 
formula 

|  =  |J(.^-,.-,„, (94) 

So  in  this  case  the  radial  strain  is  a  compression  along  the 
whole  minor  axis  when  b/a  <  -^^77,  but  for  greater  values  of 
bja   it   is   an   extension    between  y  —  0  and  y=  \/b'^—t]a^- 
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When  t}  is  not  very  small  it  may  be  proved  that  -^  is  nega- 
tive along  the  whole  minor  axis  when  h/a  is  less  than  a  certain 
critical  value  h^ja  depending  on  rj.  The  approximate  values 
of  h^la  answering  to  the  values  '25,  '3  and  "5  of  vy  are  re- 
spectively -523,  -Iq-I^,  and  -577. 

As  hfa  increases  from  h^/a  the  radial  strain  becomes  an  ex- 
tension throughout  a  portion  of  the  minor  axis,  and  this 
portion  expands  until  eventually  when  j;>'3it  includes  the 
whole  axis.  The  approximate  values  of  yoj  the  distance  from 
the  centre  of  the  points  where  the  radial  strain  vanishes  in  the 
minor  axis,  are  given  in  the  following  table  : — 


Table  XVII.— Value  oUj^/h, 

b/a. 

Tl=            -25.                -S.                -5. 

•6 

•633                —            -963 

•8 

•909              •926           -507 

1-0 

•966            1-0                — 

In  the  case  of  the  first  blank  the  radial  strain  is  a  com- 
pression, in  the  case  of  the  second  an  extension  at  every  point 
of  the  minor  axis.  When  i]  has  the  values  "25  and  '3  the 
radial  strain  is  a  compression  in  the  length  b  —  ijo,  an  extension 
in  the  length  y^  ;  but  when  97  =  '5  it  is  an  extension  in  the 
length  b — ^oj  ^  compression  in  the  length  ^^g- 

§  43.  As  already  indicated  in  §  38  an  elastic  theory  of 
rupture,  such  as  the  stress-difference  or  greatest-strain  theory, 
even  if  satisfactorily  established,  would  not  necessarily  suiBce 
in  the  present  case  to  fix  the  limiting  speed.  This  failure 
arises  from  the  possible  occurrence  of  instability,  consistino- 
in  a  tendency  in  the  axis  of  the  cylinder  to  bend,  it  being 
driven  as  it  were  by  "  centrifugal "  force  from  coincidence 
with  the  straight  line  joining  its  ends.  This  question  has 
been  investigated  by  Prof.  Greenhill'^,  who  has  deduced 
formulae  for  the  limiting  speed  in  isotropic  cylinders.  Before 
applying  his  formula?  we  shall  briefly  consider  what  is  the 
actual  problem  he  has  solved.  He  takes  the  cylinder,  with 
its  axis  displaced  by  rotation  into  a  curved  line,  and  supposes 

*  Institution  of  Mechanical  Engineers,  Proceedings  1883,  pp.  182 
et  sea. 
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the  action  of  the  "  centrifugal "  forces  the  same  as  if  the  mass 
were  collected  in  the  axis.  This  axial  distribution  of  force  is 
then  supposed  in  equilibrium  with  the  elastic  forces,  the  dis- 
tribution of  stress  over  each  cross  section  being  assumed  to 
give  a  couple  as  in  the  ordinary  Bernoulli-Eulerian  treatment 
of  beams  under  flexure.  This  leads  to  a  differential  equation 
of  the  form 

,^-"'^=0' (»5) 

where  x  is  measured  along  the  line  joining  the  ends  of  the 
cylinder's  axis,  y  is  the  distance  from  this  line  of  a  point  in 
the  axis  in  its  displaced  position^  while  /i  is  a  constant  depend- 
ing on  the  velocity,  material,  and  dimensions  of  the  cylinder. 
Supposing  the  origin  at  an  end  of  the  axis,  we  may  represent 
the  solution  of  (95)  by 

?/ =  A  sinh //..t' +  B  cosh /Act;  +  C  sin /AA' +  D  cos /i,r,     .  (2Q) 

where  A,  B,  C,  D  are  constants  depending  on  the  terminal 
conditions.  Prof.  Greenhill  takes  two  alternative  sets  of 
conditions : — 

(1)  i/  =  0=|^,  at  both  ends,      .     .     .     .(97) 

(2)  ^=0  =  g,     „  „  ....  (98) 

These  lead  to  different  results  for  the  limiting  speed. 

§  44.  The  condition  y  =  0  merely  fixes  the  origin  of  co- 
ordinates, assuming  the  line  joining  the  ends  of  the  axis  to  be 

fixed  in  space.     The  condition  ,  •  =0  at  an  end  signifies  that 

ax 

cPu 
the  direction  of  the  axis  is  there  fixed,  wliile    p|  =0  signifies 

the  vanishing  of  the  elastic  couple  given  by  the  Bernoulli- 
Eulerian  method  of  treatment*.  This  latter  condition  is  thus 
required  by  Professor  Greenhill' s  theory  when  no  applied 
couple  acts  over  a  terminal  section.  Now,  supposing  Professor 
Greenhill's  method  of  reducing  the  physical  problem  to  a 
mathematical  form  sufficiently  exact,  so  that  (95)  is  satis- 
factory, it  is  clear  that  the  reliance  to  be  placed  on  his  results 

*  Prof.  Greenliill  introduces  the  condition -r^  =0  on  his  p.  200,  with- 
out explicit  reference  to  his  elastic  theory,  but  the  above  is,  I  beheve,  the 
explanation  he  had  in  view. 
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must  largely  depend  on  how  closely  actual  conditions  are 
represented  by  the  assumed  terminal  conditions.  This  point 
is  not  one  which  a  mathematician  is  competent  to  decide,  but 
I  do  not  see  that  either  set  given  by  Professor  Greenhill 
seems  more  likely  a  priori  than  the  combined  set 

^=i.=s=« («^) 

Thus,  suppose  the  bearings  on  which  the  axle  rests  each  of 
breadth  c,  where  c  is,  as  must  happen  in  practice,  finite, 
though  small  compared  to  the  length  of  the  cylinder.  Further, 
suppose  the  bearing  to  consist  of  a  hollow  circular  cylinder, 
inside  which  the  circular  axle  can  move  freely  without 
appreciable  friction.     If  the  axle  fitted  the  bearing  exactly, 

then  ?/  and -7^  would  each  require  to   vanish  both  when  .i'  =  0 

and  when  oc^c,  with  similar  conditions  of  course  at  the  other 
end.      Thus,  without  introducing  any  elastic  principle,  we 

should    deduce  that  y,   -j-,   ~^,  and,  perhaps,  some  higher 

differential  coefficients  must  vanish  at  each  end.     We  cannot, 

however,  satisfy  all  these  conditions  with  a  solution  such  as 

(96)    without   having   each    of   the    4    constants    identically 

zero,  in  which  case  w'e  reach  no  conclusion  whatever  as  to 

instability. 

If  we  accept  Professor  Greenhill^s  elastic  theory,  the  con- 

d^y 
dition  -r^=0  must  hold  over  the  terminal  sections,  unless 

their  faces  are  in  contact  with  some  stops  or  held  in  some 
way.  Since  the  cylinder  naturally  shortens  under  rotation, 
it  is  difficult  to  conceive  how  any  system  of  support  which 
did  not  introduce  very  large  frictional  forces  when  the  rota- 
tion was  slow  could  leave  the  terminal  sections  anything  but 
free  when  the  rotation  was  rapid.     Thus,  if  it  be  possible  for 

dt/ 
the   supports   to   keep    -—  =0   at   both   ends,   as    Professor 
d.v 

Greenhill  supposes  in  his  first  set  of  terminal  conditions,  it 

seems  doubtful  whether  his  theory  leads  to  any  conclusions 

whatsoever  as  to  instability. 

§  45.  It  is  only  fair  to  recognize  that  the  hypothesis  that 

the  axle  exactly  fits  the  bearings — though  apparently  implied 

in  Professor  GreenhilFs  first  set  of  terminal  conditions — is 

hardly  possible  in  the  strict  mathematical  sense,  and  some  of 


whence 
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the  above  difficulties  might  be  avoided  by  a  judicious  use  of 
this  fact.  Thus,  if  we  suppose  the  radius  of  the  bearing  to 
exceed  that  of  the  axle  by  8r^,  we  could  satisfy  the  set  (98)  of 
terminal  conditions  by  putting  in  (96) 

A  =  B  =  D  =  0,  2,xl  =  7r,  ....      (100) 

y  =  Csin(7r.f/2/) (101) 

The  constant  C  is  not,  however,  altogether  arbitrary.  The 
axle  must  press  against  the  bearing  at  the  section  .v  =  c,  and 
it  seems  most  reasonable  to  suppose  it  would  also  press  against 
it  at  the  section  a;  =  0,  though  this  is  not  apparently  absolutely 
necessary.     On  the  first  view  we  must  have 

C  =  4Z8>V(77c)  ; 

on  the  second  view  C  is  only  limited  to  being  less  than  this 
value.  This  solution,  it  will  be  noticed,  answers  to  one  definite 
value  of  fx,  i.  e.  to  one  given  angular  velocity.  With  either  a 
smaller  or  a  greater  angular  velocity — with  definite  exceptions 
in  the  latter  case  to  be  noticed  presently — the  solution  (96)  can 
satisfy  the  terminal  conditions  only  wdien  C  vanishes  as 
well  as  the  other  three  arbitrary  constants.  It  would  thus 
appear  that  the  meaning  of  our  solution  is  as  follows  : — 
Supposing  the  angular  velocity  gradually  to  increase  from 
zero,  the  axis  of  the  cylinder  must  remain  straight  until  the 
velocity  is  reached  for  which  2iu,l  =  7r.  The  axis  niai/  remain 
straight  when  the  velocity  passes  through  this  value,  or  it  may 
not.  If  it  remains  straight  for  this  critical  value  it  must  con- 
tinue straight  while  the  velocity  continues  to  increase  until 
the  value  is  reached  for  which  2/i/  =  27r,  when  again  it  is  possible 
for  it  to  bend.  It  may,  however,  happen  that  as  the  velocity 
is  attained  for  which  2fil  =  7r  the  axis  bends.  The  bending 
will  take  place  suddenly,  the  consequence  being  an  impulse 
between  the  cylinder  and  the  sections  a'=c,  »i'=2/  — c  of  the 
bearings.  This  may  suffice  of  course  to  smash  the  bearings 
or  the  cylinder,  in  which  case  the  instability  theory  may  per- 
haps be  considered  satisfactory.  If,  however,  this  impact 
does  not  smash  either  the  bearings  or  the  cylinder,  the  danger 
seems  to  be  passed  unless  the  rotation  be  kept  exactly  at  the 
critical  velocity.  Now  it  is  clear  that  if  l^r/c  be  very  small, 
the  resultant  "  centrifugal "  force  answering  to  the  displace- 
ment (101)  is  small,  and  the  impulse  on  the  bearings  may  be 
but  trifling.     Thus  the  danger  which  the  instability  theory 

*  This  implies,  lio\\  ever,  that  when  the  axis  of  the  cyliuder  beuds,  the 
line  joining  its  ends  ceases  to  be  fixed  in  space. 


Solid  Cylinders  of  Elliptic  Section.  167 

recognizes  may  conceivably  be  very  small  with  many  forms 
of  support.  There  are  obviously  a  series  of  other  critical 
velocities  answering  to 

2/A//7r=2,  3,  ...z,  ... 

where  i  is  any  positive  integer.  The  larger  the  value  of  i 
the  greater  would  be  the  danger  attending  the  bending  of  the 
axis.  Since  /u,  oc  co^,  the  corresponding  angular  velocities  are  as 
the  squares  of  successive  integers. 

The  previous  considerations,  it  must  be  clearly  understood, 
are  intended  not  to  throw  doubt  on  the  existence  of  a  species 
of  instability,  such  as  Professor  Greenhill  imagines,  but  merely 
to  give  a  general  idea  of  the  uncertainties  attaching  to  any 
numerical  details  to  which  his  theory  leads  on  account  of 
possible  divergences  between  the  terminal  conditions  he 
assumes  and  those  existing  in  practice.  The  only  positive 
conclusion  we  have  come  to  is  that  a  tendency  to  instability 
may  be  expected  to  show  itself  by  a  want  of  smoothness  in 
the  motion  and  an  undue  wearing  away  of  the  inner  edges  of 
the  bearings.  This  tendency  to  instability  might  be  seriously 
increased  by  a  slight  departure  of  the  centre  of  gravity  of  the 
cylinder  when  at  rest  from  its  axis. 

§  40.  We  have  next  to  consider  the  nature  of  the  hypotheses 
by  which  the  equation  (95 )  is  obtained.  The  assumptions  that 
the  action  of  the  "  centrifugal "  forces  may  be  calculated  by 
collecting  the  mass  of  the  cylinder  into  its  axis,  and  that 
the  elastic  stresses  over  a  cross  section  give  origin  to  a 
couple  proportional  to  the  curvature  of  the  axis,  are  certainly 
not  more  exact,  even  near  the  centre  of  a  long  cylinder,  than 
the  Bernoulli-Eulerian  treatment  of  the  flexure  of  a  rod  under 
its  own  w'eight.  Near  the  ends  of  the  cylinder  the  strain  and 
stress  must  differ  widely  from  that  assumed  by  Professor 
Greenhill,  as  he  takes  no  account  of  the  displacements  w-hich 
exist  in  the  absence  of  instability  in  a  rotating  cylinder. 
These  considerations  show  that  while  it  is  quite  possible 
Professor  GreenhilFs  formulse  may  lead  to  correct  results  for 
short  cylinders,  there  is  no  apparent  reason  from  an  elastic- 
solid  point  of  view  why  they  should.  My  own  view  is  that 
the  application  of  these  formulse  to  cylinders  whose  length  is 
less  than  8  or  10  times  their  diameter  is  certainly  not 
justifiable — an  opinion  in  which  I  hope  Professor  Green- 
hill will  concur — and  that  in  longer  cylinders  the  application 
of  either  formula  can  hardly  be  considered  satisfactory 
unless  some  definite  evidence  exists  that  the  terminal  con- 
ditions it  supj)oses  are  a})proximately  satisfied. 

§  47.  Considering  the  uncertainty   which  prevails,  it  will 
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suffice  to  indicate  how  these  instability  formiilfe  may  be 
applied  to  check  the  application  of  the  elastic  theories  of 
rupture  without  entering  on  any  elaborate  calculations. 

In  applying  his  first  set  of  terminal  conditions*  Professor 
Greenhill  makes  a  numerical  slip.  His  amended  formula 
for  the  limiting  speed  in  a  cylinder  of  length  21  is 

ft>VE/c2  =  (2•36502/0^    ....     (102) 

where  k  is  the  radius  of  gyration  of  the  cross  section  about 
an  axis  through  its  centroid  perpendicular  to  the  plane  of 
bending.  The  corresponding  formula  for  the  second  set  of 
terminal  conditions*  is 

&)VE«2=(7r/2/)4 (103) 

As  we  require  the  least  velocity  for  which  instability  may 
arise,  k  is  the  least  radius  of  gyration  obtainable,  i.  e.  is  &/2  in 
an  elliptic  section.     The  corresponding  plane  of  bending  con- 

tains  the  minor  axis.     The  terminal  condition  -r^  =0  of  the 

second  set  of  surface-conditions  depends  on  Professor  Gi'een- 
hilFs  elastic  theory,  which  does  not  seem  a  close  representa- 
tion of  matters  near  the  ends.  Thus,  in  selecting  one  of  the 
formulae  for  illustration  I  have  preferred  the  first,  as  based 
only  on  geometrical  considerations.  The  results  it  leads  to  in 
a  cylinder  of  length  L  are,  however,  the  same  as  the  second 
formula  would  give  for  a  cylinder  of  length  7rL/(4*73). 

Taking  then  (102),  suppose  we  determine  by  means  of  our 
previous  formula)  the  value  of  the  maximum  stress-difference 
or  greatest  strain  answering  to  the  velocity  which  this  formula 
allows  in  a  given  cylinder.  Then  if  this  value  of  the  stress- 
difference  or  greatest  strain  be  within  the  limits  allowed  by 
the  elastic  theory  of  rupture,  the  greatest  safe  velocity  is  that 
assigned  by  the  instability  formula,  assuming  of  course  that 
the  theory  it  is  based  on  is  satisfactory.  Take,  for  instance, 
the  greatest-strain  theory,  and  suppose  our  formula  gives  for 
the  greatest  strain  's 

where  N  is  a  certain  function  of  77  and  h/a.  Then  ascribing  to 
o)  the  value  given  by  (102),  and  putting  K  =  b/2,  we  find 

5=(M8251)4(2&/a)2(a/Z/N.      .     .     .  (104) 

This  shows  how  very  rapidly  the  greatest  strain  answering  to 
the  limiting  velocity  of  the  instability  theory  diminishes  as  l/a 

*  L.c.  pp.  198-200. 
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increases.  Also  the  value  of  5  in  (104),  while  varying  with 
7],  is  quite  independent  of  the  density  or  of  Young's  modulus. 
Taking  ?;  =  -25,  we  deduce  from  (104)  the  following  values 
for  s  : — 

Table  XVIII. 

Greatest  Strain  answering  to  Instability  Velocity. 


b/a  = 

•2. 

•4. 

•6. 

•8. 

10. 

i//ays= 

•104 

•428 

•970 

r644 

2-281 

In  a  material  such  as  steel  or  good  wrought-iron  the  strain 
given  by  this  table  for  a  circular  cylinder  in  which  l=10a 
would  answer  to  a  longitudinal  load  of  some  3  tons  per 
square  inch,  and  a  slight  ellipticity  in  the  section  reduces  this 
but  slightly.  Thus  in  circular,  or  nearly  circular,  cylinders 
whose  length  is  not  decidedly  greater  than  10  times  their 
diameter,  it  would  certainly  be  only  prudent  to  consider 
the  magnitude  of  the  stress-difference  and  greatest  strain 
before  applying  so  rapid  a  rotation  as  the  instability  theory 
allows.  In  cylinders  in  which  b/a  is  as  small  as  '2,  instability 
may  be  expected  to  arise  under  quite  a  slow  rotation,  and  to 
attempt  to  rotate  such  cylinders  with  the  velocity  allowed  by 
the  elastic  theories  would  be  extremely  rash. 

§  48.  As  regards  cyHnders  whose  length  is  less  than  8  or 
10  times  their  greatest  diameter,  the  results  of  the  instability 
theory  are  hardly  likely  to  prove  satisfactory  ;  but  there  can 
be  little  doubt  of  the  general  truth  of  the  conclusion  the  theory 
leads  to,  viz.  that  the  tendency  to  instability  diminishes 
rapidly  as  the  ratio  of  length  to  diameter  is  reduced.  On  the 
other  hand,  while  the  application  of  the  results  deduced  from 
our  elastic  equations  is  not  legitimate  in  short  cylinders  unless 
7}  be  zero,  or  at  least  very  small,  there  is  no  reason  to  suppose 
that  the  maximum  stress-difference,  or  the  greatest  strain, 
will  be  either  very  much  greater  or  very  much  less  than  in 
long  cylinders  under  similar  conditions.  One  of  the  strongest 
reasons  for  this  statement  is  derived  from  the  comparison  of 
Tables  I.  and  II.  with  Tables  XIII.  and  XIV.  According  to 
these  tables  the  limiting  speeds  allowed  by  either  elastic 
theory  are  fairly  similar  for  long  cylinders  and  for  thin  disks, 
and  it  seems  most  unlikely  that  any  di»i)ro})ortionately  large 
difference  will  exist  in  cylinders  of  intermediate  length.  The 
greatest  difference  between  disks  and  long  cylinders  occurs 
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in  a  circular  section  with  '?7  =  "5,  when  the  velocity  allowed  by 
the  stress-difference  theory  in  a  long  cylinder  is  approximately 
1'323  times  that  which  it  allows  in  a  thin  disk  of  the  same 
radius.  For  ordinary  values  of  rj  the  differences  are  always 
much  less  than  this.  Suppose  for  instance  97  =  '25,  then, 
employing  the  suffixes  1  and  2  as  before,  and  using  fl  for  the 
limiting  angular  velocity  in  the  thin  disk,  w  for  that  in  the 
long  cylinder  of  the  same  cross  section  and  material,  we 
deduce  the  following  results  : — 

Table  XIX. 

Ratio  of  Limiting  Velocities  in  Cylinder  and  Disk. 


bla= 

•0. 

•2. 

•4. 

•6. 

-8. 

1-0 

1 

1-008 

1019 
1007 

1043 

1-007 

1-058 
1-008 

1-078 
1013 

1-104 
1-022 

§  4y.  The  solutions  we  have  obtained  both  for  thin  disks 
and  long  cylinders  are,  unless  7;  =  0,  only  approximate,  and  the 
principle  of  statically  equivalent  surface-forces  on  which  they 
are  based  is  one  as  to  whose  degree  of  accuracy  opinions  may 
differ.  It  is  thus  very  desirable  to  subject  our  results  to  some 
independent  test. 

If  we  take  the  value  of  (  —  7)  in  (16),  integrate  it  over  a 
cross  section  of  the  disk  and  divide  the  integral  by  irab,  we 
obtain  the  mean  approach  to  the  central  plane  of  points 
originally  in  a  plane  section  at  distance  z.  Representing  this 
mean  value  b}-  ( —  8z)  we  easily  find 

(-»/«)  =  ^(a«  +  i') (106) 

Now  for  the  change  in  length  of  a  long  elliptic  cylinder  of 
the  same  section  as  the  disk  we  find  by  (79) 

(-S//0=^(aH^^) (107) 

But  the  right-hand  sides  of  (106)  and  (107)  are  identical,  or 
we  have 

(-¥/l)  =  {-8l/l)=vo>^pK^E,     .     .    .     (108) 
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where  k  is  the  radius  of  gyration  of  the  elliptic  cross  section 
about  a  perpendicular  to  its  plane  through  its  centre. 

Again,  let  A^irab  denote  the  area  of  the  section  of  an 
elliptic  disk,  and  let  SA^  be  the  increase  produced  by  rotation 
in  a  section  at  distance  z  from  the  central  plane.  Then 
denoting  the  direction  cosines  of  the  outwardly  directed 
normal  to  the  rim  by  X  and  /m,  we  have 

SA,=j'(X.  +  ^^)rf.=JJ(;J«  +  ;|)fa/,,     .     (109) 

\vhere  u  and  ^  are  given  by  (14)  and  (15).  The  line-integral 
is  to  be  taken  round  the  entire  rim,  the  double  integral  over 
the  whole  cross  section.  Employing  the  double  integral  we 
easily  deduce 

^^=^{(^-v){a^+h')+tvii+v){i'-^^')};  ■  (110) 

whence,  if  8A  be  the  mean  value  of  8A^  between  + 1, 

"SA/A  =  (l-77)a)V«7E,     ....    (Ill) 

where  k  has  the  same  meaning  as  in  (108). 

Employing  the  values  of  a.  and  l3  given  by  (77)  and  (78), 
we  obtain  precisely  the  same  result  as  (HI)  for  the  change 
of  cross  section  in  the  long  cylinder. 

Finally,  let  v  =  •I-rzahl  denote  the  volume  of  the  disk,  and  8v 
its  increase  under  rotation,  then 

Bv=^^^Ad.vdydz, (112) 

the  integral  extending  throughout  the  entire  disk. 
From  this  we  easily  deduce  by  means  of  (13) 

Sv/v={l-2v)co^pKyE,     ....     (113) 


or 


Sv=(on/-dk, (Ill) 

where  k='E-r-{'S{l  —  2r])}  is  the  bulk  modulus,  and  I  the 
moment  of  inertia  of  the  disk  about  the  axis  of  rotation. 
Taking  the  value  of  A  given  by  (76),  we  arrive  in  the  case  of 
the  long  cylinder  at  precisely  the  same  formula  (HI). 

§  50.  Now  these  coincidences  it  must  be  admitted  are  of  a 
striking  character,  and  if  it  can  be  shown  that  they  are  not 
the  outcome  of  mere  accident,  but  the  exact  results  to  which 
the  complete  theory  of  rotating  elastic  solids  is  bound  to  lead, 
this  would  seem  strong  evidence  of  the  trustworthiness  of  the 
present  solution  as  regards  both  its  soundness  of  basis  and  its 
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accuracy  of  detail.  That  the  results  are  exactly  true  is  easily 
shown  as  follows  : — 

Consider  a  right  cylinder  of  any  length  or  form  of  cross 
section,  rotating  round  the  axis  formed  by  the  centroids  of  the 
sections,  taking  as  before  the  centre  of  the  cylinder  for  origin 
and  the  axis  for  axis  of  z.  We  may  write  the  internal  equa- 
tions in  the  form  : — 

dxx       dxy      dzx        „         „  /i  i  rc\ 

^iS^d^^d^^  ^  ^ 

dx        dy        dz 

dQ^dg_^dz?  =0,    .     .     .    (117) 

dx        dy        dz 

the  notation  being  the  same  as  before.  Now  multiply  (115) 
by  T]x  and  (116)  by  7]y  ;  then  from  the  sum  of  these  two 
equations  subtract  (117)  multiplied  by  z,  and  integrate 
throughout  the  volume  of  the  cylinder.  Integrating  the 
terms  involving  the  stresses  by  parts,  we  find  the  surface- 
integrals  vanish  in  virtue  of  the  surface-conditions  at  the  free 
surface  of  an  elastic  solid,  and  thus  obtain 

S^{--—v{^vx  +  yy)}dxdyd:  +  vco'^pW^v'^  +y^)dxdijdz  =  0. 
Now  by  the  ordinary  stress-strain  relations, 


thufc 


zz-i]{xx+yy)=h-^^; 
u(  ^^  dx  dy  dz  =  -  Wp'c'' .  2  A  //E, 


where  A  is  the  area  of  the  cross  section,  and  k  its  radius  of 
gyration  as  in  (108). 
But 


r 


where  yi  is  the  value  of  7  at  an  end  of  the  cylinder,  and 

Thus  the  formula  (108)  is  exactly  true  for  all  forms  of  cross 
section  in  all  right  cylinders  long  or  short. 
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Again,  multiply  (115)  by  x,  (116)  by  y,  (117)  by  z,  and 
add.     Then  integrating  throughout  the  entire  vohinie,  we  find 

-Iff('^  +  JJ  +^0  ^^•^'  %  dz  +  ft)^Jjyp('^''  +y''yiv  dy  =  0, 

tlie  surface-integrals  vanishino-  as  before. 
But  by  the  ordinary  stress-strain  relations, 

XX  +  yy  +  zz=:  3k  A, 
where  k  is  the  bulk  modulus,  and  thus  we  get 
Sv  =^^^Mx  dy  dz = co^l/3k, 

where  I  has  the  same  meaning  as  in  (114). 
Since 

v  =  2Al, 
we  have 

8A/A  =  8v/v-S'l/l, 

=  (l-77)a>V7E. 

Tlius  (111)  and  (114)  are  also  proved  to  be  absolutely  true 
in  all  right  cylinders  rotating  about  their  axis  of  figure. 

The  preceding  formulae  by  which  the  solution  has  been 
tested  are  particular  cases  of  certain  much  more  general 
results*,  to  whose  discovery  the  author  was  led  by  the 
recognition  of  the  coincidences  pointed  out  in  §  49. 


XVIII.  Mote  on  the  Measurement  of  the  Internal  Resistance  of 
Cells.     By  E.  Wythe  Smith  f. 

IN  order  to  determine  the  actions  which  take  place  in  an 
accumulator  during  charge  and  discharge,  it  is  necessary 
to  know  the  working  electromotive  force  at  the  different 
stages.  This  might  be  observed  by  breaking  the  circuit ; 
but  immediately  on  doing  this  the  electromotive  force  varies 
at  a  very  rapid  rate,  so  that  if  only  four  or  five  seconds  be 
occupied  in  taking  the  measurement  an  error  of  25  per  cent, 
may  be  made  in  the  difference  between  the  electromotive 
force  and  the  terminal  potential  difference.  If  time-readings 
be  taken  after  breaking  the  circuit  and  a  curve  drawn  con- 
necting E.M.F.  and  time,  this  curve  may  be  produced  back 
in  the  way  described  by  Prof.  Ayrton  and  others  in  a  paper 

*  Cambridge  Philosophical  Society's  Transactions,  vol.  xv.  part  iii, 
t  Communicated  by  the  Physical  Society  :  read  .June  24th,  1802. 
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at  the  Institute  of  Electrical  Engineers.  But,  as  this  method 
has  its  objections  in  addition  to  that  of  interrupting  the 
circuit,  it  is  very  desirable  to  determine  the  actual  working 
E.M.F.  in  some  other  way. 

The  E.M.F.  could  be  readily  obtained  from  the  terminal 
P.D.  and  the  current  if  the  internal  resistance  were  known. 
It  is  for  the  determination  of  this  latter  quantity  that  I  have 
devised  the  following  modification  of  Mance's  method.  Of 
course  this  method  is  applicable  to  the  measurement  of  the 
resistance  of  other  forms  of  battery  besides  accumulators. 


In  fig.  1  let  the  cell  of  E.M.F.  e,  and  internal  resistance,  6, 
be  the  one  experimented  upon,  r  being  the  resistance  of  the 
external  circuit  which  may  contain  an  E.M.F.  E,  for  example 
that  of  the  d}Tiamo  used  to  charge  the  cell.  This  circuit  is 
connected  at  0  with  an  auxiliary  circuit,  in  which  the  resist- 
ances m,  and  Ui  are  so  adjusted  that  the  points  A  and  B  are 
at  the  same  potential,  the  resistance  of  the  cell  of  E.M.F.,  ^„ 
being  included  in  n-i.  Suppose  a  current,  C,  from  some  ex- 
ternal source  to  pass  through  both  circuits  in  series.  The 
P.D.  between  A  and  B  will  now  be  V.  Let  P.D.  between  A 
and  0  be  t'j,  and  that  between  0  and  B  be  v^,  (i'i  +  r2)  =  V. 
We  have 

■ei 


C  = 


Ji  +  g      fx  +  E  _  fg 


therefore 


and 


ni 


mi 


hrC-re-h^ 


'^-  b  +  r         ' 

77iiniC  +  mie, 

■^_6  +  C — re — 6E      7r?i?iiC  +  mi^i 
b  +  r  lUi  +  Til 
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But  when  C=0,  V^O, 

—  7V— JE        mi^i 

.*.    0= +  - — i— !—  • 

b-\-r  nil  +  ^1 ' 

hr 
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\b  +  r      nii  +  ni/ 


If  we  measure  the  apparent  distance  Ej  between  A  and  B 
by  any  convenient  method,  and  if  C  be  the  current  sent 
through  this  circuit  between  A  and  B  by  the  testing  arrange- 

y 
ment,  we  get  R,  equal  to  j^  ; 


Ri= 


br 


+ 


<i«i 


b  +  r   '  mi  +  ?i, 

Now  if  we  have  three  circuits  (fig.  2)  connected  together 
Fig.  2. 


at  the  point  0,  the  cell  of  E.M.F.  equal  to  e  and  resistance  b 
being  the  particular  one  whose  resistance  is  required,  and  if 
the  resistances  m^,  m^,  Wj,  n^  be  so  adjusted  that  the  points 
A,  B,  and  C  are  at  the  same  potential,  the  apparent  resist- 
ances Ri,  Rg,  R3  between  the  points  A  and  B,  A  and  C,  and 
B  and  C,  will  have  the  following  values  : — 


br 


7Wl?lj 


"R   —  _L     '"I'M 

b  +  r      nti  +  rii 

Tj          br          m^Uo 
-^2=  7-; 1 ; ' 


R, 


mini 


+ 


m2n2 


m]-\-n■^       m^  +  n^* 
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hr        Ri  +  Ro  — R3  , 

then  the  required  resistance  of  the  cell, 

h  =  x^ f-  ^  +  &c. 

r       r 

If,  as  in  the  case  of  an  accumulator,  x  is  small  compared 
with  ?',  then 

h=.x-\ • 

r 

When  an  accumulator  is  discharging,  taking  h  =  x  gives  us  a 
a  value  for  b  about  2  per  cent,  too  low. 

If  the  P.D.  at  terminals  of  the  cell  under  test  is  greater 
than  the  E.M.F.  of  a  single  balancing  cell  (as  is  the  case 

Fie:.  2  a. 


^3Smr 


during  charge)  then  the  circuit  must  be  modified  as  shown 
(fig.  2  a). 

If  a  Wheatstone's  bridge  be  employed  to  measure  Rj,  Rg, 
and  R3,  there  will  be  no  necessity  to  employ  any  special 
instrument  in  the  testing  for  equality  of  potential  of  the 
points  A,  B,  and  C.  For  all  that  need  be  done  is  to  remove 
an  infinity  plug  on  the  bridge,  close  the  galvanometer  circuit, 
but  not  that  of  the  testing  battery,  and  adjust  m^,  7^2,  7i,,  n^ 
until  the  galvanometer  remains  at  zero. 


[    n7    ] 

XIX.    On  the  Instability  of  Cylindrical  Fluid  Surfaces. 
By  Lord  Hayleigh,  Sec.  R.S.* 

IN  former  papersf  I  have  investigated  the  character  of  the 
equihbrinm  of  a  cyhndrical  fluid  column  under  the 
action  of  capiUarj  force.  If  the  column  become  varicose 
with  wave-length  \,  the  equihbrium  is  unsta})Ie,  provided 
A,  exceed  the  circumference  (iira)  of  the  cylinder  ;  and  the 
degree  of  instability,  as  indicated  by  the  value  of  q  in  the 
ex[)onential  <?*'  to  which  the  motion  is  proportional,  depends 
upon  the  value  of  A,,  reaching  a  maximum  when  A,=4'51  x  '2a. 
In  these  investigations  the  external  pressure  is  supposed  to  be 
constant ;  and  this  is  tantamount  to  neglecting  the  inertia  of 
the  surroundino-  fluid. 

When  a  column  of  liquid  is  surrounded  by  air,  the  neglect 
of  the  inertia  of  the  latter  will  be  of  small  importance  ;  but 
there  are  cases  where  the  situation  is  reversed^  and  where  it 
is  the  inertia  of  the  fluid  outside  rather  than  of  the  fluid 
inside  the  cylinder  w'hich  is  important.  The  phenomenon  of 
the  disruption  of  a  jet  of  air  delivered  under  water,  easily 
illustrated  by  instantaneous  photography,  suggests  the  con- 
sideration of  the  case  where  the  inside  inertia  may  be  neglected; 
and  to  this  the  present  paper  is  specially  directed.  For  the 
sake  of  comparison  the  results  of  the  former  problem  are  also 
exhibited. 

(Since  the  fluid  is  supposed  to  be  inviscid,  there  is  a  velocity- 
potential,  proportional  to  e''^^  as  well  as  to  e'^\  and  satisfying 
the  usual  equation 

'l±  +  ^-f-J,^  =  0 (1) 

ar       r  dr 

If  the  fluid  under  consideration  is  inside  the   cylinder,  the 
a[)propriate  solution  of  (1)  is 

c/,  =  Jo(/Ar)=Io(AT); (2) 

and  the  final  result  for  q-  is 

,_   T    {l-k^a'')i]ca.3o'{ika) 


pa^  Jq  {ika) 

T    (l-^V)yl'aV(/;a) 


(•^) 


pa^  lo{ka)  J      •     '     • 

*  Communicated  bv  tlie  Author. 

t  (1)  "  Ou  the  Instability  of  Jets,"  Math.  Soc.  Proc.  November  1878. 

(2)  "On  the  CapiUary  Phenomena  of  Jets,"  Proc.  Koy.  Soc.  May 

1879. 

(3)  "  On  the  Instability  of   a  Cylinder  of   Viscous    Liquid  under 

Capillary  Force,"  supra,  p.  14o. 
Phil.  Mag.  S.  5.  Vol.  U.  No.  207.  Aug.  1892.  N 
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in  which  T  represents  the  capillary  tension,  p  the  density,  and, 
as  usual, 

lo(.t-)  =  Jo(/^r)  =  1  +  f,  +  ^,  +  -^^^2  +  •  •  • ,  (4) 

iiOO=^'VO>)=  1  +  2^4  +  Wlu;"^-  ••    •     ^^^ 

But  if  the  fluid  be  outside  the  cylinder,  we  have  to  use  that 
solution  of  (1)  for  which  the  motion  remains  finite  when  r=x) . 
This  maybe  expressed  in  two  ways*.  ^V^lien  r  is  great  we 
have  iha  semi-converoent  form 


2  2  -^    i^2 

178/^  "•■  1.2.  (8l7)2 


+ 


.••},     .     .     (6) 


1.2.3  {Urf 
and  for  all  values  of  r  the  full}-  convergent  series 

c/>-(7+]ogi/.Olo(^T)-^;'s,-2^^,S2- (7) 

in  which  7  is  Euler's  constant,  equal  to  '5772  ... ,  and 

S„  =  l+;^  +^  +...+  - (8) 

In  this  case  the  solution  of  the  problem  becomes 

T   (Fa^-l)/.-af  (ArQ 
^  ~  pa?  (}>{ka)  ,    '     '     '     '      U'j 

0  being  defined  by  (7).  In  (0)  p  represents  the  inei-tia  of  the 
external  fluid,  that  of  the  internal  fluid  being  neglected,  while 
in  the  corresponding  formula  (3)  p  is  the  inertia  of  the  internal 
fluid,  that  of  the  external  fluid  being  neglected.  There  would 
be  no  difficulty  in  writing  down  the  analytical  solution  ap- 
plicable to  the  more  general  case  where  both  densities  are 
regarded  as  finite. 

The  accomj)anving  Table  gives  the  values  of 

'  {^"^m^Y' m 

to  which  (J  in  (3)  is  proportional,  and  of 

{ii^iumy, ,, 

*  See  tlie  writhigs  of  Su-  G.  Stokes  j  or  'Theory  of  Sound,'  §  341. 
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correspond  inn-   in  a   similar   manner  to  (9).     In  tlie  second 
case  we  have 

0(.r)  =  (7+logU')ToGr) 

/»,6 


02  ^1  ~  ^^a"!^  ^2 


2-7^83 


^•(/)'  (.r)  =  T,,  [x]  +  (7  +  log-  i  A^^  a;  Ii(a;) 

^2  ^4  ^6 


,     .     (12) 


"2  ^1  ~  2274  ^2  —  22.  42^  6         ^"^^-^ 


a;. 

loC-^-)- 

.x-I,(.r). 

(10). 
•0000     1 

-0(.r). 

.v<p\x). 

(11). 

0-0 

1-0000 

•0000 

00 

1-0000 

•0000 

01 

10025 

■0050 

•0703     1 

2-4270 

•9854 

•6339 

0-2 

1-0100 

•0201 

•1382     1 

1-75-27 

•9551 

•7233 

03 

10226 

-0455 

-2012 

1-3724 

•9169 

-7795 

0^4 

10404 

•0816 

•25(i7 

11146 

•8738 

•8113 

0-5 

1-0635 

•1289 

•3015 

•9244 

•8283 

•8198 

0^6 

1  01)20 

•1882 

•3321 

•7774 

•7817 

•8022 

0-7 

1-1264 

•2603 

•3433 

•6607 

•7353 

•7535 

0^8 

1-1665 

•3463 

■3269 

■5654 

■0894 

•6625 

0-9 

1-2130 

•4474 

•2C.47 

•4869 

•6449 

•5017 

1-0 

•0000     i 

•0000 

On  account  of  the  factor  (1— .r^)  both  (10)  and  (11)  vanish 
when  ,r  =  0  and  when  .f=l.  Beyond  .r=l,  (10),  (11)  become 
imaginary,  indicating  stability.  It  will  be  seen  that  when  the 
tluid  is  internal  the  instability  is  a  maximnm  between  x  =  'Q 
and  x=^'l  ;  and  when  the  fluid  is  external,  between  it'  =  *4  and 
.?;  =  -5.  That  the  maximum  instability  would  correspond  to  a 
longer  wave-length  in  the  case  of  the  external  fluid  might 
have  been  expected,  in  view  of  the  greater  room  available  for 
the  flow.  The  same  consideration  also  explains  the  higher 
maximum  attained  by  (11)  than  by  (10). 

In  order  the  better  to  study  the  region  of  the  maximum, 
the  following  additional  values  have  been  calculated  by  the 
usual  bisection  formula 

q  +  r      (J  +  r  — (p  +  g) 


2      ^ 

1(3 

X. 

(10). 

X. 

(11). 

■65 

•3406 

•45 

•8186 

•70 

•3433 

•50 

•8198 

•75 

•3397 

•55 

•8147 
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The  value  of  x  for  which  (10)  is  a  maximum  may  now  be 
found  from  Lagrange's  interpolation  formula.     It  is 

corresponding  to 

\  =  2aX7r/^'  =  4-51x2a,      ....     (14) 

and  agreeing  with  the  value  formerly  obtained  by  a  different 
procedure. 

In  like  manner  we  get  for  the  value  of  .^■  giving  maximum 
instability  in  the  case  of  the  external  fluid, 

A- =  -485, 
and 

X=6-48x2a (15) 

Some  numerical  examj)les  applicable  to  the  case  of  water 
were  given  in  a  former  paper.  It  appeared  that  for  a  dia- 
meter of  one  millimetre  the  disturbance  of  maximum  insta- 
bility is  multiplied  1000-fold  in  about  one-fortieth  of  a  second 
of  time.  This  is  for  the  case  of  internal  fluid.  If  the  fluid 
were  external,  the  amplification  in  the  same  time  would  be 
more  than  one-million-foid. 

Terling  Place,  Witliam, 
July  2. 


XX.  Breath  Figures. 
By  W.  B.  Croft,  M.A.,   Winchester  College*. 

EIFTY  years  back  Prof.  Karsten,  of  Berlin,  placed  a  coin 
upon  glass,  and  by  electrifying  it  made  a  latent  impres- 
sion, which  revealed  itself  when  breathed  upon.  About  the 
same  time  Mr.  W.  R.  (now  Sir  W.  H.)  Grove  made  similar 
impressions  with  simple  paper  devices,  and  fixed  them  so  as 
to  be  always  visible.  A  discussion  of  Karsten's  results  occurs 
in  several  places,  but  I  have  not  been  able  to  find  details  of 
his  method  of  performing  the  experiment.  During  my 
attempts  to  repeat  it  some  effects  have  appeared  which  seem 
to  be  new  and  worthy  of  record. 

After  many  trials  I  found  the  following  method  the  most 
successful: — A  glass  plate,  6  inches  square,  is  put  on  the  table 
for  insulation  :  in  the  middle  lies  a  coin  with  a  strip  of  tinfoil 
going  from  it  to  the  edge  of  the  glass  :  on  this  coin  lies  the 
glass  to  be  impressed,  4  or  5  inches  square,  and  above  it  a 
second  coin.     It  is  essential  to  polish  the  glass  scrupulously 

*  Coinmunicated  by  tlie  Physical  Society  :  read  June  24,  1802. 
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clean  and  dry  with  a  leather  :  the  coins  may  be  used  just  as 
they  usually  are,  or  chemically  cleansed,  it  makes  no  differ- 
ence. The  tin-foil  and  the  upper  coin  are  connected  to  the 
poles  of  a  Wimshurst  machine  which  gives  3  or  4  inch  sparks. 
The  handle  is  turned  for  two  minutes,  during  which  one-inch 
sparks  must  be  kept  passing  at  the  poles  of  the  machine.  On 
taking  up  the  glass  one  can  detect  no  change  with  the  eye  or 
the  microscope  ;  but  when  either  side  is  breathed  upon,  a  clear 
frosted  picture  appears  of  that  side  of  the  coin  which  had  faced 
it  :  even  a  sculptor's  mark  beneath  the  head  may  be  read. 
For  convenience  those  parts  where  the  breath  seems  to  adhere 
will  be  called  white,  the  other  parts  black.  In  this  experi- 
ment the  more  projecting  parts  of  the  coin  have  a  black 
counterpart,  but  there  is  a  fine  gradation  of  shade  to  corre- 
spond with  the  depth  of  cutting  in  the  device  :  the  soft 
undulations  of  the  head  and  neck  are  delicately  reproduced. 

The  microscope  shows  that  moisture  is  really  deposited  over 
the  whole  surface,  the  size  of  the  minute  water  granulation 
increasing  as  the  point  of  the  picture  is  darker  in  shade. 

There  seems  to  be  no  change  produced  by  the  use  of  coins 
of  different  metals. 

If  sparking  is  allowed  across  the  glass  instead  of  at  the 
poles  of  the  machine,  traces  of  metal  are  sometimes  deposited 
beyond  the  disk  of  the  coin,  but  not  within  it. 

Around  the  disk  is  a  black  ring  ^  inch  broad  :  sometimes 
the  milling  of  the  coin  causes  radial  lines  across  this  halo. 

If  carefully  protected  there  appears  to  be  no  limit  to  the 
permanence  of  the  figures,  but  commonly  they  are  gradually 
obscured  by  the  dust  gathered  up  after  being  often  breathed 
upon  :  some  of  the  early  ones,  done  more  than  two  years  back, 
are  still  clear  and  well  defined  in  the  detail. 

It  is  possible  to  efface  them  with  some  difficulty  by  rubbing 
with  a  leather  whilst  the  glass  is  moist.  They  are  best  pre- 
served by  laying  several  together  when  dry  and  wrapping 
them  in  paper :  they  are  not  blurred  by  this  contact. 

It  is  a  curious  fact  that  certain  developments  take  place 
after  a  lapse  of  some  weeks  or  months.  The  dark  ring 
around  the  disk  oraduallv  changes  into  a  series  of  three  or 
four,  black  and  white  alternately  ;  other  instances  of  such  a 
change  will  be  noted  below. 

Let  it  be  noticed  that  in  coin  pictures  the  object  is  near  to, 
but  not  in  contact  with,  the  glass  :  for  in  the  best  specimens 
the  rim  of  the  coin  keeps  the  inner  part  clear  of  the  surface. 

Obviously  a  small  condenser  is  made  by  the  coins :  it  is 
not  essential ;  at  the  same  time  images  made  by  a  single  coin, 
put  to  u  single  pole,  are  inferior. 
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The  plan  ^vllIch  gives  the  surest  and  most  beautiful  results 
is  to  place  five  or  six  coins,  lying  in  contact  side  by  side  in  a 
cross  or  star,  on  either  side  of  the  glass  :  it  is  not  necessary 
that  each  coin  should  exactly  face  one  on  the  other  side. 

There  has  not  appeared  any  distinction  between  the  figures 
made  by  positive  and  negative  electricity. 

When  several  coins  are  side  b}"-  side,  touching  one  another, 
there  appear  in  the  spaces  between  them,  which  are  mostly 
black,  well-defined  white  lines,  common  tangents  to  the  cir- 
cular edges  of  the  coins.  If  these  are  of  equal  size  the  lines 
are  straight;  otherwise  they  are  curved,  concave  towards  a 
smaller  coin.  They  seem  to  be  traces  in  that  plane  of  the  loci 
of  intersection  of  equij)otential  surfaces. 

Similar  effects  are  obtained  when  coins  and  glasses  are  piled 
up  alternately,  and  the  outer  coins  are  put  to  the  poles  of  the 
machine.  With  six  glasses  and  seven  coins  perfect  images 
have  been  formed  on  both  sides  of  each  glass.  With  eight 
glasses  the  figures  were  imperfect ;  but  there  is  little  doubt 
this  could  be  improved  by  continued  trials  as  to  the  amount 
of  electricity  applied. 

If  several  glasses  are  superposed  and  coins  are  applied  to 
the  outer  surfaces,  there  are  only  the  two  images  at  the  outside. 
After  the  electrification  there  is  a  strong  cohesion  between 
the  plates. 

It  requires  some  practice  to  manage  the  electrification  so 
as  to  produce  the  best  results.  Theie  are  two  forms  of  failure 
which  present  interesting  features.  Sometimes  a  picture 
comes  out  with  the  outlines  dotted  instead  of  being  continuous. 
At  other  times,  if  the  ele(;trification  is  carried  too  far,  the 
impression  comes  out  wholly  black  ;  but  on  rubbing  the  glass 
when  dry  with  a  leather  the  excess  is  somehow  removed. 
Naturally  it  is  difficult  to  rub  down  exactly  to  the  right  point, 
but  I  have  succeeded  on  several  occasions  in  developing  from 
a  blank  all  the  fine  detail  of  elaborate  coins. 

Here,  again,  we  have  another  instance  of  the  development 
by  lapse  of  time,  for  an  over-excited  piece  of  glass  usually 
gives  a  clear  picture  after  an  interval  of  a  day  or  two. 

Impressions  from  stereotype  plates  have  been  taken  of 
which  the  greater  part  is  legible :  the  distinctness  usually 
improves  after  a  few  days.  In  default  of  a  second  i)late,  a 
piece  of  tin-foil  about  the  same  size  should  be  put  on  the 
opposite  side  of  the  glass. 

Sheet  and  plate  glass  of  various  thicknesses  have  been  used 
without  any  noticeable  change  either  in  the  treatment  or  the 
results. 

I  have  put  an  impressed  glass  on  a  jdiotographic  plate  in 
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the  dark,  but  did  not  get  any  result  on  developing  :  my  im- 
perfect skill  in  pliotograpliic  matters  leaves  this  experiment 
inconclusive. 

Probably  all  polished  surfaces  may  be  similarly  affected  :  a 
plate  of  quartz  gives  the  most  perfect  images,  which  retain 
their  freshness  longer  than  those  on  glass. 

Mica  and  gelatine  give  poorer  results  :  it  is  not  possible  to 
polish  the  surface  to  the  necessary  point  without  scratching  it. 

On  metal  surfaces  fairlv  good  impressions  can  be  product'd 
if,  as  Karsten  advises,  oiled  paper  is  put  between  the  coin  and 
the  surface. 

In  the  order  of  original  discovery  the  figures  noticed  by 
Peter  Riess  should  come  first.  He  discusses  a  breath-track 
made  on  ghiss  by  a  feeble  electrical  discharge  ;  as  well  as  two 
permanent  marks,  noticed  by  Ettrick,  which  betray  a  disin- 
tegration of  the  surface. 

I  have  found  that  when  a  stronger  discharge  is  employed 
more  complex  phenomena  of  a  similar  kind  are  produced.  A 
6-inch  Wimshurst  machine  is  arranged  with  extra  condensers, 
as  if  to  pierce  a  piece  of  glass.  If  this  is  about  4  inches 
square  the  spark  will  generally  go  round  it.  For  a  day, 
more  or  less,  there  is  only  a  bleared  watery  track,  ^^j  inch 
wide,  when  the  glass  is  breathed  upon  ;  but  after  this  time 
others  develop  themselves  within  the  first,  a  fine  central 
black  line  with  two  white  and  two  black  on  either  side,  the 
total  breadth  being  the  original  j^^  inch.  These  breath-lines 
do  not  precisely  coincide  in  position  with  the  permanent  scars, 
but  the  central  one  is  almost  the  same  as  a  permanent  mark, 
which  the  microscope  shows  to  be  the  surface  of  glass  frac- 
tured into  small  squares  of  considerable  regularity  :  on  either 
side  is  a  grey-blue  line  always  visible,  which  Riess  ascribes 
to  the  separation  of  the  potash.  After  several  months  I  found 
two  blue  lines  on  either  side,  which  I  believe  were  not  visible 
at  first.  Of  course  these  blue  lines  may  be  seen  on  most 
Leyden  jars,  where  they  have  discharged  themselves  across 
the  glass. 

In  ]842  Moser,  of  Kunigsberg,  produced  figures  on 
polished  surfaces  by  placing  bodies  with  tmequal  surfaces 
near  to  them :  the  action  was  ascribed  to  the  power  of  light, 
and  liis  results  were  compared  with  those  of  Daguerre. 
Moser  says,  "We  cannot  therefore  doubt  that  light  acts 
uniformly  on  all  bodies,  and  that,  moreover,  all  bodies  will 
depict  themselves  on  others,  and  it  only  depends  on  extrane- 
ous circumstances  whether  or  not  the  images  become  visible." 
In  general,  the  multitude  of  images  would  make  confusion  ; 
it  can  only  be  freshly  polished  surfaces  that  are  free  to  reveal 
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single  definite  impressions.  However  great  Moser's  assump- 
tion may  be,  there  are  many  achievements  of  modern  photo- 
graphy that  would  be  as  surprising  if  they  were  not  so 
familiar.  I  have  not  the  means  of  knowing  the  precise  form 
of  Moser^s  methods  :  in  the  experiments  which  follow  there 
is  usually  contact  and  light  pressure,  and  if  they  are  not 
wholly  analogous,  they  may  for  that  cause  help  to  generalize 
the  idea  :  in  none  of  these  is  electricity  applied. 

A  piece  of  mica  is  freshly  split,  and  a  coin  lightly  pressed 
for  30  seconds  on  the  new  surface  :  a  breath-image  of  the 
coin  is  left  behind.  At  the  same  time  it  may  be  noticed  that 
the  breath  causes  abundant  iridescence  over  the  surface,  whilst 
it  is  in  a  fresh  state.  It  is  not  clear  how  the  electricity  of 
cleavage  can  have  an  active  agency  in  the  result. 

It  is  familiar  to  most  people  that  a  coin  resting  for  a  while 
on  glass  will  give  an  ouiline  of  the  disk,  and  sometimes  faint 
traces  of  the  inner  detail  when  breathed  upon. 

An  examination-paper,  printed  on  one  side,  is  put  between 
two  plates  of  glass  and  left  for  ten  hours,  either  in  the  dark 
or  the  daylight:  a  small  weight  will  keep  the  paper  in  continu- 
ous contact,  but  this  is  not  necessary  if  thick  glass  is  used.  A 
perfect  breath-impression  of  the  print  is  made,  not  onlv  on 
the  glass  which  lay  against  the  print  but  also  on  that  which 
faced  the  blank  side  of  the  paper.  Of  course  the  latter  reads 
directly,  and  the  former  inversely;  the  print  was  about  one 
year  old,  and  presumably  dry. 

More  often  both  impressions  are  white,  sometimes  one  or 
other  or  both  are  black.  At  other  times  the  same  one  may  be 
])art  white  and  part  black,  and  they  even  change  while  being- 
examined. 

During  a  sharp  frost  with  east  winds  early  in  March,  1890, 
these  impressions  of  all  kinds  were  easy  to  produce,  so  as  to 
be  quite  perfect  to  the  last  connna  ;  but  in  general  they  are 
difficult,  more  especially  those  from  the  blank  side. 

At  the  best  period  those  from  the  blank  side  of  the  paper 
were  white  and  very  strong  ;  also  there  were  white  spots  and 
blotches  revealed  by  the  breath.  They  seemed  to  correspond 
with  slight  variations  in  the  structure  of  the  paper,  and  suggest 
an  idea  that  the  thickness  of  the  ink  or  paper  makes  a  minute 
mechanical  indentation  on  the  molecules  :  the  state  of  these 
is  probably  tender  and  sensitive  under  certain  atmospheric  con- 
ditions, as  happens  with  steel  in  times  of  frost. 

The  following  experiments  easily  succeed  at  any  time  : — 
Stars  and  crosses  of  paper  are  placed  for  a  few  hours  beneath 
a  plate  of  glass :  clear  white  breath-figures  of  the  device  will 
appear.     A  piece  of  paper  is  folded  several  times  each  way 


Mr.  W.  B.  Oroft  on  Breath  F'lmres.  185 

into  small  squares,  then  spread  out  and  [)laced  under  glass  : 
the  raised  lines  of  the  folds  produce  white  breath-traces,  and 
a  letter  Aveight  that  was  above  leaves  a  latent  mark  of  its 
circular  rim. 

Some  writing  is  nuide  on  paper  with  ordinary  ink  and  well 
dried  :  it  will  leave  a  very  lasting  wdiite  brearh-image  after  a 
few  hours'  contact.  If,  with  an  ivory  })oint,  the  writing  is 
traced  with  slight  pressure  on  glass,  a  black  breath-image  is 
made  at  once.  Of  course  this  reads  directly,  and  the  white 
one  inversely.  It  is  convenient  to  look  through  the  glass 
from  the  other  side  for  inverse  impressions,  so  as  to  make  them 
read  direct. 

Plates  of  glass  lie  for  a  few  hours  on  a  table-cover  worked 
with  sunflowers  in  silk:  they  acquire  strong  white  figures  from 
the  silk. 

In  most  cases  I  have  warmed  the  glass,  primarily  for  the 
sake  of  cleansing  it  from  moisture  ;  but  I  have  often  gone  to 
a  heat  beyond  what  this  needs,  and  think  that  the  sensitive- 
ness has  been  increased  thereby. 

It  is  not  not  easy  to  imagine  what  leads  to  the  distinction 
between  black  and  white,  different  substances  act  variously 
in  this  respect.  I  have  placed  various  threads  for  a  few  hours 
under  a  piece  of  glass,  which  lay  on  them  with  light  pressure: 
wool  gives  black,  silk  white,  cotton  black,  copper  white.  A 
twist  of  tinsel  and  wool  gives  a  line  dotted  white  and  black  ; 
after  a  time  these  traces  show  signs  of  developing  into  mul- 
tiple lines  as  in  the  spark  figures. 

Two  cases  have  been  reported  to  me  where  blinds  with 
embossed  letters  have  left  a  latent  image  on  the  window  near 
which  they  lay  ;  it  was  revealed  in  misty  weather,  and  had 
not  been  remoAcd  by  washing.  I  have  not  had  a  chance  to 
see  these  for  m^'self,  but  both  my  informants  were  accustomed 
to  scientific  observation. 

A  glass  which  has  lain  above  a  picture  for  some  years,  but 
is  kept  from  contact  by  the  mount,  will  often  show  on  its 
inner  side  an  outline  of  the  picture,  always  visible  without 
breath.  It  seems  to  be  a  dust  figure  easily  removed  :  possibly, 
heat  and  light  have  loosened  fine  paint  particles,  and  these 
have  been  drawn  up  to  the  glass  by  the  electricity  made  in 
rubbing  the  outer  side  to  clean  it.  The  picture  must  have 
been  well  framed  and  sealed  up ;  most  connnonly  dust  and 
damp  get  in  and  obscui*e  such  a  delicate  effect. 

I  am  at  a  loss  to  imagine  simple  causes  for  these  varied 
effects.  I  am  not  incliuiul  to  think,  except  in  the  case  of 
water-colours,  which  is  hardly  part  of  the  in([uiry,  that  there 
is    a   definite    material    deposit    or    chemical    change  ;    one 
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cannot  suppose  that  imperceptible  traces  of  grease,  inera- 
dicable as  they  may  be,  would  produce  complete  and  delicate 
outlines.  The  cleaning  ott'  of  impressions  may  at  first  seem 
to  indicate  a  deposit ;  but  this  renewal  of  the  surface  might 
rather  be  like  smootliing  out  an  indented  tin-foil  surface  : 
such  a  view  might  exphiin  the  case  where  a  blank  over- 
electrified  disk  is  develo[)ed  into  fine  detail.  The  electrified 
figures  seem  to  point  to  a  bombardment,  which  produces  a 
molecular  change,  the  intensity  of  electricity  bringing  about 
quickly  what  may  also  be  done  by  slow  persistent  action  of 
mechanical  pressure.  At  present  it  seems  as  if  most  of  the 
])henomena  cannot  bo  drawn  out  from  the  unknown  region 
of  molecular  agency. 

While  ex})erimenting  I  was  not  within  reach  of  references 
to  former  researches,  but  I  have  since  done  my  best  to  find 
them  out,  and  to  indicate  all  I  have  learnt  in  the  body  of  my 
paper. 

Poggendorff,  vol.  Ivii.  p.  492  ;  translated   in  Arcldves  de 

I'Electrlcite,  1812,  p.  647. 
Riess'  Electrlsche  Hauchfujuren  in  Repertorlum  der  Pliysik; 

translated  in  Arcldves  de  I'JSlectrlcite,  1842,  p.  591. 
Riess'  Die   Lehre,   von    der  lieihangs   Eleclr'icitdtj   vol.   ii. 

pp.  221-224. 
Mascart,  Elect ricite  Statique,  vol.  ii.  p.  177. 
Taylor's  Scientific  Memoirs,  vol.  iii. 


XXI.  A  Portable  Instrument  for  Measuring  Magnetic  Fields. 
With  some  Observations  on  the  Strength  of  the  Stratj  Fields  of 
Ut/namos.     Bi/  Edwin  Edser  a«rf  Herbert  Stansfield*. 

[Plates  III.  &  IV.] 

THIS  instrument  was  constructed  for  the  purpose  of  giving 
direct  readings  for  the  strength  of  magnetic  fields,  such 
as  are  found  in  the  neighbourhood  of  Dynamos  ;  thus  avoid- 
ing the  inconveniences  attending  the  Ballistic  method.  Porta- 
bility, a  considerable  range,  and  a  fair  degree  of  accuracy 
were  the  qualities  sought.  The  instrument,  as  now  con- 
structed, whilst  satisfying  the  first  of  these  conditions,  may 
be  used  to  measure  any  field  from  1  line  per  centimetre  up- 
wards, with  an  error  of  only  about  2  per  cent.  ;  the  only 
accessories  required  being  a  dry  cell  and  a  resistance-box. 

*  Communicated  by  the  Physical  Society  :  read  May  13,  1892. 
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111  principle  it  is  the  inversion  of  the  D'Arsonval  galvauo- 
meter  ;  the  torsion  necessary  to  restore  a  coil,  through  which 
a  constant  current  circulates,  to  its  normal  position,  parallel 
to  the  direction  of  the  lines  of  force,  furnishino;  readings  pro- 
portional to  the  field  at  the  position  of  the  coil'^. 

A  diagram  of  the  instrument  is  shown  in  hg.  1  (Plate  III.). 
A  B  is  a  small  coil,  oblong  in  sha})e,  wound  of  No.  44  I>.  W.G. 
copper  wire,  and  suppported  half  on  each  side  of  a  sheet  of 
mica.  It  is  suspended  from  each  end  by  strips,  10  centiin. 
long,  of  rolled  German-silver  wire,  each  strip  having  a  loop 
which  is  passed  over  a  small  brass  hook  riveted  on  to  the 
mica,  and  in  electrical  counnunication  with  a  terminal  of  the 
coil.  The  strip  0  A  is  in  electrical  connexion  with  the  case 
of  the  instrument  at  C,  whilst  the  strip  D  B  is  insulated  from 
it  at  D  by  an  ebonite  plug,  attached  to  the  torsion-head  E. 
Inside  this  latter  is  a  commutator  for  automatically  reversing 
the  current,  so  as  to  take  readings  on  each  side  of  the  zero. 
It  consists  of  four  semicircular  strips  of  co[)per,  cross  connected 
as  shown  in  fig.  2,  a  ;ind  h  being  connected  to  the  two  battery 
terminals.  Two  springs,  one  soldered  to  the  case,  the  other 
insulated  from  it,  but  connected  to  the  end  of  the  suspending 
strip  D  B,  press  on  these  semicircular  strips.  When  the 
torsion-head  is  at  zero  no  current  passes,  the  springs  then 
being  at  c  and  d  respectively  (fig.  2).  To  take  a  reading  the 
torsion-head  is  turned,  thus  sending  the  current  through  the 
coil.  Should  the  latter  be  deflected  in  the  wrong  direction, 
the  current  can  be  reversed  by  means  of  the  plug  contact,  P, 
attached  to  the  battery  leads.  Headings  are  taken  on  each 
side  of  zero  in  order  to  eliminate  any  error  due  to  imperfect 
balancing  of  the  coil ;  an  aluminium  pointer  G,  attached  to 
the  coil,  being  always  brought  by  the  torsion  to  the  zero 
position  on  a  small  scale. 

In  order  to  obtain  at  once  a  spring-suspension  and  an 
adjustment  for  the  torsion  of  the  strip,  a  particular  form  of 
geometrical  slide  is  used.  A  A'  (fig.  3)  is  a  thick  brass  tube, 
turned  at  B  B'  to  a  slightly  conical  plug  to  fit  the  tube  of 

*  After  the  completion  of  this  instrument  our  attention  was  called  to 
some  experiments  of  Messrs.  Siemens  and  Ilalske,  in  which  the  same 
principle  was  used. 

"  In  order  to  measure  the  intensities  of  the  rotary  field,  a  coil  was 
hung  in  the  centre  of  the  rin<i:,  in  such  a  way  that  its  ma}>-netic  axis  was 
perpendicular  to  the  measured  direction  of  the  resulting  magnetic  axis  of 
the  ring.  Tlie  coil  was  then  excited  by  a  continuous  current,  and  was 
kept  in  position  by  a  spring.  The  torque  of  the  spring  served  as  a 
measure  of  the  intensity."  "  Deduction  and  I'iXperiments  on  Uotary 
Currents."  A.  du  ]5ois  Iieymond,  '  EU;clrical  Ueview,'  June -j,  LSUl, 
vol.  xxviii.  No.  7(Xi. 
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the  iustruinent  (fig.  1).  Two  grooves  (seen  in  plan  at  C  C^) 
are  made  along  this  tube,  a  cross  head  F  (fig.  1)  on  the  screw 
E  F  fitting  into  them.  This  screw  is  drilled  along  its  whole 
length  to  admit  a  thick  wire  H  I  0,  the  latter  having  a  cross 
head  I,  also  fitting  into  the  longitudinal  grooves.  These  two 
cross  heads  are  then  connected  to  the  two  ends  of  a  spiral 
spring,  in  such  a  manner  that  they  are  pressed  by  it  against 
opposite  sides  of  the  grooves.  The  suspending  strip  being 
connected  to  the  central  wire  HI(/  at  0,  its  tension  can  be 
increased  or  diminished  by  means  of  the  nut  K,  without 
altering  the  position  of  the  coil.  Any  sudden  jerk  will  also 
be  taken  by  the  spring,  thus  obviating  the  risk  of  stretching 
the  suspending  strip.  Scratches  on  the  wire  H  I  C  near  H 
indicate  the  tension  used. 

As  a  source  of  current  a  Hellesen  dry  cell  is  used.  When 
joined  up  through  50  ohms  the  E.M.F.  of  the  cell  is  practi- 
cally constant,  whilst  its  internal  resistance  is  negligible*. 

The  resistance  of  the  instrument  having  been  made  up  to 
50  ohms,  it  follows  that  its  sensitiveness  can  be  varied  by 
introducing  an  independent  resistance  in  the  circuit. 

Let  (_■  =  constant  of  instrument  (i.  e.  field  for  1°  of  torsion, 
with  no  external  resistance  in  circuit)  ; 
n  =  multijde  of  50  ohms  in  circuit,  exclusive  of  resist- 
ance of  instrument ; 
6  =  mean  angular  torsion  ; 
then 

Field  in  C.G.S.  measure  =  C  (n  +  1)^. 

C  w\as  determined,  and  the  instrument  calibrated,  between 
the  coils  of  a  galvanometer  of  the  Gaugain  type  through  which 
a  known  current  was  passed.  For  an  E.M.F.  of  1'45  in  the 
dry  cell  it  was  found  to  be  •293.  The  error  shown  in  the 
calibration  was  always  below  2  per  cent. 

By  permission  of  the  Committee  of  Experts,  and  of  a  num- 
ber of  the  firms  exhibiting,  a  series  of  measurements  were 
made  at  the  Electrical  Exhibition,  (crystal  Palace.  The 
results  obtained  are  shown  in  the  remaining  figures. 

Fig.  1  (Plate  IV.)  shows  the  fields  measured  at  various 
distances  from  different  dynamos,  the  distances  plotted  as 
abscisspe  and  the  fields  as  ordinates.  It  is  noticeable  that 
machines  of  the  multipolar  type  show  a  much  steeper  curve 
than  other  dynamos.  This  is  especially  noticeable  in  the  case 
of  the  Gulcher  Dynamo  curve  (G). 

*  See  ElccirofecJinisc/ie  Zcitschrift,  August!,  1890,  vol.  ii.  No.  31. 
Eepublished  in  pauiplilet  form  by  Siemens  Bros,  and  Co.,  Ltd.  We 
have  independently  verified  these  results. 
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Fig.  4  (Plate  III.)  shows  the  fields  round  Mr.  Kapp's 
8-pole  macliine.     They  are  noticeably  small. 

Flo-.  2  (Plate  IV.)  shows  the  effect  of  edges,  corners,  &c.  on 
the  strength  of  field.  On  the  flat  surface  of  the  pole-piece 
the  field  was  about  600  (varying  between  517  and  (590), 
on  the  edges  increased  to  about  1000,  whilst  on  the  corners 
it  reached  a  strength  of  over  1100  O.G.S.  lines  j)er  centimetre. 

Fig.  o  (Plate  IV.)  shows  the  deformation  of  the  stray  field 
produced  by  the  armature  reactions.  The  measurements  were 
made  on  an  Elwell-Parker  Motor.  The  strength  of  field  on 
the  ti-ailing  edge  was  about  460,  whilst  that  on  the  leading- 
edge  was  about  500. 

Fig,  6  (Plate  III.)  shows  various  measurements  made  on 
the  Gulcher  Dynamo  ;  Fig.  7  (same  Plate)  gives  the  field 
near  one  of  Mr.  Kapp's  Dynamos  ;  Fig.  4  (Plate  IV.)  shows 
the  fields  at  two  positions  of  a  Laing,  Wharton,  and  Down 
shielded  dynamo. 

Some  curious  effects  of  armature  reactions  are  noticeable 
on  the  Thomson-Houston  Dynamo  (fig.  5,  Plate  III.).  As 
the  bars  in  this  machine  act  as  a  yoke,  the  result  is  due 
to  combined  magnetic  leakage  and  armature  reaction. 

By  the  kindness  of  ]\Ir.  Harrison  we  were  enabled  to  make 
some  experiments  on  a  watch,  previously  unmagnetized,  which 
he  lent  us.  We  found  that  a  field  of  about  10  had  no  appre- 
ciable effect  on  its  rate  of  going,  but  that  after  being  subjected 
to  a  field  of  about  40  it  lost  about  8  minutes  per  day;  and 
even  after  being  demagnetized  in  an  alternating  field  it  still 
continued  very  erratic  in  its  actions.  Of  the  dynamos  whose 
fields  we  have  measured,  with  the  exception  of  the  Thomson- 
Houston,  Ship's  Dynamo  (Laing,  Wharton,  and  Down),  and 
Mr.  Kapp's  large  Multipolar,  it  would  not  be  safe  to  go  nearer 
than  about  2  feet*.  Moreover,  with  a  watch  with  a  steel 
balance-wheel  (the  one  experimented  upon  had  a  brass  one), 
even  greater  precautions  might  have  to  be  observed. 

Finally,  we  wish  to  record  our  thanks  to  Mr.  Harrison  for 
allowing  us  to  experiment  on  his  watch  ;  to  Mr.  Barton  for 
his  assistance  in  constructing  the  instrument  ;  and  to  Messrs. 
Crompton,  Kajip,  Laing,  Wharton,  and  Down,  the  Gulcher 
('Ompany,  the  Electric  Construction  Corporation,  and  Major- 
General  Festing,  for  permission  to  experiment  on  their  various 
dynamos,  and  also  to  publish  the  results. 

*  One  could  not  safely  go  within  three  feet  of  the  Ehvell-l'iirker 
Continuous  Current  Tnuisfonnor. 
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XXII.    Correlated  Averages . 
By  Professor  F.  Y.  Edgewokth,  M.A.,  D.C.L* 

^"pHE  "  correlfition "  t  between  the  members  of  a  system 
JL  such  as  the  limbs  or  other  mensurable  attributes  of  an 
organism  may  in  general  be  expressed  by  the  formula 

n  =  J<?~^(^A'i,  dx.2,  dx^,  &e.  ; 

where 

+  2'/i2(xi-.ri)(x2— .^2)  + 2^713  (xi  —  .ri)(x3-. i-3)  +  &c.; 

Xi,  X2,  X3  &c.  are  the  average  values  of  the  respective  organs ; 
cTj,  .^2,  &c.  are  particular  values  of  the  same  ;  p^,  p^ .  . .  9^12,  g\z 
are  constants  to  be  olitained  from  observation  ;  J  is  a  constant 
deduced  from  the  condition  that  the  inteoral  of  11  between 
extreme  limits  should  be  unity.  The  expression  11  represents 
the  probability  that  any  particular  values  of  x^,  x.j,  &c.  should 
concur.  It  enables  us  to  answer  the  questions :  What  is  the 
most  probable  value  of  one  deviation  x,  corresponding  to 
assigned  values  Xi,  x^  &c.  of  the  other  variables  ?  and  What 
is  the  dispersion  of  the  values  of  x^  about  its  mean  (the  other 
variables  being  assigned)  ? 

This  general  formula  for  the  concurrence  of  particular 
values  of  several  organs  is  deducible  from  the  proposition, 
proved  by  theory  and  observation,  that  each  organ  considered 
by  itself  assumes  different  values  according  to  the  exponential 
law  of  error.  In  a  subsequent  paper  I  hope  to  justify  this 
principle  ;  at  present,  assuming  the  propriety  of  the  above- 
written  formula,  I  propose  to  show  how  the  constants 
P\i  V-i- '  •  '/i2i  '7i3  •  •  •  ai"©  calculated.  This  problem  has  been 
solved  by  Mr.  Galton  for  the  case  of  two  variables.  The 
happy  device  of  measuring  each  deviation  by  the  corre- 
sponding quartile  taken  as  unit  enables  him  to  express  the 
sought  quadratic  in  terms  of  a  single  parameter  ;  as  thus  : — 


-p  X^  2pXiX2  x^^ 


2  ' 


where  our  p  is  Mr.  Gralton's  r,  and  the  Xj,  X2  of  our  general 
formula  are  zero.     The  parameter  is  found  by  observing  the 

*  Communicated  by  the  Author. 

t  See  Galton,  Proc.  Roy.  Soc.  1888,  "  Co-relations  and  their  Measure- 
ment;" and  Weldou,  Proc.  Roy.  Soc.  1892,  "Certain  Correlated  "N'aria- 
tious  in  Crangon  vulf/aris," 
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value  of  .?'j,  say  ^j,  ■which  most  frequently  corresponds  to  an 
assigned  value  of  x^,  say  a-</  (or  ^?c^  versa).     From  the  equa- 

tion  -,—  =()  we  have 

It  should  be  observed  that  for  the  purpose  of  this  calcula- 
tion it  is  not  necessary,  as  Mr.  Galton  has  done,  to  pick  out 
ihe  values  of  Xi  corresponding  to  eacli  value  of  a'2.  It  is 
sufficient  to  take  the  smn,  or  the  mean,  of  all  or  some  of  the 
jtositive,  exclusive  of  negative,  values  [or  negative^  exclusive 
of  positive]  and  the  sum  or  mean  of  the  corresponding  values, 
not  exclusive  of  negative  [or  positive]  ;  and  to  equate 

or 

n        '      ?i    '  11      '      11    ^ 

omitting  perhaps  the  extreme  observations,  with  respect  to 
which  the  law  of  error  is  liable  to  break  down. 

For  example,  let  it  be  required  to  find  the  coefficient  of 
correlation  between  the  stature  and  left  cubit  of  adult  males, 
from  the  data  utilized  by  Mr.  Galton  in  Table  II.  of  his  paper 
on  "Co-Eelations  "  (Froc.  Roy.  Soc.  1888,  p.  138)  ,without  the 
trouble  of  the  detailed  selection,  the  elaborate  '^dejyoniUement,''^ 
which  the  construction  of  his  table  requires.  Take  the  cubit 
as  the  independent  variable,  X2  of  the  last  paragrajih,  and 
write  down  all  the  deviations  of  the  cubit  (from  its  mean 
value)  which  are  above  zero  and  short  of  the  extremity. 
There  are  ninety-three  such  instances — between  18*5  and 
19*5  inches — among  the  materials  which  Mr.  Galton  has 
employed  in  constructing  his  Table  11.  (op.  cit.).  The  sum 
of  these  deviations  is  1762'75  inches;  the  sum  of  the  ninety- 
three  concurrent  deviations  of  stature  is  6422  inches.  Each 
of  these  has  to  be  divided  by  the  corresponding  quartile  ; 
•56  inch  in  the  case  of  the  cubit,  1"75  inch  in  the  case  of  the 
statures.     Thus 

_  S^i  _  1762-75      6422       ^ 

^■"^^.■r^~•56     ""T75-'^- 

Which  is  the  value  for  the  coefficient  found  by  Mr.  Galton. 

In  working  this  example  I  have  taken  the  figures  from  the 
compartments  of  Mr.  Galton^'s  Table  II.  ;  for  instance,  reckon- 
ing that  there  are  55  cubit-deviations  '•'  18'5  and  under  19"0,''' 
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i.  e.  18" 75  nearly,  and  similarly  o8  cubit-deviations  measuring 
on  an  average  1\)"25.  But  it  is  not  necessary  in  general  (the 
prevalence  of  the  law  of  error  being  presumed)  for  the  pur- 
pose of  calculating  the  coefficient  to  work  up  the  materials  as 
in  Mr.  Galtou's  Table  II.,  or  Table  III.  It  suffices  to  take 
the  figures  from  the  original  observations  pell-mell  as  they 
come  ;  in  fact  it  is  better  to  proceed  thus,  as  we  avoid  the 
inaccui'acv  involved  in  assuming  that  all  the  observations  in 
each  small  compartment,  e.  g.  between  18'5  inches  and  19"0 
inches,  have  the  same  measure — 18*75  inches.  I  take  an 
example  from  some  of  Mr.  Galton's  unmanipulated  observa- 
tions which  he  has  kindly  submitted  to  me.  The  raw  material 
consists  of  a  table  like  the  following,  each  column  giving  the 
measurement  of  one  organ,  each  row  the  measurements  on 
one  man, — in  the  random  order  in  which  the  visitors  to  the 
Anthropometric  laboratory  presented  themselves.  Here  is  a 
specimen : — 

Table  I. 


taturea. 

Lett  Cu 

72-4     .     .     . 

.     .     19-3 

71-9     .     .     . 

.     .     18-7 

71-5     .     .     . 

.     .     18-8 

70        .     .     . 

.     .     18-4 

QQ        .     .     . 

.     .     18 

70-3     .     .     . 

.     .     18-6 

72-2     .     .     . 

.     .     19-6 

69        .     .     . 

.     .     18-4 

68        .     .     . 

.     .     18-3 

64-4     .     .     . 

.     .     18-2 

65-5     .     .     . 

.     .     16-8 

66-1     .     .     . 

.     .     17-1 

71-6     .     .     . 

.     .     19-3 

68-4     .     .     . 

.     .     18-2 

65        .     .     . 

.     .     17-3 

63-7     .     .     . 

.     .     16-8 

62-3     .     .     . 

,     .     16-5 

(There  are  other  columns  with  which  we  are  not  at  present 
concerned.)  From  the  right  column  I  pick  out  all  the  figures 
which  are  above  18*05  (the  mean  value  of  the  cubit)  and 
write  them  down  in  a  new  column,  as  thus  : — - 
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Table  II. 

Left  Cubit 

Corresponding 

(above  18-0o  j. 

Stature. 

19-3 

1                 72-4 

18-7 

71-9 

18-8 

71-5 

18-4 

1                 70 

18-6 

70-3 

19-6 

72-2 

18-4 

69 

18-3 

68 

19-3 

71-6 

18-2  • 

68-4 

18-1 

68-3 

18-7 

68-4 

*18 

70-2 

19-4 

71-1 

18-8 

68-3 

L5)280-6 

15)1051-6 

18-707 


70-107 


The  mean  deviation  of  the   cubits,  in  absolute  measure,  is 

18-707-18-05       ^,  ,.  a     •  r         f  .i 

Ihe  corresponding  mean  deviation   oi    tlie 


-56 
statures  is 


70-107-67-2 
1-75 


assuu:iin<i  from  Mr.  Galton's  tables 


in  Proc.  Roy.  Soc.  1888  that  18-05  and  67-2  inches  are  the 
respective  mean  values  of  the  cubit  and  stature,  '56  and  1-75 
their  respective  quartiles.  For  the  coefficient  of  correlation 
we  have 

mean  deviation  of  cubit  in  absolute  measure  -r-  corresponding 
mean  deviation  of  stature 

=  1-17  -^  1-66  =-7  nearly. 

The  truer  value  is  -8,  as  determined  by  Mr.  Galton  from 
some  hundreds  of  observations  ;  but  we  must  not  expect  an 
accurate  result  from  a  few  observations  here  instanced  by 
way  of  paradigm. 

In  the  work  of  this  example  I  have  purjjosely  allowed  one 
mistake  not  largely  affecting  the  result  to  stand  by  way 
of  w^arning  ;  the  18  marked  with  an  asterisk  in  the  second 
table  which,  being  below  the  mean  value  of  the  cubit,  has  no 
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business  in  a  column  furnishing  positive  values  of  the  devia- 
tion tt'2.  It  is  clear  that,  if  we  admitted  such  values  indis- 
criminately, we  should  obtain  an  indeterminate  result  for  p. 

Of  course,  the  more  elaborate  tabulation  employed  by  Mr. 
Galton  in  the  paper  referred  to  and  elsewhere  is  useful  for 
the  purpose  of  verifying  that  the  law  of  error  is  indeed 
fulfilled,  of  testing  up  to  what  distance  from  the  mean  it 
holds  good,  and  for  other  purposes. 

It  may  be  observed  that  the  calculation  of  the  coefficients 
of  correlation  is  not  affected  if  we  take  as  the  unit,  not  the 
quartile,  but  the  same  -7-476  .  . .,  the  modulus  of  each  set  of 
observations.  In  what  follows  it  is  to  be  understood,  when 
the  contrary  is  not  expressed,  that  the  variables  x-^  x^,  &c. — 
representing  deviations  of  different  organs  or  attributes  from 
their  mean  value — are  thus  measured. 

To  extend  Mr.  Galton's  method  to  the  case  of  three  vari- 
ables Xi,  X2,  A'3 ;  first  determine  the  coefficients  of  correlation 
for  each  pair  (.t'lA-g),  (a'i.i'3),_(.%.»'3)  ;  say,  p^^,  pn,  pu-  _  Thus 
the  probability  of  any  particular  Xi  and  x^  concurring  is 
lK.e~^dx^dx2,  where  K  is  a  properly  taken  coefficient,  and 

Q -^'i  ^Xi  X^  pio  X2 


1—pu^  l—pl2^  l-pl2^' 

(See  above,  p.  190,  and  Mr.  Galton's  work  there  referred  to.) 
Now  the  expression  above  written  must  be  derived  from  the 
sought  expression  Je"'^dx^  dx2dx^,  where 

R=i'l'Vl^  +JJ2'i'2^  +2h^Vs^  +  ^Xi^'CiX^  +  2^i3.ri.l'3  +  2^23A'2.1'3, 

by  integration  with  respect  to  x^  between  extreme  limits  +  ^ 
and  —  CO  .  If  we  watch  the  process  of  integration,  we  shall 
find  that  the  coefficient  of  a'i^  (in  the  exponent  of  the 
integral)  is 

Fz         ' 
the  coefficient  of  Xi  X2  is 

and  the  coefficient  of  x^'  is 

Ihlh-q-iz^ 
Pz       ' 
These  coefficients  are  to  be  equated  respectively  to 

^1       rife,  „„i  .,i   , 

1_n     '^         1  _n    2  1~n    2 

^       Pi2  ^       Pl2  -L — P12 
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tlie  rooffieionts  of  .I'l^,  .fj  .t'o,  and  X2^,  in  the  quiulratic  above 
written  eonsitlereJ  as  derived  directly  from  tlie  Galtoniau 
coetiieient  py2.  Employin*^'  tlie  quadratic  to  determine  the 
most  probable  ,/'i  corresponding  to  any  assigned  .1*2  (ef.  above, 
p.  191)  we  have 


This  may  be  written 


lhP5-qn    ' 

Q12 


P12-  p^' 

where  Q^o  and   Pj  are  certain  minors  of  the  determinant  A, 
which  forms  the  discriminant  of  R  ; 

A= 


Ih, 

'/12J 

Yl3 

']l-2, 

l'2j 

'723 

'/13> 

'723, 

/'3 

If  we  carry  the  integration  one  step  further,  integrating 
Ke~^  with  respect  to  a'j  between  extreme  limits,  we  shall  find 
for  the  probability  of  any  particular  iVi  the  expression 

But  1)y  convention  the  niodalas  of  the  probability-curve  under 
which  the  values  of  .I'l  range  is  unity  (above,  p.  194).  There- 
fore A  =  P2. 

By  parity  of  reasoning, 

A  =  P3  =  P,. 


Ql3 


Ql3 

p:' 


_  Q23  _  ^23 ' 

P23- p        p7 
Therefore 

Ql2  =  Api2;       Ql3  =  ^^13;       Q23  =  A/J23- 

Thus  we  may  write  the  reciprocal  A'  of  the  determinant  A  : — 
A'=       A,  Api2,       A|0i3 

A/912,       A,  Ap23 

!       A/3i3,        Ap23,  A 

But,  by  a  well-known  theorem,   each  first   minor  of  A'=A 
multiplied  by  the  corresponding  constituent  of  A.     Thus 

{^^-^%,')=^J,,  -,   (a%,  p^,  -  aVi^)  =  A712. 
o  2 
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p^   =A(1— P23^) 
yi3  =  A(p23fl3— P12)   5 


with  coin-esponding  values  for  the  Other  coefficient  . 

It  remains  onl^  to  determine  A  This  is  effected  by  the 
equation  A  =  Pi-  Employing  the  values  of  pi,  Jh  ^g.,  qi„  *Sc., 
which  have  just  been  found, 

I       A(pi2p23-Pl3)    A(l— pi2^) 

whence  on      /  \2\  . 

A  =  A2{(1-Pi3^^)(l-Pl2')-(P12P23-Pl3)    }  > 

and  A  is  determined  in  terms  of  the  p's,  of  which  the  numerical 
valufs  are  supposed  to  have  been  ascertained.  The  whole 
system  of  coefficients  is  therefore  determined  numerical  y 

Example. -Lei  x,,  .1;,  a;  respectively  represent  deMation. 
of  tlituri  cubit,  andheight  of  kiiee.  The  -efficients  o  cor- 
relation  for  each  pair  are  ^^  =  -8.  Pi3=  9,  Py-  ^  '  ^'^^^^^ 
tained  by  Mr.  Galton  (Proc.  Roy.  Soc.  1888,  Co-ielations, 
Table  Y.).     To  find  the  coefficients  of  the  expression 

^^.,.^2  +^,^,,.^2  ^_^,g.^.^2  +  2(/i2^'l*2  +  2?13^^'l-^'3  +  ^zyh^'>^, 

^vhich  is  the  exponent  of  the  expression  for  the  probability 
that  any  particular  values  of  .v„  .v„  ..3.should  concur;  or  in 
other  wm-ds,  the  equation  of  the  ellipsoid  of  equal  probabihty 
(the  final  constant  being  omitted).      _ 

Here  tor  the  reciprocal  of  the  discriminant  A  we  ha^e 

A'= 


Whence 


I'l 


•-^A 


1, 

•8, 


1 


^13 


=  A 


•8,     -8 
1,     -9 


=i.  A(l--64)=t:A-36, 


=  A(-72-'8)  =  -A-08. 


By  parity  ^,3=  A-19, /.3  =  ^-36,  qn=-^'^^,  ^23=  -^'08. 
A-36.   -A-08,  -A-26     1 
TluisA=^     -A-U8;       A-19,   -A-08     i. 
-A-26,   -A-08,       A-3b     1 
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And  to  determine  A  we  have 

•ly,     --08 


A  =  A^ 


-•08,         -36 


=  A'-'(-36x-iy--08-) 


=  A--0G20  (a  result  whieli  may  be  verified  by  observing  that 
the  other  two  principal  minors  afford,  as  they  ought,  the  same 
ecpiation  for  A).  Whence  A=l(yl29.  Substituting  this 
value  in  the  values  of  the  coefficients  above  found,  we  have 
for  the  sought  expression 

5-806.V  + 3-064^32 +  5-806a;32-2  x  l-290.y^.v3 

-2  X  4-194.1VV3-2  X  l'290Avr3. 

Thus   we  see   that   the  dispersion    of  Xi    corresponding   to 

assigned  values    of  a%,  .Vn  has    for  modulus       ^  The 

most  probable  deviation  of  one  organ,  e.g.  the  cubit,  corre- 
sponding to  assigned  deviations  of  the  two  other  organs  is 
found  by  differentiating  with  respect  to  cV^  the  expression  above 
written  and  equating  to  zero.  Thus,  if  .I'l,  x^  be  the  assigned 
deviations  of  stature  and  height  of  knee,  and  ^2  the  most 
probable  corresponding  deviation  of  cubit,  3'064f2  =  l*290,i'i' 

I  have  verified  this  deduction  by  actually  observing  the 
value  of  cubit-deviation  which  on  an  average  corresponds  to 
assigned  values  of  the  other  deviations.  For  this  purpose  I 
employ  a  table  such  as  Table  I.  at  }).  192,  with  an  additional 
column  for  height  of^nee.  This  nuiterial,  consisting  of  un- 
manipulated  observations  on  the  stature,  cubit,  and  knee-height 
of  three  hundred  men,  was  kindly  furnished  to  me  by  Mr. 
Gabon.  Out  of  these  three  hundred  triplets  1  pick  out 
ninety-six  which  have  the  stature  and  knee-height  above  the 
respective  means  of  those  organs ;  and  proceed  in  a  mannei- 
analogous  to  the  simpler  calculation  discussed  at  p.  193.  The 
columns  for  stature  and  cubit  will  be  nearly  the  same  as  those 
of  Table  II.  in  that  passage  ;  but  not  quite  the  same.  For 
negative  values  are  admissible  there  for  the  deviation  of 
stature  which  is  there  the  dependent  varial)le,  but  not  here, 
where  Ijoth  stature  and  knee-height  are  treated  as  independent 
variables.  On  the  other  hand,  negative  deviations  of  cubit 
are  admissible  here,  but  not  there.  The  rationale  of  this  dis- 
tinction is  sufficiently  explained  by  the  remark  at  p.  194  (top). 

Here  is   a   si)ecimeu   of  the  calculation,   the  columns    for 
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cubit  and  stature  being  here,  as  for  the  jnost  part  they  must 
be,  identical  with  those  used  for  the  simpler  calculation  (at 
p.  193). 

Table  III. 


Height  of  knee 

1 
Statures. 

Corresponding 

(above  20  o). 

(above  (i7"2). 

cubit. 

22-9 

72-4 

19-3 

214 

71-9 

18-7 

21  ■« 

71-.5 

18-8 

21 

70 

18-4 

21-7 

70-3 

18-6 

22 

72-2 

19-6 

21-1 

69 

18-4 
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68 

18-3 

21-6 

71-6 

19-3 

21-4 

68-4 

18-2 

20-6 

68-3 

18-1 

20-8 

68-4 

18-7 

21 

70-2 

18 

22-3 

71-1 

19-4 

21-4 

68-3 

18-8 

321-4 

lO.iir, 

280-6 

The  mean  deviations  of  cubit  and  of  stature  are  as  before 
(in  units  of  the  quartiles)  1'17  and  1*66.     The  mean  deviation 

of  knee-height  is  (— tf 20*5  W'8  (20*5  in.  being  the  mean 

and  "8  in.  the  quartile  for  the  height  of  knee  ;  Galton,  Proc. 
Roy.  Soc.  1888,  Co-relations,  Table  I.)  =  1'16.  According  to 
theory  the  sum  of  the  mean  positive  deviations  of  the  stature 
and  knee-height  divided  into  the  corresponding  mean  devia- 
tion of  cubit  should  yield  a  quotient  •42.     In  fact 

l-17--(M6  +  l-66)  =  -415. 

This  consilience  between  fact  and  theory  will  appear  all 
the  more  striking  when  it  is  mentioned  that  the  anthro- 
pometrical  observations  from  which  Mr.  Galton  educed  his 
coefficients  'S,  "9,  and  "8  were  not  coincident  with  those  by 
which  I  have  verified  the  theory  built  upon  those  coefficients. 
This  theory  is  readih'  extended  to  the  case  of  many  variables. 
One  way  of  looking  at  the  whole  matter  is  as  follows  : — 
Beginning  with  the  case  of  three  variables — the  familiar 
.1',  y,  z — let  us  suppose  that  tc,  the  probability  of  particular 
values  of  ,v,  y,  z  concurring,  —ie~^dxdydz^  Avhere  Il  =  a.r^ 
+  %^  +  cc^  +  2/^^  +  2^.r^  +  2/(.?'3/ ;  and  let  us  inquire  how, 
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given  the  coefficients  in  this  expression,  we  could  deduce  the 
coefficient  of  correlation  ])etween  any  two  of  the  variables, 
x  and  y.  The  souoht  coefficient,  say  r,  is  such  that  to  any 
assigned  value  of  x,  e.  g.  x',  there  corresponds  rx'  as  the  most 
probable  value  of  y  :  that  is  to  say,  the  y  which  in  the  long 
run — the  lono"  run  whose  stages  are  different  values  of  z — most 
frequently  occurs.  The  direct  method  is  to  substitute  .t-'  for 
X  in  u',  integrate  between  extreme  limits  with  regard  to  z, 
difterentiate  with  regard  to  y,  and  equate  to  zero.  Geometri- 
cally we  may  imagine  a  surface  in  the  fourth  dimension  of 
space  at  a  distance  iv^  from  the  plane  x  =  x' ;  where  iVi'is,  what 
10  becomes  when  .>•'  is  substituted  for  .r.  The  annexed  diagram 
is  intended  to  assist  the  imagination  by  representing  the 
curves  of  probability  projected  on  the  plane  yz.  The  point 
Oi  is  the  centre  of  that  system  of  ellipses  which  is  formed  by 


z 

__, ^ 

.-'' 

y 

\ 

y 

/■ 

y 

^ 

/ 

y/^                                                                                             J 

/ 

' 

/                  / 

1 

/                 / 

/                             1 

/                 / 

/                             / 

/                / 

/                / 

/                              ' 

/               / 

/                              / 

/                              / 

/                / 

/                              / 

/                / 

)               / 

/                              / 

/                 / 

/                             / 

/   /         0. 

/                              / 

/              / 

/                               / 

/              / 

/                               / 

/               / 

/                               / 

//         / 

/                              / 
/                               / 
/                                / 
'                                   / 

/ 
/ 
/ 
/ 

/ 
/ 

\  ^^-^  y 

\          .^ 

the  section  of  the  plane  ,?.•  =  .?;'  with  the  ellipsoid 

ax'^  +  %2  +  (.^2  ^  2/J/2;  +  ^.gxz  f  Vixy  —  const. 

The  surface  w-^  is  evidently  symmetrical  on  either  side  of 
planes  parallel  to  the  axes  y  and  z  through  the  point  Oi- 
Thus  the  sought  y  to  which  corresponds  the  greatest  number 
of  instances  in   the    long    run,  the   y    for    which    the   strip 

w^  dz  is  greatest,  is  the  ordinate  of  Oi  ;  which  is  also 


J. 
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the  y  for  which  the  corresponding  jr-ordinate  is  greatest.     It 
is  given  therefore  by  the  equations 

^"'i  _n     ^^^1  —  0 

^?«j  being  what  w  becomes  when  a^  is  substituted  for  x)  ;  or  by 
the  equations 

dy~^'    dz 


''^.0,  '^=0 


that  is 


Whence 


kv'  +  by+fz  —  O, 
ff,v'  +  fy  +  cz  =  0. 


_  fg—ch   ,/  _  H  , 

^~  hc-f'  '^   ~  A'^' 

where  H  and  A  are  minors  of  the  discriminant 

a  h  g 
h  h  f 
9     f     c^ 

TT 

Thus  ?'=  li-as  before. 
A 

By  parity  of  reasoning  the  most  probable  x  corresponding 

TT 

to  Jin  assigned  y  is  -^ .     Thus  A  =  B.     And  by   parity  the 

coefficients  of  correlation  between  the  other  pairs  xz  and  yz 
are  respectively  proportional  to  G  and  F  ;  and  C  =  B  =  A. 
From  the  same  point  of  view  it  appears  that  the  coefficient 

A 

of  .r^  in  the  exponent  of  the  expression  \!\iodydz  is    ,r.      For 

suppose  for  a  moment  that  there  were  added  to  w  a.  term 
—  2x.^* ;  the  centre  of  the  surfiiee  being  thus  tranferred  from 
zero  to  X.  The  most  probable  ,c  is  found  by  solving  the 
system 

ax-\-hy-\-gz  —  x, 

kr  +  by+fz=0, 

gx  +  fy  +CZ  =0. 

Solving  for  x,  we  have  A.i'  =  Ax,  x=  ^x  ;  and  accordingly 

\\wdydz  is  of  the  form  Jf-~  a^'^"^*"* 
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But,  since  by  convention  the  modulus  oftlie  varitible  is  unity, 
A  =  A  (  =  B  =  0)  ;  a  result  which  continues  to  hold  as  x  is 
supposed  to  vanish. 

This  reasoning  is  quite  general ;  and  accordingly,  re- 
placing the  symbols  a\,  x.2,  .v^,  we  may  extend  to  four  and 
higher  numbers  of  variables  the  solution  which  has  been  given 
above  for  the  case  of  three  variables.  In  the  case  of  four 
variables  p^^,  pw  ^^-  Pa  •  •  •  ^'^hig  as  before  the  coefficients  of 
correlation  for  each  pair,  the  i-eciprocal  of  the  discriminant 

A'  = 


A. 

Apio, 

Api3, 

A/)i4 

A/312. 

A. 

Ap^2,^, 

Ap24 

Apl3? 

Ap,,. 

A, 

Ap34 

A/314, 

Apo^, 

Ap3.1, 

A. 

\^e  have  merely  to  border  with  a  new  row  and  column  the 
determinant  used  for  the  case  of  three  variables.  But  in 
forming  the  first  minors  of  the  reciprocal  in  the  case  of  four 
(and  similarly  for  any  even  number)  it  must  be  observed  that, 
according  to  the  rule  of  signs  *,  the  minor  of  the  reciprocal 
which  is  equated  to  A^(/i2  (in  general  A^'^^jg)  i"^  i"iot  now 
A^(po3p34/3i4),  but  —  A^  (p23 />34  P14)  ;  Or,  as  it  might  be  more 
elegant  to  write,  —  ^^ {p23  Pzi  Pn)  •     By  the  same  rule, 

Api3=+A^(p24/73lP42), 
A/3u=— A^(p2lP32p43), 


Example. — To  exhil)it  the  correlation  between  four  quan- 
tities, of  which  the  first,  x-^,  is  formed  by  taking  at  random  the 
sum  often  digits  (say  from  a  page  of  mathematical  tables); 
the  second,  .rg,  is  formed  by  adding  to  the  first  a\  another 
random  decade;  .r3  =  ,ro  4-  another  random  decade;  .r^  =  ,r3  + 
another  random  decade. 

The  coefficients  of  correlation  between  the  pairs,  which  have 
usually  to  be  ascertained  by  observation,  are  here  deducible 

a  priori.    E.  g.  p^o^  \/    .     For,  putting  ^^  and   f^,  for  the 

actual  deviations  of  the  first  and  second  quantities  (the  sum 
of  ten  and  the  sum  of  twenty  digits),  we  may  regard  ^,  and 
(^2  — ^1}  '''^  fluctuating  independently,  according  to  a  modulus 
which  is  the  same  for  botii,  say  c  ;   being  that  which  apper- 

*  Cf.  Salmon's  '  Higher  Algebra,'  chap.  1,  arts.  0  aud  8. 
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tains  to  a  sum  of  ten  random  digits  (it  is  \/ 165).    Accordingly 
the  eqiiiprobable  curves  are 

^  +  (A:Z&)!  =  const.; 
or 


Reducing  to  units  of  modulus  by  putting 

we  have 

whence  pi2=  —=.    In  like  manner  it  can  be  shown  that 
V  2 

Thus,  for  the  determinant  which  is  the  reciprocal  of  the 
discriminant,  we  have 


A'  = 


A.  A^i.      A^i,     A^l 

V?  ^-  VI  V! 
Vi'  VI  -  V! 
Wl  Wl  ^\/l'    ^ 


Pn 


1, 

a/I 

v'l 

r=A 

x/l 

1. 

Vi 

-1^ 

^/|' 

a/j' 

1 

/'1 2  = 


=  -A 


7^13=+ A 


&c. 
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\/s'  \/'i'  \/"2 

1'     Vi'  a/s 

1     1 

""■'^12    V2 

\/|  '•   VI 

\J\  \/\'  1 

\/!'  \/\-  \/l 

=  0. 

^'    V\V\ 
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&c. 


&c. 


The  determinant  A,  thus  determined  in  terms  of  itself,  may 
be  written : — 


12^'       ^2  72^^'         ^' 

_       1_^  1     .  _1     J_     A 

12  V2'        C.    '  In/G     ' 


0 


1J_  1.  _1J_A 


1       1         A 

0^        -4V3^' 


,:rA. 


To  determine  A  we  have 


A  =  A'^x 


1  1    1 

(r  4  vh" 

1   1  1 

4  n/6  4 


0 

4  v/3 
1 
6 


=  A^ 


57(; 
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When  A- =  576,  A  =  24.  Substituting  the  value  of  A  in  the 
expressions  for  the  coefficients,  we  find  for  the  sought  quanticR, 

2.^1^  +  4.i'2-  +  Qxf  +  4.1V  -  2  ^  2  .t'l  .1-2  -^^Q  .r.2  .^3  -  2  n/  12  .-JTs  x^. 

To  verify  and  ilhistrate  this  result,  let  it  he  employed  to 
answer  the  question,  What  is  the  most  probable  value  of  ./"j 
corresponding  to  assigned  values  of .%,  x^,  .i'^.  Differentiating  R 
with  respect  to  .I'j  and  equating  to  zero,  we  have  2xi  —  v  2  a'2  =  0 ; 
importing  that  to  any  assigned  deviation  of  the  second  variable 
the  most  probable  corresponding  deviation  of  the  first  variable 
is  'V^2  times  less  ;  each  deviation  being  reckoned  in  units  of 
its  own  modulus. 

The    truth  of  this  follows  at  once  from  the  datum  that 

|0^2=  -T—     To  give  another  proof  of  that  proposition  : — the 

mean  jiositiA  e  error  of  the  actual  de^^ations  of  the  first  decade 

of  dioits  from  its  mean  value  45  is  the  modulus  for  such  a 

decade,    say  c,   -f-  ^ir.     Now   let  there   be  added   a  second 

random  decade.     Its  deviations  lieing  in  the  long  run  as  often 

positive  as  negative,  the  sum  of  the  two  decades  is  the  same 

as  that  of  the  first  (the  deviations  of  the  first  being  exclusively 

c 
positive).     Thus  to  an  actual  mean  positive  deviation  —y^  of 

the  first  quantity  corresponds  the  same  actual  mean  deviation 

—7=  of  the  second  quantity.     But  the  modulus  of  the  second 

quantity  (the  sum  of  two  decades)  is  ^^2  times  that  of  the 
first.  Therefore,  in  units  of  modulus,  to  .t'l  assigned  corre- 
sponds, as  the  most  pi'ohahle  value  of  cV^,  a  deviation  less  in 

the  i-atio  -j^.  Whent-e,  by  the  Galtonian  theorem,  to  .i'2 
assigned  corresponds  as  the  most  probable  value  of  .t'l  a  devia- 
tion less  in  the  ratio  -yr-.      Which   is   the  proposition   here 

deduced  from  our  formula. 

The  case  ofjive  variables  follows  in  respect  of  the  signs  of 
the  first  minors  the  analogy  of  the  case  of  three  above  illus- 
trated ;  the  case  of  six  is  analogous  to  that  of  four.     And  so  on. 
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XXIII.  On  t/ie  Spc'ctrum  of  Liquid  Oxygen,  and  on  the  Refnic- 
tive  Indices  o/Lvjuid  Oxygen,  Nitrous  Oxide,  and  Ethylene. 
By  Professors  Liveing  and  Dewar*. 

IN  September  1(^88  w  ere  described  in  this  Magazine  (p.  2S(j) 
the  absorption-s})ectruin  of  oxygen  gus  in  various  states 
of  compression.  At  lower  pressures  the  absorptions  known 
in  the  solar  spectrum  as  A  and  B  were  most  conspicuous,  and 
as  the  pressure  increased  the  other  bands  described  by 
Jannsen  came  out  with  increasing  intensity.  The  former 
appear  to  be  due  to  the  molecules  of  oxygen,  and  increase  in 
intensity  directly  with  the  mass  of  the  oxygen  in'oducino- 
them  ;  while  the  latter  appear  to  arise  from  the  mutual  action 
of  the  molecules  on  one  another,  since  their  intensity  is 
dependent  on  the  density  as  well  as  the  mass  of  the  oxygen 
producing  them. 

With  the  small  dispersion  employed  in  these  observations 
the  absorptions  A  and  B  were  not  resolved  into  lines  as  in 
the  solar  spectrum,  but  they  had  otherwise  the  same  general 
characters  :  A  consisted  of  two  bands,  and  both  A  and  B  were 
sharply  defined  on  the  more  refrangible  edge  and  gradually 
faded  out  on  the  less  refrangible  side.  ( 'onsiderino-  how 
much  more  diffuse  the  lines  forming  these  groups  in  the  solar 
spectrum  become  as  the  sun  gets  nearer  the  horizon  (see 
j\rClean's  photographs),  it  is  probable  that,  under  the  cir- 
cumstances of  our  experiments,  they  would  not  have  been 
resolvable  into  lines  even  with  higher  dispersion. 

Subsequently,  in  a  paper  read  at  the  Royal  Society  (Proc. 
Roy.  Soc.  vol.  xlvi.  p.  222),  we  described  our  observations  on 
the  absorption  of  a  thickness  of  12  millim.  of  liquid  oxygen. 
We  noticed,  as  Olszewski  had  done,  the  strongest  three  of  the 
diffuse  i)ands  seen  in  the  spectrum  of  the  compressed  gas, 
but  could  not  detect  A.  The  mass  of  oxygen  in  12  millim. 
of  the  liquid  was  not  enough  to  make  A  visible. 

We  have  since  made  observations  with  larger  quantities  of 
liquid  oxygen.  For  this  purpose  we  have  used  a  glass  tube  of 
the  foi'm  shown  at  a  in  the  annexed  figure,  about  ^  inch  in 
diameter  and  3  inches  in  length.  This  tube  had  the  ends  blown 
as  flat  and  clear  as  possible,  and  it  was  enclosed  in  a  box  with 
glass  sides  bed,  and  the  air  in  the  box  well  dried,  in  oixler  to 
prevent  the  deposition  of  hoar-frost  on  the  tube.  The  liquid 
oxygen  was  poured  into  the  tube  at  the  pressure  of  the  atmo- 
sphere, and  at  first,  of  course,  boiled  violently,  until  the  tube 
was   reduced  to  the  temperature   of  boiling  oxygen,  —181°, 

*  Communiciited  by  the  Autkui;;. 
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lifter  which  the  liquid  boiled  slowly  and  quietly.     Through 
the  length  of  the  tube  (that  is,  a  thickness  of  about  o  inches 
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(■ 

C^ 

() 

/ 

of  liquid  oxygen)  we  viewed  the  hot  pole  of  an  electric  arc 
with  a  spectroscope  having  two  calcite  prisms  of  30°  and  one 
of  ()0°.  As  reference-rays  we  used  the  red  potassium-lines, 
of  which  the  })ositions  with  reference  to  A  and  B  were  well 
determined  by  KirchhofF,  and  confirmed  by  our  own  obser- 
vations. These  lines  were  easily  obtained  by  dropping  a  little 
of  a  potassium  salt  into  the  arc. 

The  difltuse  bands  previously  seen  both  in  the  gas  and  liquid 
were  all  of  exceptional  strength,  luit  we  did  not  notice  any 
addition  to  their  number  except  a  faint  band  just  above  G. 
In  place  of  A  we  observed  a  band,  but  different  from  A  in 
the  following  remarkable  particulars.  Instead  of  having  a 
sharp  edge  on  the  more  refrangible  side  and  fading  gradually 
towards  the  less  refrangible  side,  its  position  ap})eared  to  be 
reversed ;  the  sharp  edge  was  on  the  less  refrangible  side,  and 
it  faded  awav  oraduallv  on  the  more  refrangible  side.  More- 
over  its  sharp,  less  refrangible  edge  did  not  coincide  with  the 
sharp  edge  of  A,  but  reached  very  nearly  to  the  more  refran- 
gible of  the  two  potassium-lines,  that  is,  had  a  wave-length  of 
nearly  7660.  At  the  same  time  the  band  extended  beyond 
the  sharp  edge  of  A  on  the  more  refrangible  side.  There 
was  no  indication  that  it  was  resolvable  into  lines,  or  even 
into  two  bands.  Turning  to  the  place  of  B  in  the  spectrum 
Ave  were  not  able,  with  that  thickness  of  oxygen,  to  detect 
any  baud  in  that  place.  Olszewski  (Wied.  Ann.  xlii.  p.  663), 
with  a  thickness  of  30  millim.  of  liquid  oxygen,  observed  a 
somewhat  faint  baud  corresponding  to  A,  which  with  a 
Rutherford  prism  was  not  resolvable  into  lines,  but  he  has 
not  noticed  the  reversed  position  of  the  band. 

Using  a  similar  tube  for  the  liquid  oxygen,  but  six  inches 
long,  the  band  at  A  came  out  very  much  stronger  and  ex- 
tended much  further  on  the  more  refrangible  diffuse  side,  but 
was  not  conspicuously  expanded  on  the  other  side,  and  did 
not  hide  the  potassium-line.     At  the  same  time  a  fainter  band 
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up}jeared  ui  the  place  of  B.  This  had  precisely  the  same 
character  as  that  at  A  ;  that  is,  it  had  its  sharp  edge  on  the 
less  refrangible  side  and  faded  gradually  on  the  more  refran- 
gible side.  Its  sharp  edge  also  did  not  coincide  with  the 
sharp  edge  of  B,  but  reached  nearly  to  the  red  potassium-line 
A.  (3913.  By  estimation,  using  the  })otassium-lines  for  com- 
})arison,  we  put  the  wave-length  of  the  less  refrangible  edge 
at  about  X6905,  while  its  diffuse  side  was  visible  to  about 
A.  6870,  that  is,  barely  to  the  place  of  the  strong  edge  of  B. 

It  is  plain  that  these  two  bands  are  related  to  each  other  in 
the  same  way  as  the  solar  groups  A  and  B  are  related,  and 
we  cannot  avoid  the  conclusion  that  they  represent  A  and  B, 
but  modified  by  tlie  change  of  the  aljsorbent  from  the  gaseous 
to  the  liquid  state. 

If,  as  there  is  good  reason  to  think,  A  and  B  are  the  ab- 
sorptions of  free  molecules  of  oxygen,  the  persistence  of  these 
absorptions  in  the  liquid  seems  to  show  that  the  molecules  in 
the  liquid  are  the  same  as  in  the  gas.  At  the  same  time  the 
changes  they  undergo  ought  to  throw  some  light  on  the 
nature  of  the  change  in  passing  from  the  gaseous  to  the  liquid 
state,  as  well  as  on  the  causes  which  produce  the  sequences  of 
rays  which  are  called  channelled  spectra. 

We  have  noticed,  as  Olszewski  also  has  noticed,  that  liquid 
oxygen  is  distinctly  blue.  This  is,  of  course,  directly  con- 
nected with  its  strong  absorptions  in  the  orange  and  yellow. 
On  looking  at  a  mass  of  liquid  oxygen  through  a  direct-vision 
spectroscope  in  any  direction  the  scattered  light  shows  the 
strong  bands  plainly.  Indeed  they  remain  visible  when  the 
oxygen  has  evaporated  to  the  last  drop,  and  they  increase  in 
intensity  as  the  liquid  is  cooled,  so  that  wdien  the  pressure  on 
the  liquid  is  reduced  and  the  oxygen  cooled'  by  its  own 
evaporation  to  —200°  they  become  exceedingly  black. 
Olszewski  states  that  this  blue  colour  is  not,  so  far  as  he  could 
make  out,  due  to  ozone,  and  we  are  of  the  same  opinion. 
Ozone  dissolves  easily  in  liquid  oxygen  and  imparts  to  it  an 
indigo-blue  colour.  Such  a  solution  when  poured  into  a 
saucer  of  rock-salt  assumes  the  spheroidal  state,  and  as  the 
oxygen  eva})orates  becomes  more  concentrated,  and  finally 
explodes  with  considerable  violence.  In  the  dilute  solution 
we  could  not  detect  any  absorptions  due  to  the  ozone.  We 
attempted  to  obtain  a  lai*g(u-  quantity  of  liquid  ozone,  or  of  a 
concentrated  solution,  for  the  observation  of  its  spectrum. 
Oxygen  oxonized  in  a  tube  cooled  by  solid  carbonic  acid  gave 
small  beautiful  cobalt-blue  drops  of  liquid,  but  when  a  few  of 
these  drops  collected  together  in  a  tube  immersed  in  liquid 
oxygen  to  cool  it  to  —161°,  they  exploded  and  blew  the  whole 
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apparatus  to  pieces,  comminuting  the  tube  to  fine  powder. 
This  instability  of  ozone,  equally  at  very  low  and  at  high 
temperatures,  is  a  significant  fact  in  regard  to  the  form  of 
chemical  enei'gy.  It  seems  probable  that  it  is  connected 
with  the  great  absorbent  power  of  ozone.  The  radiant  energy 
absorbed  must  oive  rise  to  molecular  movements  which  mav, 
we  conceive,  set  up  disintegration. 

The  determination  of  the  refractive  index  of  liquid  oxygen, 
at  its  boiling-point  of  —182°  (',,  presented  more  difiiculty  than 
would  have  been  anticipated.  The  necessity  for  enclosing 
the  vessel  containing  the  liquid  in  an  outer  case  to  prevent 
the  deposit  of  a  layer  of  hoar-frost  which  would  scatter  all 
the  rays  falling  on  it,  rendered  manipulation  difiicult  ;  and 
hollow  prisms  with  cemented  sides  cracked  with  the  extreme 
cold.  It  was  only  after  repeated  attempts,  involving  the 
expenditure  of  a  whole  litre  of  liquid  oxygen  on  each  ex- 
periment, that  we  succeeded  in  getting  an  approximate  measure 
of  the  refractive  index  for  the  D  line  of  sodium.  The  mean 
of  several  ol)servations  gave  the  minimum  deviation  with  a 
prism  of  59°  15'  to  be  15°  11'  30",  and  thence  /m  =  1'2236. 
The  density  of  liquid  oxygen  at  its  boiling-point  of  — 182°  C.  is 

l*12-4.  and  this  gives  for  the  refraction-constant,  — 7— =1*989, 

and  for  the  refraction-equivalent  3*182.  This  corresponds 
closely  with  the  refraction-equivalent  deduced  by  Landolt  from 
the  refractive  indices  of  a  number  of  organic  compounds. 
Also  it  differs  little  from  the  refraction-equivalent  for  gaseous 
oxygen,  which  is  3*0ol6.  This  is  (juite  consistent  with  the 
supposition  that  the  molecules  of  oxygen  in  the  liquid  state 
are  the  same  as  in  the  gaseous. 

u^  — 1 
If  we  take  the  formula^-^^^ — r^,  for  the  refraction-constant 

we  find  the  value  of  it  for  liquid  oxygen  to  be  *1265,  and  the 
corresponding  refraction-equivalent  2-024.  These  are  exactly 
the  means  of  the  values  found  by  Mascart  and  Lorenz  for 
gaseous  oxygen.  The  inherent  difficulties  of  manipulation, 
and  the  fact  that  the  sides  of  the  hollow  prism  invariably 
became  coated  wnth  a  solid  deposit,  perhaps  solid  nitrogen, 
which  obscured  the  imao;e  of  the  source  of  lio-ht,  have  hitherto 
prevented  our  determining  the  refractive  indices  for  rays 
other  than  D*. 

*  This  will  be  prosecuted  further,  howe\er.  The  refractive  index  of 
oxygeu  has  an  impurtaut  bearing  uu  the  electro-magnetic  theory  of  light, 
considering  that  we  are  dealing  with  a  magnetic  liquid.     The  polarizing 
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The  determination  of  the  refractive  indices  for  liquid 
nitrous  oxide  did  not  present  so  great  difficulties.  The 
nuiiiniinn  deviations  for  the  rays  C,  D,  F,  G,  and  for  the 
lithium  i-av  X  (3705"5,  and  the  indium  ray  X  45096,  were' 
found  to  be,  respectively,  22°  53'_,  23°,  23°  18',  23°  33',  22°  52', 
anil  23°  28'.  The  corresponding  values  for  //.  are  1*329, 
1-3305,  1-3345,  1-3378,  1-3257,  and  1-3368, 

The  specific  gravity  of  liquid  nitrous  oxide  at  its  boiling- 
point  of  — 90'^().  was  found,  by  weighing   100  cubic  centim. 

of  the  liquid,  to  be  1-255. 

1 
This  gives,  for  the  D  ray,  —0-2634  and  for  the  mole- 

cular refraction  11*587.  Or,  if  we  take  the  other  formula, 
--5 — -—•,  =  •163  and  the  corresponding  molecular  refraction 

7-163.  Subtracting  the  refraction-equivalent  for  oxygen  we 
get  for  the  molecular  refraction  of  nitrogen  8-405  or  5-139 
according  to  the  formula  used.  Masciirt's  determination  of 
the  index  of  refraction  of  gaseous  nitrous  oxide  for  the  D  ray 
was  1  "0005 16  and  the  corresponding  molecular  refraction 
11-531,  or  7-69,  according  to  the  formuhx  used,  and  in  this  case 
the  older  formula  for  the  refraction-equivalent  sati:?fies  the 
condition  of  continuity  between  the  gaseous  and  liquid  states 
better  than  the  newer. 

It  was  more  difficult  to  obtain  the  refractive  indices  for 
liquid  ethylene  on  account  of  its  irregular  boiling.  Liquid 
oxygen  and  nitrous  oxide  boil  steadily,  but  ethylene  in  sudden 
bursts  of  large  volumes  of  vapour.  The  minimum  deviation 
for  the  D  ray  was  found  to  be  25°  29',  approximately.  This 
gives  /A  =  1'3632,  and,  since  the  density  of  the  liquid  at  its 

loiling-pointof-100°ais0-58,  ^^  =0-627  and  ] '^  ~}'^ 

=  0-384.  The  corresponding  numbers  for  gaseous  ethylene, 
according  to  Mascart,  are  0-578  and  0-385.  The  agreement 
for  the  second  formula  is  close,  but  we  doubt  if  much  stress 
can  be  laid  on  this,  inasmuch  as  we  know  that  the  liquid 
ethylene  contained  a  small  quantity  of  ether. 

angle  corresponding  to  the  index  of  refraction  found  above  for  liquid 

oxygen  is  50°  45',  and  one  of  us  has  found  that  when  liquid  oxj-gen  is 
cooled  to  —200°  by  its  own  evaporation  at  reduced  pressure  so  as  to 
present  a  steady  surface,  .and  the  image  of  a  candle  is  viewed  by  reflexion 
at  that  surface,  the  light  is  very  completely  polarized  when  the  incidence 
is  at  that  angle. 

Phil.  Mag.  S.  5.  Vol.  34.  No.  207.  Aug.  1892.  P 
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Systematic  Mineraloyy,  based  on  a  Natural  Olassijication.  By  T.  S. 
"Hunt,  M.A.,  LL.D.  8vo.  Pages  i-xvii,  and  1-391.  Scientific 
Publishing  Co. :  New  York,  1891. 
T^NDEAVOUKINGr  to  deterroine  a  Natural  System  in  Miuera- 
^^  logy,  the  author  of  this  work  carefully  studied  the  minera- 
logical  systems  proposed  by  Berzelius  (1815-24),  Werner  (1817), 
Mohs  (1822-24),  Shepard  (1835-44),  Jameson  (1820),  Breithaup 
(1836-46),  Weisbach  (1875-84),  Eammelsberg  (1841),  Dana 
(1837-82),  Naumann  (1849  ?-85),  Groth  (1882).  The  chief 
features  of  these  systems  are  carefully  defined,  and  the  author 
observes  that  at  present  "  the  results  of  the  chemical  analysis  of 
species  are  generally  considered  as  of  paramount  significance ; 
while  hardness,  specific  gravity,  crystalline  form,  and  optical 
characters  assume  a  secondary  value  in  classification,  and  are 
regarded  as  important  chiefly  in  connexion  with  determinative 
mineralogy.  The  conception  of  a  true  natural  method,  which, 
although  but  partially  understood,  was  at  the  basis  of  the  system 
of  Mohs,  has  been  generally  lost  sight  of ;  the  order  which  the 
naturalist  finds  in  the  organic  is  no  longer  apparent  in  the  inorganic 
world,  as  presented  in  modern  mineralogieal  text-books ;  and  this 
state  of  things  has  contributed  not  a  little  to  the  comparative 
neglect  into  ^\"hich  systematic  mineralogy  has  of  late  years  fallen." 

"  There  exist,  in  fact,  inherent  and  necessary  relations 

between  the  physical  characters  and  the  chemical  constitution  of 
inorganic  bodies,  which  serve  to  unite  and  reconcile  the  natural- 
historical  and  tlie  chemical  methods  in  mineralogy.  A  physico- 
chemical  study  of  the  mineral  kingdom,  having  in  view  these 
relations,  will  enable  us,  while  remaining  faithful  to  the  traditions 
of  Werner  and  of  Mohs,  to  frame  a  classification  which  it  is 
believed  will  merit  the  title  of  a  Natural  System  in  Mineralogy." 

The  chemical  and  natural-history  methods  being  both  defective, 
Dr.  T.  S.  Hunt  has  endeavoured  to  reconcile  the  two,  observing  a 
strict  conformity  to  chemical  principles,  and  at  the  same  time 
retaining  all  that  is  Aaluable  in  the  natural-history  method. 
"  Chemical  and  physical  characters  (he  observes)  are  really  depen- 
dent on  each  other,  and  present  two  aspects  of  the  same  problem, 
which  can  never  be  solved  but  by  the  consideration  of  both. 
Differences  in  specific  gravity  between  two  or  more  solid  species 
do  not  become  intelligible  until  we  know  the  equivalent  weights 
of  these  species  as  deduced  from  chemical  investigation.  It  is  not 
the  specific  gravity  itself,  but  the  relation  of  this  to  the  equivalent 
weight  which  must  be  taken  into  account."  Hence  in  the  intro- 
ductory chapters  the  author  has  explained  "  in  a  somewhat 
elementary  manner  such  principles  of  physics  and  chemistry  as 
seem  necessary  for  a  clear  understanding  of  this  relation.  The 
nature  of  chemical  change,  the  connexions  between  gases,  liquids, 
and  solids,  the  periodic  law,  the  pi-inciples  of  progressive  series 
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and  of  chemical  homology,  of  sohition,  and  those  of  polymerization 
or  rather  of  intrinsic  condensation,  and  the  relation  of  condensa- 
tion to  hardness  and  to  chemical  indifference,  have  therefore  been 
dwelt  upon  at  some  length.  The  problem  of  determining  the 
co-efficient  of  condensation  in  liquid  and  solid  species  has  moreover 
been  discussed  in  a  separate  chapter  ;  -while  a  new  and  simplified 
chemical  notation,  ■nhich  is  believed  to  bo  advantageous  for  the 
purposes  of  the  mineralogist,  has  been  set  forth.  The  subject  of 
mineral  constitution,  and  the  theoretical  questions  therein  involved, 
are  treated  in  Chapter  X." 

A  new  mineral ogical  classification  is  propounded  in  Chapter  XI., 
the  mineral  kingdom  being  divided  on  chemical  grounds  into  four 
classes  : — I.  Metallacese ;  II.  Halidacese ;  III.  Oxydacese ;  IV. 
Pyricaustacece. 

The  Metallacese  comprise  the  non-oxydized  metalline  minerals, 
including  the  metals,  their  alloys  and  all  their  compounds  with 
sulphur,  selenium,  tellurium,  phosphorus,  arsenic,  antimony,  and 
bismuth.  The  resemblance,  it  is  noted,  between  the  typical  and 
malleable  metals,  such  as  gold,  silver,  lead,  copper,  nickel,  and 
iron,  and  the  elementary  metalline  species,  tellurimn,  arsenic, 
antimony,  and  bismuth,  are  such,  Dr.  Hunt  states,  that  the  com- 
pounds of  these  with  the  metals  above  named  cannot  well  be 
separated  from  aUoys.  In  this  Class  the  author  enumerates  22 
genera  with  167  species  with  latin  names  either  indicative  of  their 
composition,  or  having  reference  to  their  common  accepted  names. 
Subclass  A  consists  of  the  Metallometallata.  Order  I.  Metal- 
linea  ;  Genus  I.  MctaUum,  native  metals  and  alloys  ;  2,  Metallinum, 
semimetals.  Order  II.  Galeninea  ;  Genus  1.  jT/i/o^aZoifif*?*,  metallic 
sulphids ;  2.  Salenogahnites,  metaUic  selenids ;  3.  Tellurogalenites, 
metallic  tellurids.  Order  III.  Diaphorinea ;  Genus  1.  Arsenodia- 
phorites,  metallic  sulpharsenids ;  2.  StibiodiaphoriUs,  metallic 
sulphantimonids  ;  3.  Bismutodiaphorites,  metallic  sulphohismu- 
thids.  Orderly.  Pyritinea ;  Genus  1.  Pyrites,  metallic  sulphids 
(of  iron,  cobalt,  nickel,  copper,  chromium,  and  ruthenium,  having 
a  hardness  above  5  of  Mohs'  scale) ;  2.  Pyritinus,  metallic  sul- 
pliids  (iron,  nickel,  copper,  and  tin  with  hardness  from  3"5 
to  5).  Order  V.  Chloanthinea ;  Genus  1.  PJiosj^hocloanthites,  a 
metallic  phosphid ;  2,  Arsenochloanthites,  metallic  arsenids ;  3. 
iSitibiochloauthifes,  metallic  antimonids  ;  4.  Arsenodyscrasitcs,  metal- 
lic arsenids  ;  5.  Stibiodyscrasiti's,  metallic  antimonids.  Order  VI. 
Lamprotinea;  Genus  1.  Arsenolamprotites,  metallic  sulpharsenids  ; 
2.  Mesolamprotites,  &c.,  kindred  to  the  preceding  genus  (with 
nickel,  antimony,  bismuth).  Subclass  B.  Spathometallata.  Or- 
der VII.  Spathometalliuea ;  Genus  1.  Spathometallinnm,  spatho- 
metalloids  (sulphur,  selenium,  seleiisulphur,  phosphorus,  arsenic). 
Order  VIII.  Sphalerinea  ;  Genus  1.  >Sphalentes,  spathoid  sulphids. 
Order  IX.  Ivhopyritinea ;  Genus  1.  Arse)wfulvites,  sY)ath.oid  sul- 
pharsenids  ;  2.  Stihiofulviti's,  spathoid  sulphantimonids  ;  3.  Medio- 
fidvites,  kindred  to  last  two  genera  (annivite,  studerite,  rittingerite, 
&c.).     Class  II.  Halidaceae,  with  21  species  in  5  genera.     Order  I. 
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riuorinea ;  Genus  1.  Fluorites,  spathoid.  Order  II.  Chlorines; 
Genus  1.  Mil  rial  a  s,  salinoid  ;  2,  Muriates,  spathoid.  Orders  III. 
&  IV.  Bromiuea  and  Godiuea,  Genera  1  and  2.  Bromites  and 
lodites,  kindred  to  the  preceding  genus.  Class  III.  (with  464 
species  in  69  genera).  Subclass  «.  Oxydata.  Order  I,  Ox_ydiuea  ; 
Genus  1,  Hydroxites,  spathoid  and  colloid ;  2.  ProthoUthus,  chiefly 
spathoid ;  3.  Cri/staUithvs,  adamantoid.  Subclass  6.  Amphidata. 
Order  II.  Boratinea  ;  Genus  1.  Borasalinites,  salinoid  ;  2.  Bora- 
tinus,  spathoid  ;  3.  Borites,  adamantoid.  Order  III.  Spinellinea  ; 
Genus  1.  Spinellas,  adamantoid;  2.  AlJospinellus,  adamantoid, 
kindred  to  the  last.  Order  IV.  Carboninea ;  Genus  1.  Carhosali- 
Jtito,  salinoid  ;  2.  //iyrfromri^^yiiifA',  chiefly  spathoid  ;  3.  Carbonites, 
spathoid  ;  4.  Halicarhonitcs,  spathoid.  Order  V.  Silicinea  ; 
Genus  1.  Pectolithus,  chiefly  spathoid;  2.  Chri/solithns,  spathoid; 
3.  AmjjJuboliis,  ndamautoid;  4.  Pt/roxenus,  chiefly  adamantoid ;  5. 
Phcnacites,  adamantoid ;  6.  Zirconius,  adamantoid  ;  7.  Eritimites, 
chiefly  spatljoid ;  8.  Picrolitlius,  spathoid  and  phylloid ;  9.  Poro- 
silicites,  colloid.  Order  VI.  Borisilicinea ;  Genus  1.  Boricrystal- 
lithus,  adamantoid ;  2.  Borisilicitcs,  spathoid.  Order  VII.  Argil- 
linea  ;  Genus  1.  Zeotithits,  spathoid;  2.  Agrolithns,  spathoid 
(felspars) ;  3.  Scapolithus,  spathoid ;  4.  Alcalites,  spathoid ;  5. 
Phengites,  phylloid ;  6..  Astrites,  phylloid ;  7.  Idocrasius,  adaman- 
toid; 8.  Epidotus,  adamantoid;  9.  Granatns,  adamantoid;  10. 
Oranatiiius,  adamantoid  ;  11.  Acmilodes,  adamantoid  ;  12.  Berijllus, 
adamantoid  ;  13.  Sj^odiolithus,  adamantoid  ;  14.  Porodites,  colloid  ; 
15.  Amorphites,  colloid  ;  16.  Topazixt^^,  adamantoid  ;  17.  Pgrau- 
a-if^js,  phylloid  ;  J 8.  Aryillitlius,  coWoiA.  Order  VIII.  Borargillinea; 
Genus  1.  Turmalinus,  adamantoid  ;  2.  Axinites,  adamantoid. 
Order  IX.  Titanea  ;  Genus  1.  Titanites,  spathoid  ;  2.  Puratitaaites, 
chiefly  spathoid.  Order  X.  Stauninea  (Cassitei'otantalite,  &c.). 
Order  XI.  Coliinibotautalinea ;  Genus  1.  TantaJites,  adamantoid  ; 
2.  Cohtmhifes,  adamantoid  ;  3.  Paracolumbites,  adamantoid.  Order 
XII.  Wolframinea  ;  Genus  1.  Wolfra7nites,s\ya\hoid.  Order  XIII. 
Molybdinea  ;  Genus  1.  Mohjbdites,  spathoid.  Order  XIV.  Chro- 
matinea;  Genus  1.  Chromatites.  Order  XV.  Nitratinea;  Genus  1. 
Nitrasalinites,  salinoid  ;  2.  Nitrates,  phylloid.  Order  XVI.  Phos- 
phatinea  ;  Genus  1.  Eutelitts,  chiefly  spathoid;.  2.  Plwsphatites, 
spathoid;  3.  ylji^ffJii^s,  spathoid  ;  4.  PhosphascJerites,  spathoid;  5. 
Callaites,  spathoid  ;  6.  Cacoxenites,  spathoid.  Order  XVII.  Arse- 
ninea ;  Genus  1.  Pharmacolites,  spathoid  and  phylloid ;  2.  Mime- 
tites,  spathoid ;  3.  Arsenasclerites,  spathoid.  Order  XVIII. 
Vanadinea ;  spathoid  (vauadinite,  &c.).  Order  XIX.  Stibiinea 
(atopite,  etc.).  Order  XX.  Sulphatinea  ;  Genus  1.  Arcanites, 
salinoid ;  2.  Vitriolites,  salinoid ;  3.  Sidphatites,  spathoid ;  4. 
Sulpliatosderites,  spathoid  ;  5.  Alumen,  salinoid  ;  6.  Sidphalami- 
iiitcs,  spathoid  chiefly;  1.  Amarantites,  salinoid;  8.  Parurcanites, 
salinoid  ;  9.  Paras idplwtitcs,  spathoid.  Order  XXI.  Seleninea 
(selenate  of  lead,  &c.).  Order  XXII.  Tellorinea  (ferrotellurite, 
&c.). 

C^lass    1\ .    Pyricaustacea\      Subclass    A.    Carbata.      Order    I. 
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Carbatiaea  ;  Geuus  1.  Grajylntes,  metaphylloid  {0.  mollis,  gra- 
phite) ;  2.  Adamas,  adamantoid  {A.  octahedricus,  diamond). 
Subclass  B.  Hydrocarbata.  Order  II.  Hydrocarbatinea  (mellite, 
&c,).  Order  III.  Elainea  (petroleums).  Order  IV.  Ceratinea 
(mineral  waxes).  Order  V.  Eetininea  (fossil  resins).  Order  YI. 
Asphaltinea  (solid  bitumens).     Order  YII.  (coals,  lignite,  &c,). 

The  range  of  hardness  (on  Mobs'  scale)  is  indicated  as  one  of 
the  natural  characters  for  each  geinis,  and  a  detailed  description 
of  the  genera  and  species,  except  of  tbe  Hydrocarbata,  are  fully 
given  (pages  204-325) ;  and  the  last  mentioned  (Subclass  B), 
under  the  headings  Elainea  and  Anthrac*inea,  has  careful  con- 
sideration at  pages  331-345.  The  descriptive  terms  adamantoid, 
spathoid,  phylloid,  colloid,  and  salinoid  are  defined  at  page  IGl. 
The  remaining  30  pages  of  the  book  are  occupied  by  a  chapter 
on  the  mineral  history  of  waters,  comprising  surface-waters, 
sea-water,  saline  springs,  salt-bearing  rocks,  alkaline  springs, 
natron-lakes,  potassium  salts,  maguesiau  silicates,  dolomite,  and 
sulphuretted  waters,  with  remarks  on  Neptuuism  and  Plutonism. 

Whether  or  no  Mineralogists  will  take  into  use  the  author's 
classification  and  his  carefully  latinized  nomenclature,  the  ortho- 
graphical uniformity  of  the  latter  is  advantageous,  though  perhaps 
not  more  easily  remembered  than  the  odds  and  ends  of  names  in 
general  use  for  minerals,  which  have  no  uniformity  except  par- 
tially in  the  terminal  syllable,  but  have  various  associations  with 
person,  place,  or  property,  more  easily  remembered  than  the 
classical  names,  especially  by  thase  (numerous  no\v-a-days)  who 
have  forgotten  or  have  not  learnt  Latin. 

This  book  is  a  valuable  repertory  of  chemical  and  mineralogical 
information  and  discussion,  resulting  from  the  author's  life-long 
study  of  these  sciences,  especially  in  their  relation  to  Geology. 
The  careful  consideration  of  facts  and  opinions  discovered  and 
collected  by  both  previous  and  contemporary  workers,  and  his  own 
original  research  in  field  and  cabinet,  have  combined  to  make  the 
results  he  arrived  at  not  only  worth}''  of  systematization,  as  shown 
in  his  several  well-known  memoirs  and  treatises,  but  have  been 
useful  to  his  fellow- workers,  and  will  have  done  much  to  advance 
the  progress  of  science. 


A  Treatise  on  Plnjsical   Optics.      Bij  A.  B.  Basset,  M.A.^  F.B.S., 
Trinitij  CoUerje,  Camhridije.    Deighton  Bell  &  Co.   8vo ;  pp.  411. 

Tms  is  an  excellently  printed  and  handsome  volume  on  a  sub- 
ject possessing  the  utmost  fascination  for  Physicists,  and  a  glance 
through  the  Table  of  Contents  or  the  headings  of  the  pages  must 
awaken  keen  interest  and  hope.  The  appearance  of  the  text,  again, 
suggests  that  possibly  here  is  a  treatment  of  the  subject  on  some- 
tliing  of  the  same  high  level  as  the  great  treatise  on  Sound  by 
Lord  Kayleigh.  All  these  hopes  are  doomed  to  disa])pointment. 
It  turns  out  to  be  merely  a  mathematical  skeleton  devoid  of  ])hy- 
sical  clothing,  wliich  had  better  have  been  issued  in  the  reirular  <rreeu 
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cover  so  as  to  not  mislead  students  as  to  its  real  scope.  As  it 
stands  it  will  tend  to  discourage  students  and  so  far  as  it  can  to 
retard  the  progress  of  Science. 

The  author,  however,  is  entirely  unconscious  of  any  defects,  and 
in  his  preface  he  takes  high  ground  as  follows  : — "  The  severe  course 
of  training,  which  the  University  of  Cambridge  exacts  from 
students  of  the  higher  branches  of  mathematics,  is  of  inestimable 
benefit  to  Science,  in  producing  a  body  of  men,  w  ho  are  thoroughly 
conversant  with  dynamical  principles,  and  are  able  to  employ  w  ith 
ease  the  more  recondite  processes  of  mathematical  analysis."  Now 
in  so  far  as  the  mathematical  training  is  possessed  by  genuine 
Physicists,  all  this  is  true  enough  ;  but  it  is  doubtful  whether 
Science  derives  any  inestimable  benefit  from  the  mathematical 
training  of  those  who  remain  essentially  out  of  harmony  with  the 
subject  to  which  mathematics  is  being  applied,  who  are  only  at 
home  in  wielding  equations,  and  who  shir  over  the  facts  as  tri- 
vialities. Our  author  does  not  indeed  wholly  ignore  the  expe- 
rimental facts,  he  gives  a  hasty  and  perfunctory  account  of  many 
of  them  ;  but  his  account  contains  many  blemishes  and  a  few 
juistakes. 

Turning  to  one  of  the  main  chapters  of  the  book  : — The  account 
given  of  Fresnel's  theory  represents  it  as  full  of  gratuitous  full- 
blown assumptions,  made  apparently  without  the  slightest  justifica- 
tion ;  whereas  the  assumptions  really  made  by  that  great  genius 
were  slight  and  natural  and  led  up  to  by  reasonings  and  intuitions 
of  the  highest  order.  But,  as  the  author  in  his  preface  says  : — "I 
have  a  profound  distrust  of  vague  and  obscure  arguments,  based 
upon  general  reasoning  instead  of  upon  rigorous  matliematical 
analysis.  Investigations  founded  upon  such  considerations  are 
always  difficult  to  follow^  are  frequently  misleading,  and  are 
sometimes  erroneous." 

Certainly  it  may  be  granted  that  as  soon  as  the  properties  of 
the  ffther  and  of  matter  and  the  nature  of  their  interaction  are 
thoroughly  known,  the  raechauical  method  of  writing  down  equa- 
tions and  working  out  their  consequences  may  be  advantageously 
pursued ;  but  until  that  consummation  is  attained  there  will  be 
plenty  of  room  for  general  reasoning  and  even  possibly  for  obscure 
arguments.  What  chance,  for  instance,  would  the  founders  of  the 
undulatory  theory  have  had  if  they  had  been  foolish  enough  to 
limit  themselves  to  the  mere  writing  down  of  equations. 

Compare  also  our  author's  treatment  of  Clerk  Maxwell's  theory, 
where,  after  quotation  of  a  few  sentences  of  a  slight  and  popular 
character,  he  copies  out  the  equations  of  the  electromagnetic  field 
without  even  the  trouble  of  explaining  the  meaning  of  the  symbols. 

The  book  is  largely  a  compilation  from  the  papers  of  Stokes  and 
Lord  Kayleigh,  but  the  general  arguments  based  on  the  physical 
instincts  of  those  profoundly  great  men  are  so  weeded  out  that 
the  result  is  extremely  bald  and  discouraging.  As  a  summary  for 
those  who  have  studied  the  original  papers  the  book  may  be 
useful ;  as  a  substitute  for  the  original  papers  its  use  can  only  be 
disastrous. 
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The  book  is  better  than  the  mere  Cambridge  text-book  iu  one 
particular,  viz.  tliat  it  contains  frequent  references  to  the  papers 
compiled  from  ;  and  in  certain  parts  of  the  subject  where  a  purely 
algebraic  treatment  is  not  out  of  place — as  for  instance  in  the 
details  of  diffraction — its  method  is  not  so  unsatisfactory,  though 
even  here  the  diagrams  and  general  explanations  are  very  feeble. 

One  peculiarly  irritating  quality  the  preface  and  general  text 
of  the  book  possess,  viz.  the  tremendous  superfluity  and  misplace- 
ment of  commas.  If  the  sentences  be  read  as  punctuated  they  are 
half  unintelligible  and  grotesquely  wearisome.  The  author  seems 
to  be  under  the  impression  that  a  comma  must  always  precede  the 
words  '  which,'  '  who,'  and 'that';  for  instance  page  lOO  : — "The 
general  theory  of  media,  which  are  capable  of  resisting  compression 
and  distortion,  is  given  in  treatises  on  Elasticity  ;  and  it  will  there- 
fore be  unnecessary  to  reproduce  investigations ,  which  are  to  be 
found  in  such  works."  Almost  any  page  at  random  may  furnish  an 
example,  for  instance  page  1:545 : — "  If  we  adopted  the  first  hypo- 
thesis, it  would  be  necessary  to  suppose,  that  c  the  free  period  of  the 
matter  vibration,  lies  below  the  infra-red  portion  of  the  spectrum  ; 
if  on  the  other  hand,  we  adopted  the  second  hypothesis,  it  would 
be  necessary  to  suppose,  that  k  corresponds  to  a  point  in  or  above 
the  ultra-violet,"  &c. 

On  page  249,  "  From  this  law  we  see,  that  the  intensity  of  the 
blue  light  is  the  greatest.  Hence  the  blue  colour  of  the  sky  may 
be  accounted  for  on  the  supposition,  that  it  is  due  to  the  minute 
particles  of  vapour,  and  also  probably  to  the  particles  of  air,  which 
scatter  the  waves  proceeding  from  the  sun." 

This  last,  by  the  way,  is  one  of  the  extraordinary  statements. 
Here  is  another,  p.  287  : — 

"  It  was  formerly  supposed,  that  the  infra-red  portion  of  the 
spectrum  produced  the  maximum  heating  effect ;  that  the  yellow 
was  the  most  luiuinous  portion ;  whilst  the  maximum  chemical  effect 
was  contained  in  the  violet  and  ultra-violet  portions.  More  recent 
investigations  have  shown,  that  this  view  is  not  correct." 

There  was  room  for  a  treatise  on  Physical  Optics  more  advanced 
than  the  entirely  admirable  text-book  of  Mr.  Preston.  We  venture 
to  maintain  that  there  is  still  room  for  such  a  treatise,  and  we  hope 
that  the  work  will  be  undertaken  by  a  mathematical  physicist 
instead  of  by  a  mere  mathematician. 

A  Dictionary  of  Electrical  Words,  Terms,  and  Phrases. 
By  Edwin  J.  Houston,  A.M. 
Some  months  ago  a  learned  judge,  after  ten  days'  evidence  by 
electrical  engineers  had  been  brought  before  him,  asked  naively, 
"  What  is  the  difference  between  an  Ampere  and  a  Volt  ?  "  Some 
days  ago,  in  the  Appeal  Court,  another  learned  judge,  in  the  third 
day  of  a  trial  concerning  electrical  engineering,  asked,  "  What  is  an 
ampere-hour'^"  After  ingenious  and  long  explanations  had  been 
given  to  him  and  his  two  colleagues  by  both  defendant  and 
plaintiff,  it  was  obvious  that  the  dissatisfaction  of  the  Court  had 
not  been  altogether  removed. 
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It  is  not  merely  in  courts  of  justice  that  this  sort  of  difficulty 
occurs.  All  sorts  of  men  in  all  sorts  of  ways  are  now  dealing  with 
electrical  things,  and  they  have  a  legitimate  desire  to  understand 
Electrical  technical  terms,  or  at  all  events  to  be  able,  when  they 
use  such  terms,  to  use  them  without  making  laughable  mistakes. 
It  is  evident  that  for  such  men  this  book  has  been  written. 
Probably  no  term,  no  name  for  a  unit  of  measurement  of  any 
electrical  or  quasi-electrical  quantity  which  has  ever  been  intro- 
duced, either  by  a  committee  of  the  British  Association  or  by  the 
humblest  American  writer,  has  been  untouched  upon  in  this  great 
dictionary.  The  thirteen  new  names  introduced  by  Mr.  Heaviside 
are  here  to  be  found,  and  the  editor  is  to  be  commended  for 
bringing:  them  before  the  reader  in  one  short  article.  There  is  a 
separate  reference  also  to  each  of  them.  The  explanations  of 
such  terms  as  these  and  of  many  important  terms  in  use  are 
well  given,  and  in  many  cases  there  are  quotations  from  well- 
known  text-books  in  illustration,  and  although  it  would  be  easy  to 
point  out  small  errors  in  almost  every  case,  it  might  be  contended 
by  the  editor  that  a  short  explanation  must  always  be  somewhat 
misleading.  There  are  many  concise  good  descriptions,  like  that 
under  Cell,  Storage.  But  in  addition  to  the  sound  explanations  we 
have  an  enormous  quantity  of  unsoundness.  For  example,  at  the 
end  of  the  article  on  Acceleration  there  is  a  strange  jumble  of 
change-ratio  equations  of  units  and  equations  of  quantities.  "  But, 
since  Velocity  equals  the  Distance,  or  the  Length  traversed  in  a 

L 

Unit  of  Time,  V=m.     Therefore 

L 
_V_ J_L 

T 

or  the  acceleration  equals  the  length,  or  the  distance  passed 
through,  divided  by  the  square  of  the  time  in  seconds.  These 
formula?  represent  the  dimensions  of  Acceleration." 

Another  kind  of  carelessness  just  as  common  but  not  nearly  so 
misleading  is  illustrated  by : — "  The  diacritical  current  is  the 
current  which,  flowing  through  the  diacritical  number  of  ampere- 
turns,  will  .  ,  ." 

It  is  probably  the  same  writer  who,  under  the  heading  Accumulator 
or  Condenser,  gives  at  length  the  Laws  of  Accumulation  of  Elec- 
tricity deduced  by  Sir  W.  Snow  Harris. 

From  Electric  Absorption  to  Electric  WorJc  there  are  two 
hundred  and  forty-eight  articles,  and  each  of  them  is  a  mere 
reference  like  "  see  Absorption,  Electric."  There  is  everywhere 
much  cross-reference  like  this,  which  seems  rather  unnecessary,  and 
when  it  is  considered  that  we  have  a  series  of  73  articles  beginning 
with  Current,  Absolute  unit  of,  and  ending  with  Current,  Variable 
period  of,  and  immediately  afterwards  another  series  of  47  begin- 
ning with  Currents,  Action,  and  ending  with  Currents,  Undulatory, 
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it  will  be  seen  that  it  is  not  altogether  easy  for  an  ignorant  person 
to  obtain  readily  the  information  he  may  ^ant.  We  have  found 
information  as  to  the  nature  of  Alternating  Currents  under  a  great 
number  of  heads  with  much  unnecessary  repetition,  in  many  cases 
at  a  considerable  length  and  sometimes  in  a  very  misleading  form. 
It  would  be  rash  to  express  an  opinion  as  to  the  value  of  this 
book.  Scientific  men  may  be  interested  in  knowing  what  an 
Oerstedt  was  and  what  a  Hennj  may  be  ;  they  may  be  so  interested 
in  seeing  three  definitions  of  a  Gcniss  as  to  try  to  verify  one  of 
them,  said  to  be  Lord  Kelvin's,  which  is  obviously  quite  vague  and 
\\  hich  therefore  cannot  be  Lord  Kelvin's.  Practical  engineers  may 
be  iible  to  obtain  from  it  the  sort  of  theoretical  knowledge  which  is 
sup])osed  to  be  sufiicient  for  them.  At  all  events  there  seems  to 
be  a  reference  to  e\ery  conceivable  electrical  term  or  contrivance 
and  the  book  is  Avell  got  up. 

2^he  Optical  Inclicatrix  and  the  Trammission  of  Light  in   Cvi/stals. 

By  L.  Tletcheb,  3I.A.,  F.B.S.,  Keeper  of  Minerals  in  the  British 

Museuin.  Oxfoi'd  University  Press.  Pp.  112. 
This  is  a  remarkably  clear  application  of  geometry  to  the  phenomena 
of  double  refraction  and  the  passage  of  light  through  crystals  in 
general.  It  is  written  with  the  \ie\v  of  simplifying  optics  for  the 
benefit  of  students  of  crystallography,  and  this  aim  it  achieves  in 
a  successful  manner. 

But,  as  usual  when  a  science  comes  to  be  applied,  even  though 
it  be  only  applied  to  the  needs  of  another  branch  of  science,  the 
benefit  is  reciprocated  and  the  whole  subject  gains  in  clearness  and 
simplicity.  So  it  is  here.  Mr.  lletcher  observes  that  eAery  detail 
about  a  ray  of  light — its  direction,  its  velocity,  and  its  polarization- 
plane,  can  be  represented  by  a  single  finite  straight  line  and  a 
point  anywhere  off  the  line.  The  point  is  naturally  a  Huygheniau 
centre  of  disturbance,  and  the  direction  of  a  i-ay  is  specified  by  the 
perpendicular  from  the  point  on  to  the  line.  The  velocity  is  a 
function  of  the  length  of  the  line  (simply  inversely  as  the  length, 
as  in  momental  ellipsoids,  ellipsoids  of  elasticity,  and  other  similar 
representations)  and  the  plane  of  polarization  is  normal  to  the  line. 

This  being  premised,  it  is  shown  that  in  crystals  there  is  a 
characteristic  surface,  or  "  indicatrix,"  to  which  the  finite  straight 
lines  characteristic  of  the  rays  are  all  normal ;  and  that  in  uniaxal 
crystals  this  surface  is  a  spheroid  concentric  with  the  centre  of 
disturbance.  This  spheroid  is  indeed  the  customary  extraordinary 
wave-surface  of  Huyghens  ;  but  the  strength  of  Mr.  Fletcher's 
treatment  comes  out  when  it  is  extended  to  biaxal  crystals.  The 
wave-surface  in  biaxal  crystals  is  know)i  to  be  a  complicated 
affair ;  admiration  has  been  felt  at  its  discovery  by  Presnel,  and 
some  wonder  as  to  the  way  in  which  he  arrived  at  it.  In  whatever 
way  arrived  at,  it  certainly  corresponds  to  fact,  having  always 
served  as  a  reliable  guide,  and  led  to  verified  prediction.  But 
it  is  not  a  simple  matter,  and  the  ordinarily  recognized  mode  of 
arriving  at  it  is  seriously  difficult. 

liut  Mr.  Fletcher  generalizes  his  characteristic  surface  or 
Fhil.  Mag.  S.  5.  Vol.  M.  No.  207.  Aug.  1892.  Q 
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iudicatrix  as  applied  to  uniaxal  crystals,  iu  the  simplest  possible 
way,  by  assuming  that  in  a  biaxal  crystal  the  surface  to  which  the 
finite  straight  lines  specifying  the  rays  have  to  be  normal  is  an 
ellipsoid  with  thrtie  unequal  axes,  instead  of  a  spheroid. 

If  this  idea  sustains  itself  it  manifestly  constitutes  a  beauti- 
fully simple  mode  of  stating  every  particular  concerning  rays  in 
a  biaxal  crystal.  It  does  sustain  itself,  for  it  leads  to  Fresnel's 
wave-surface  iu  so  straight  and  clear  a  manner  that  Mr.  Fletcher 
conjectures  with  some  assuredness  that  this  was  the  path  by  which 
Fresnel  really  arrived  at  that  famous  result,  and  that  his  elaborate 
but  unsatisfactory  quasi-dynamical  structure  was  an  afterthought 
and  backward  development. 

It  seems  to  the  writer  that  Fresnel's  version  of  an  aether  theory 
was  really  based  on  his  study  of  reflexion;  his  treatment  of  double 
refraction  as  ordinarily  given  must  apparently  have  succeeded  that ; 
but  it  now  seems  exceedingly  probable,  as  Mr.  Fletcher  surmises, 
that  the  substantial  truths  in  his  double-refraction  results  were 
arrived  at,  not  by  his  dynamical  hypotheses,  but  by  the  simple 
geometrical  method  now  i*ediscovered. 

Mr.  Fletcher's  treatment  is  independent  of  theories  of  light  ; 
nevertheless  he  points  out  how  untenable  the  theory  of  vibration  in 
an  incompressible  elastic  aether  is,  and  that  the  optical  properties 
of  crystals  are  not  to  be  explained  by  different  setherial  elasticities 
in  different  chrections  ;  he  shows  how  superior  the  modern  theory 
of  Lord  Kelvm  and  Mr.  Glazebrook  is,  that  the  aether  may  be  a 
very  compressible  elastic  substance,  with  elasticity  uniform  in  all 
bodies  and  in  all  directions,  but  with  a  directional  loading  by 
matter  which  can  account  for  both  single  and  double  refraction. 

But  although  these  matters  are  discussed,  the  essential  part  of  the 
book,  the  invention  of  the  ellipsoidal  iiidicatrix  and  deduction  of 
the  optical  behaviour  of  crystals  from  it,  is  entirely  independent 
of  theories  as  to  the  nature  of  the  vibration  which  constitutes 
light ;  so  much  so  that  it  is  possible  to  deal  with  rays  alone  and 
to  develop  the  subject  in  a  simple  geometrical  manner.       O.  J.  L. 


XXV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  ELECTRICAL  RESISTANCE  OF  THE  HUMAN  BODY. 
BY  M.  VON  FREY. 

T^HE  author  has  applied  to  the  human  body  Kohlrausch's  method 
-*-  of  determining  the  resistance  of  electrolytes  by  means  of  alter- 
nating currents  and  the  telephone.  Certain  modifications  were  at 
once  found  to  be  necessary.  It  was  necessary  to  dispense  with  the 
metre  measuring-wire,  since  its  resistance  is  so  small  compared 
with  that  of  the  human  body  that,  in  order  to  hear  any  sound  at 
all,  it  is  necessary  to  use  induction-currents  so  strong  as  to  be 
painful  to  the  subject  of  experiment.  The  author  replaced  the 
measuring-wire  by  a  circular  groove  not  completely  closed,  filled 
with  solution  of  zinc  sulphate,  in  which  the  part  connecting  it  with 
the  telephone  could  be  moved  round  like  the  hand  of  a  clock.     It 
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was  further  found  that  platinum  electrodes  of  10  to  20  square 
centim.  surface,  which  Kohlrausoh  found  quite  sufficient  for  mea- 
suring the  resistance  of  liquids,  are  by  no  means  adequate  with 
the  human  body  to  produce  a  cessation  of  the  tone  in  the  telephone 
in  any  position  whatever.  It  was  only  when  the  surface  of  con- 
tact between  the  metal  and  the  moist  hand  was  increased  to  several 
hundred  square  centimetres  that  the  tone  ceased,  or  at  any  rate 
there  was  a  very  pronounced  meniscus.  The  surface  necessary 
varies  with  the  region  of  the  body.  In  order  uniformly  to  moisten 
large  surfaces  of  the  body,  they  were  immersed  in  troughs  through 
which  the  current  was  passed  by  cleanly  polished  zinc  plates.  In 
such  conditions  the  resistance  of  the  body  was  found  to  be  very 
small  (from  hand  to  hand  3-400  ohms),  and,  as  was  to  be  expected, 
independent  of  the  induction-currents. 

In  order  to  utilize  the  method  for  electrodiagnostics,  in  which  a 
\erj  small  electrode  is  always  used,  the  author  replaces  the  metal 
rheostat  by  a  liquid  one  (platinum  in  dilute  sulphuric  acid),  the 
immersed  metal  surface  being  very  small.  There  must  be  a  definite 
ratio  between  this  surface  and  the  surface  of  the  skin  touched  by 
the  electrode,  to  produce  a  cessation  of  the  tone — that  is,  when  the 
displacement  of  phase  of  the  electrical  vibrations  is  to  be  equalized. 
The  graduation  of  the  rheostat  is  a  difficult  matter,  and  it  of 
course  is  only  available  for  certain  strengths  of  current.  From 
observations  of  the  author,  it  appears  probable  that  the  seat  of 
polarization  is  mainly,  if  not  exclusively,  in  the  uppermost  layers 
of  the  skin. — BeihVditer  der  Physik,  Xo.  4,  1892 ;  from  Verhandl. 
des  X,  Congr.  fur  innere  Medizin  Wiesbaden,  1891. 


ON    THE    ELECTRICAL    FORCE    AT    THE    ELECTRODES,    AND    THE 
ELECTRIFICATION    OF    A   GAS    IN    THE    GLOW-DISCHARGE.      BY 
L.  WARBURG. 
The  results  of  this  investigation  may  be  summed  up  as  follows  : — 

1.  The  electrostatic  attraction  which  a  plane  kathode  experiences 
during  the  glow-discharge  may  be  measured  by  the  balance,  and 
from  this  the  electrical  force  and  the  surface-density  at  the  cathode 
surface  may  be  calculated.  That  attraction  is  found  to  be  propor- 
tional to  the  surface-density,  and  amounts,  in  milligrammes  per 
ampere,  for  bright  platinum  and  aluminium  kathodes  in 

Dry  nitrogen from  0-5  to  2  mm.  pressure,  1300  to  2400. 

Slightly  moist  nitrogen      „      0-6  „  2  „  500  „     800. 

Hydrogen „         1  „  3  „  200  „     350. 

2.  In  the  negative  glow-light  there  is,  as  Schuster  has  shown*, 
an  excess  of  free  positive  electricity.  The  amount  of  this  positive 
charge  is  equal  and  opposite  to  the  negative  charge  of  the  ka- 
thode. Like  this  discbarge  it  is  proportional  to  the  square  root 
of  the   current   density,  and  has  been  found  to  be  of  the  order 

10->o cou^^ ^ £^^  -^  milliampere  per  square  centimetre  with 

square  centim- 
bright  platinum  and  aluminium  kathodes  in  nitrogen  and  hydrogen. 

♦  Prop.  Eoy.  See.  vol.  xlvii.  p.  541  (1890). 
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3.  Au  auode  surface  is-  far  raore  feebly  attracted,  and  therefore 
far  more  feebly  charge45  than  a  kathode  surface. 

If  the  two  infinite  plane  electrode  surfaces  are  opposite  each 
other,  they  are  equally  attracted  only  so  long  as  electricity  is  iu 
equilibrium.  If  the  glow-discharge  passes  between  the  surfaces, 
the  charge  of  the  anode  is  feebler  than  the  charge  of  the  kathode 
by  the  excess  of  free  positive  electricity  which  is  met  with  in  the 
gas  traversed  by  the  current. 

4.  For  the  normal  density  in  which  the  negative  glow-light  can 
spread  freely  over  the  kathode,  the  electrical  force  at  the  kathode 
decreases  with  decrease  of  pressure,  and  is  less  for  hydrogen  than 
for  nitrogen,  in  conformity  with  the  well-known  laws  for  the 
sti"iking-distance.  Hence  at  normal  density  the  excess  of  free 
positive  electricity  mentioned  under  (3)  diminishes  with  increase 
of  pressure. 

5.  The  actual  electrical  charge  of  the  gas  which  takes  place  iu 
the  glow-discharge  brings  with  it  an  increase  of  the  hydrostatic 
pressure,  and  therefore,  under  ordinary  circumstances,  produces 
eddy  currents  which  flow  between  limited  electrodes  from  the 
anode  to  the  athode,  and  may  explain  the  frequently  obser\ed 
transport  of  matter  iu  the  direction  of  the  positive  current. — 
Wiedemann's  Annalen,  No.  1,  1892. 


ON  A  NEW  METHOD  OF  DETERMINING  THE  MAGNITUDE  OF 
MOLECULES.      BY  G.  JAGJ&R. 

If  it  be  assumed  that  molecules  are  minute  droplets,  which  are 
formed  from  larger  ones  by  impact  against  and  rej^ulsion  from  solid 
walls,  and  \Ahich  ultimately  acquire  a  definite  mean  value  for  a  given 
temperature,  seeing  that  a  division  is  only  possible  as  long  as  the 
vis  viva  with  which  the  drop  strikes  against  a  wall  is  greater  than 
the  work  necessary  for  the  division  ;  in  this  case  we  obtain  a  limit- 
ing value  for  this  magnitude.  If  it  be  assumed  that  all  droplets 
are  of  the  same  size,  then  the  drops  from  which  they  are  formed 
must  be  at  least  twice  as  large.  We  have  therefore  to  determine 
the  increase  of  surface  when  a  sphere  is  divided  into  two  equal 
parts  of  spherical  form.  This,  multiplied  by  the  capillary  con- 
stant «,  gives  the  work  47r(2— v^4)r^a,  if  r  is  the  radius  of  the 
pai'tial  spheres.  This  work  must  be  equal  to  ^Trr^pw";  that  is,  the 
VIS  viva  of  the  original  sphere,  if  p  is  the  density  of  the  liquid,  and 
w"  the  mean  square  of  the  velocity.  From  this  we  get  ?•=  1  24a/pw^ 
as  radius  of  the  molecules.  The  values  obtained  by  this  method 
agree  verv  well  with  the  results  of  other  methods. 

8. 

Water 51-10-9  ceutim. 

"    Ether     76 

Alcohol 52 

Methylic  alcohol  ....      37         „ 

Carbon  bisulphide    .  .      73         „ 

Chloroform 80 

Aceton 31         ,, 

—  Wiener  BericUe,   vol.   c.  p.   1122    (1891);  from  Beihldtter   der 
Phtjsik,  vol.  xvi.  p.  345  (1892). 
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XXVI.    On  the  Difficid ties  of  Constructing  a  Theory  of  the 
Collapse  of  Boiler-flues.     By  A.  B.  Basset,  M.A.,  F.E.S.* 

1.  TT  has  frequently  happened  in  the  history  of  mathe- 
-L  niatics  that  resuUs  which  are  substantially  correct 
have  originally  been  obtained  by  processes  which  are  in  many 
cases  inadequate  and  sometimes  erroneous.  When  a  branch 
of  science  is  in  its  infancy,  it  is  not  surprising  that  many  of 
the  methods  adopted  by  the  pioneers  of  the  subject,  in 
attempting  to  discover  the  solutions  of  problems  which  have 
never  been  previously  attacked,  are  subsequently  found  to  be 
defective  ;  and  after  fulfilling  their  object  by  contributing  to 
the  advancement  of  science,  have  ultimately  to  be  consigned 
to  oblivion.  The  theory  of  elastic  plates  and  shells  affords  a 
striking  illustration  of  these  remarks ;  for  the  investigations 
of  C'lebsch  and  many  of  the  earliei*  writers  upon  this  subject 
furnish  numerous  results  which  are  substantially  accurate, 
although  many  of  their  arguments  and  methods  are  altogether 
unsound, 

2.  Clebsch  and  some  of  his  followers  have  attempted  to 
construct  a  theory  of  plane  plates  upon  the  hypothesis  that 
the  stresses  R,  S,  T  are  accurately  zero  throughout  the  sub- 
stance of  the  plate,  where  R  is  the  normal  traction,  and  S  and  T 
are  the  two  shearing-stresses  tending  to  produce  rotation  about 
two  perpendicular  lines  which  are  parallel  to  the  middle  sur- 
face   of  the  plate.     Clebsch  then    proceeds  to  integrate  the 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  34.  No.  208.  Sept.  1892.  R 
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general  equations  of  an  elastic  solid  on  this  hypothesis.  Under 
any  circumstances,  an  assumption  of  this  chai'acter  is  an 
exceedingly  objectionable  one  to  found  a  theory  of  thin  plates 
upon  ;  and  Clebsch  himself  appears  to  have  been  conscious  of 
the  imperfections  of  his  theory,  for  he  says  (^Theorie  de  VElas- 
ticite,  Saint  Venant^s  translation,  p.  29G): — "  Ces  equations 
[i.  e.  R  =  S  =  T  =  0)  ne  s'appliquent  tout  d'abord  qu'aux 
valeurs  de  z  correspondant  aux  bases  on  faces  extremes  de 
la  plaque  :  mais  j'examinerai  seulement  les  etats  d'equilibre 
dans  lesquels  elles  sont  satisfaites  eyi  tous  les  points  du  corps.^' 
The  assumption  itself  can,  however,  be  shown  to  be  erroneous; 
for  if  a  plane  plate  of  thickness  2/i  is  slightly  bent  into  a 
cvlinder  of  any  form,  and  N  be  the  normal  shearing-stress 
across,  and  G  the  flexural  couple  about  a  generator,  one  of 
the  equations  of  equilibrium  is 

ds 
But 

N=  r    T^A', 

where  h'  is  the  distance  of  any  point  of  the  substance  of  the 
shell  from  the  middle  surface ;  if,  therefore,  T  were  zero, 
N  would  be  zero  and  G  constant,  which  is  wrong,  since  G 
is  known  to  depend  upon  the  change  of  curvature.  Similar 
observations  apply  to  S-  The  fact  that  two  of  Clebsch's  fun- 
damental assumptions  can  thus  be  proved  to  be  erroneous, 
vitiates  every  theory  in  which  they  form  an  essential  part  of 
the  investigation. 

3.  But  notwithstanding  the  defective  character  of  the 
theories  referred  to,  Clebsch's  assumptions,  when  properly  em- 
ployed, are  capable  of  furnishing  a  perfectly  satisfactory  theory 
of  thin  plates  and  shells,  subject  to  the  following  limitations : — 

(i)  The  surfaces  of  the  plate  or  shell  must  not  he  subjected  to 
any  external  pressures  or  tangential  stresses. 

(ii)  The  results  of  the  theory  must  he  regarded  as  approxi- 
mate ones,  in  which  powers  of  the  thickness  higher  than  the  cube 
are  neglected. 

The  reason  of  this  is  that  R,  S,  and  T  are  each  of  the  form 

aP  +  2/3/i/i'  + 7/1'^  + terms  involving  higher  powers  of  A,  A', 

where  a,  /3,  y  are  functions  of  the  displacements  of  the 
middle  surface  and  their  differential  coefficients  ;  whence  it 
can  be  shown  that  if  these  stresses  were  retained,  they  would 
introduce  into  the  expression  for  the  energy  of  the  system 
higher  terms  than  A'.     Since  such  terms  are  to  be  neglected, 
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the  assumption  that  R,  S,  T  may  he  treated  as  zero  gives  a 
perfectly  correct  expression  for  the  energy  to  the  above  order 
of  approximation. 

For  a  fuller  discussion  of  this  assumption  and  the  results 
to  which  it  leads,  the  reader  is  referred  to  the  following 
papers  ^. 

4.  When  the  surfaces  of  the  shell  are  subjected  to  external 
pressure,  the  results  furnished  by  the  above  hypothesis  are  no 
longer  correct.  This  was  lirst  pointed  out  by  Lord  Ray  leigh  f, 
and  shortly  afterwards  by  myself.     I  wrote  t: — • 

"  The  fundamental  hypothesis  that  R,  S,  T  may  be  treated 
as  zero,  is  not  true  when  the  surfiices  of  the  shell  are  subjected 
to  external  pressures  or  tangential  stresses  ;  for  if  the 
convex  and  concave  surfaces  of  the  shell  are  subjected 
to  pressures  11 1,  Ho,  the  value  of  R,  as  we  pass  through  the 
substance  of  the  shell  from  its  exterior  to  its  interior  sur- 
face, must  vary  from  —  ITi  to  — lis,  and  consequently  (ex- 
cepting in  very  special  cases)  R  will  contain  a  term  inde- 
pendent of  the  thickness.  Hence  the  theory  developed  in  the 
present  paper  is  not  applicable  to  problems  relating  to  the  collapse 
of  boiler-flues.  ...  In  order  to  obtain  a  theory  which  would 
enable  such  questions  to  be  mathematically  investigated,  it 
would  be  necessary  to  find  the  values  of  the  additional  terms 
in  the  variational  equation  of  motion  which  depend  upon  the 
external  pressures  ;  and  this  is  a  problem  ichieh  aicaits  solution.^'' 

5.  The  problem  of  the  collapse  of  a  boiler-flue,  in  its  simplest 
form,  may  be  stated  as  follows  : — Let  the  flue  be  regarded  as 
indefinitely  long,  and  be  cylindrical ;  leta  +  /t  and  a  —  h  be  the 
external  and  internal  radii  of  its  surfaces  ;  and  let  the  outer 
and  inner  surfaces  be  subjected  to  pressures  liy,  Tic,.  Then  the 
condition  of  stability  requires  that  a  certain  relation  should 
exist  between  these  four  quantities,  which  may  be  written 

F(a,  h,  ni,  n2)>o. 

If  this  condition  is  not  satisfied,  the  equilibrium  will  be 
unstable,  and  a  disturbance  will  cause  the  flue  to  collapse. 

If  the  flue  be  regarded  as  of  finite  length  I,  a  correction  is 
required  whose  importance  depends  upon  the  magnitude  ratio 
of  a  to  I. 

Taking  the  simplest  case  of  an  indefinitely  long  tube,  the 
problem  of  determining  F  may  be  attacked  in  two  different 
ways.  In  the  first  place,  let  the  flue  be  slightly  deformed, 
and  let  the  period  of  the  small  oscillations  be  found  ;  then 

•  Lord  Rayleif^h,  Proc.  Lond.  Math.  Soc.  vol.  xx.  p.  225.    Basset,  ibid. 
vol.  xxi.  pp.  33,  53 ;  Phil.  Trans.  1890,  p.  433. 
t  Proc.  Load.  Math.  Soc.  vol.  xx.  p.  373. 
X  Phil.  Trans.  1890,  p.  437. 
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the  condition  of  stability  requires,  that  the  periods  should 
be  real  quantities.  In  the  second  place,  let  the  potential 
energy  in  the  deformed  state  be  found  ;  then  the  condition  of 
stability  requires,  that  the  potential  energy  of  the  flue  when  in 
equilibrium  should  be  a  minimum.  Either  of  these  methods 
will  determine  the  mathematical  form  of  the  function  F. 

In  order  to  apply  the  first  method,  it  might  be  supposed 
that  we  might  start  with  the  general  equations  of  an  elastic 
solid,  and  calculate  the  values  zy^,  r„  of  the  radial  and  tan- 
gential displacements  when  the  flue  is  in  equilibrium.  Having 
done  this,  let  u1q-^u\,  t'o  +  ^'i  ^^  ^^^®  complete  values  of  the 
displacements  when  the  flue  is  performing  small  oscillations. 
The  values  of  all  these  quantities  can  be  obtained  from  the 
equations  of  motion  ;  and  by  means  of  the  boundary  con- 
ditions, some  of  the  arbitrary  constants  which  occur  in  the 
solution  can  be  determined,  and  the  rest  eliminated  ;  and  the 
resulting  equation  will  give  the  period. 

But  in  attempting  to  apply  this  method,  it  will  be  found 
that  the  pressures  IIi,n2  disappear;  consequently  the  periods 
of  vibration  are  the  same  as  the  free  periods,  when  the  flue 
is  not  subjected  to  any  surface-pressure.  This  result  is  ob- 
viously wrong.  The  reason  is,  that  the  general  equations 
of  an  elastic  solid  in  their  ordinnry  form  are  linear.  In 
order  to  solve  the  problem  by  the  first  method,  it  would  be 
necessary  to  take  account  of  certain  quadratic  terms,  in  which 
quantities  upon  which  the  motion  depends  enter  into  com- 
bination with  the  surface-pressures. 

The  problem  may  be  illustrated  by  considering  the  pro- 
pagation of  waves  in  a  liquid.  When  the  liquid  is  initially 
at  rest,  all  quadratic  terms  are  to  be  neglected  ;  but  when 
the  liquid  possesses  an  independent  motion,  all  quadratic 
terms  which  depend  upon  this  independent  motion  must  be 
retained. 

The  application  of  the  second  method  involves  a  knowledge 
of  the  expression  for  the  potential  energy  due  to  deformation. 
The  form  of  this  function  is  known  when  the  surfaces  of  the 
flue  are  free  from  external  pressures*;  but  this  expression, 
as  we  have  already  pointed  out,  is  inapplicable  when  there 
are  external  pressures. 

6.  In  order  to  understand  more  clearly  the  necessity  of 
retaining  the  above-mentioned  quadratic  terms  when  applying 
the  first  method,  let  us  consider  the  stability  of  a  rod  of 
length  /  which  is  subjected  to  a  tension  T^  Then  employing 
the    notation    and    method    explained    in    my    '  Elementary 

*  Phil.  Trans.  1890.  p.  443,  equation  (24). 
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Treatise  on   Hydrodynamics  and  Sound,'  cb.  viii.  p.  147,  we 
have 


.'hence 


Accordingly 


whence 


Aa3'_        T, 

AB  ^  qto' 

O)  \  (O /\p'        pj 


When  no  forces  other  than  stresses  apphed  to  the  ends  of 
the  rod  act,  the  equations  of  motion — §  lo5,  equations  (7) — are 

dT      ^ 

JN      T 

_  +  _=_^^,^    ^ ^,^ 

^^    J   XT  "I 

as  ^ 

When  the  rod  is  naturally  straight  and  is  free  from  stress, 
T,  N,  and  G  are  zero  in  equilibrium  ;  consequently,  when  the 
rod  is  performing  small  oscillations,  these  quantities  will  be 
linear  functions  of  the  displacements  and  their  differential 
coefficients  ;  accordingly  N/p',  T/p'  are  small  quantities  of  the 
second  order,  which  are  to  be  neglected.  But  when  the  rod 
is  subjected  to  a  tension  T^,  the  value  of  T  is  equal  to  T^  +  T', 
where  T'  depends  upon  the  motion  ;  accordingly  the  quadratic 
term  T/p'  cannot  be  neglected,  but  must  be  replaced  by  Ti/p'. 

Writing  —dx  =  ds,  and  recollecting  that 


d^ 

dx'' 


••     dv 


dx^ 


(1)  becomes 


G: 
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•whence  the  last  two  of  (2)  become 

aw  ctx- 

■whence,  eliminating  N,  we  have 

„/        TAd'v      T.cPv  ^     d?w         ,   d'v 
V^       (o  J  dx^       Q)  dx'        dt^  dx^dr 

which  is  a  well-known  result. 

Let  I  be  the  length  of  the  rod  ;  then  we  may  take 

V  ex  e'P*+""^/' 
where  m  is  an  integer.     Substituting  in  (3),  we  obtain 

When  Ti  is  positive,  so  that  the  force  is  a  tension,  p  is 
always  real;  but  when  Tj  is  negative  and  equal  to  —  P,  so 
that  the  force  is  a  pressure  or  thrust,  p  will  be  imaginary 
unless 


P< 


K'coq 


The  least  value  of  the  expression  on  the  right-hand  side 
occurs  when  m=l  ;  the  condition  of  stability  is  therefore 

If  the  length  of  the  rod  is  large  in  comparison  with  the 
radius  of  its  cross  section,  the  term  tt^k^JP  in  the  denomi- 
nator may  be  neglected,  and  we  obtain  Euler's  law  of 
thrust. 

7.  We  must  now  return  to  the  subject  of  boiler-flues. 

This  problem  has  recently  been  discussed  by  Mr.  Bryan  by 
means  of  the  energy  method  * ;  but  his  work,  as  distinguished 
from  his  result,  is  vitiated  by  the  assumption  that  the  potential 
energy  per  unit  of  length  of  the  cross  section  due  to  bending 
is  equal  to 

which,  as  we  have  already  pointed  out,  is  only  true  when  the 
surfaces  of  the  flue  are  free  from  external  pressure. 

*  Proc.  Camb.  Phil.  Sue.  vol.  vi.  p.  287. 


a  J'heory  of  the  Collapse  of  Boiler-fiues.  227 

Mr.  Bryan  has  also  attempted  to  introduce  the  external 
pressures  into  his  expression  for  the  total  potential  energy  due 
to  strain,  by  taking  into  account  certain  terms  depending 
upon  the  extension  of  the  middle  surface  ;  but  this  does  not 
help  the  matter,  for  if  the  pressures  Hi,  112  were  suitably 
chosen,  it  would  be  possible  to  prevent  the  middle  surface 
from  experiencing  any  extension,  but  the  expression  for  the 
potential  energy  would  still  contain  terms  depending  on  IIi 
and  ris. 

8.  The  necessity  for  introducing  the  external  pressures  may 
also  be  seen  as  followa. 

Let  the  flue  be  regarded  as  infinitely  long,  so  that  the 
problem  is  one  of  two  dimensions.  Let  a  be  its  density,  2A 
its  thickness.     Then  the  equations  of  motion  are  * 

dT      N 

-T-   +  —  =  /"*'> 

as        p 

<^G^  AT         A 

as  J 

where  p  is  the  radius  of  the  deformed  middle  surface,  and 
fjL=^2ha. 

Now  if  we  knew  the  correct  expression  for  the  total  energy 
of  the  system  and  were  to  apply  the  Principle  of  Virtual 
Work,  we  should  obtain  (i)  two  equations  connecting  the  dis- 
placements V  and  10 ;  (ii)  the  values  of  T,  N,  and  G  in  terms 
of  V  and  u\  And  if  we  were  to  substitute  these  values  of  T, 
N,  and  G  in  equations  (6),  the  last  one  would  reduce  to  an 
identity,  whilst  the  first  two  would  reproduce  the  equations 
of  motion  in  terms  of  t»  and  ic,  which  we  had  already  obtained. 
Since  the  second  of  (6)  contains  the  pressures  IIi,  Xlg,  it  follows 
that  the  expression  for  the  energy  must  also  contain  these 
quantities. 

From  (6)  it  appears  that  the  problem  of  the  collapse  of  a 
boiler-flue  can  be  solved,  provided  we  can  obtain  the  value  of 
the  flexural  couple  G,  and  provided  also  we  assume  that  the 
extensibility  of  the  middle  surface  may  be  neglected. 

9.  The  expression  for  this  couple  in  the  case  of  a  strained 
cylindrical  shell  is  given  in  my  paper  in  the  '  Philosophical 

*  If  the  extensibility  of  the  middle  surface  is  taken  into  account,  tho 
right-hand  sides  will  contain  certain  additional  terms — see  Phil,  Trans. 
1890,  p.  439,  equations  (11) ;  but  the  existence  of  such  terms  does  not  aft'ect 
my  argument. 
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Transactions  '  ;  but  the  surfaces  of  the  shell  are  expressly 
assumed  to  be  free  from  external  pressures  and  tangential 
stresses,  although  the  extension  of  the  middle  surface  is  taken 
into  account.  As  the  analysis  in  the  general  case  of  three- 
dimensional  motion  is  somewhat  long  and  complicated,  it 
will  be  desirable  to  reproduce  in  a  concise  form  so  much  of 
the  original  work  as  is  necessary  to  obtain  the  value  of  the 
flexural  couple  when  the  motion  is  supposed  to  be  in  two 
dimensions.  We  shall  neglect  the  extension  of  the  middle 
surface,  but  shall  suppose  that  the  shell  is  subjected  to 
external  pressure. 

Let  t'',  w'  denote  the  tangential  and  normal  displacements 
of  any  point  of  the  substance  of  the  shell  ;  let  crj,  0-3'  be  the 
extensions  in  these  directions,"  and  -nr'  the  shearing  stress. 
Also  let  the  unaccented  letters  denote  the  values  of  the 
quantities  at  the  middle  surface,  where  r=a  ;  and  let  the 
values  at  the  middle  surface  of  the  differential  coefficients  of 
the  various  quantities  with  respect  to  r  be  distinguished  by 
brackets. 

Let  r  =  a  +  h',  and  let  2h  be  the  thickness  of  the  shell. 
Then,  employing  Thomson  and  Tait's  notation  for  stresses  and 
elastic  constants,  we  have 

,       1  /dv'         ,\ 
dr' 


0-3  = 


> (7) 


,      dv'      v'      1  dw' 
dr      r       r  a(p 


Now 
R'  =  (??i  +  n)cr'3  +  (  m  —  n)a'<i 

=  (m  +  ;0^3+{('"  +  «)(^-^^)  +  0'^-'0(^^^^  (8) 

for  since  the  middle  surface  is  supposed   to  be  inextensible, 
0-3  =  0. 

Since    R'    is  some  function  of  h  and  A',   it  follows  from 
Taylor's  theorem  that 

R'=A  +  AiA'  +  A2A'2  + (9) 

where  A,Ai  . . .  are  unknown  functions  of  the  displacements  and 
the  thickness.     Accordingly^  equating  coefficients  and  putting 

E=(m-/?)/(m  +  n), (10) 


.  (11) 
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we  get. 

o-3=A/(?H  +  »)j  "i 

\dr )      m  +  n  \dr  J' ) 

From  (7)  we  get 

(i?)=a{(^)  +  ^^} 

1  f  d-!^  A         w      1  d'lo'^  /19^ 

a  \d<p        m  +  n       a       a  d<f)^  J 

If  G  be  the  flexural  couple  about  u  generator,  measured  in 
the  direction  in  which  the  curvature  diminishes, 

G=-C  qjh'dh'. 

)-h' 

But  ^ 

Q'  =  [7)1  +  n)  a'.-,  +  (m  —  7i)(7's 

=  (,n-n).,+  [{,n  +  „)(^'-g)+(,n-„)[''0jh' 

=EA+ rEA;+  r^ilS:  +  -4  -  -  -  -  ^01'''  = 

L  {m  +  7i)a\d(f>      m  +  n       a       ad<p'/j 

accordingly, 

o  o(»i  +  n) a  \dtp       m  +  n      a       a  o<p  /       ^ 

Now  t!7/r^  may  be  neglected  when  the  surfaces  of  the  shell 
are  free  from  tangential  stresses  ;  and  A^hP  and  Ah^  may  be 
neglected  when  the  surfaces  are  free  from  normal  stresses  or 
pressures.     Under  these  circumstances  we  obtain 

which  is  the  well  known  result  in  this  case,  and  shows  that 
the  flexural  couple  is  proportional  to  the  change  of  curvature. 
But  when  the  surfaces  of  the  shell  are  subjected  to  external 
and  internal  pressures  IIi,  ITg,  the  terms  involving  A,  A^ 
cannot  be  assumed  to  be  negligible  when  multiplied  by  h^. 
The  quantity  A  is  the  value  of  R  at  the  middle  surface  of 
the  shell  ;  and  since  R  varies  from  —TI2  to  —  TIj,  as  wo  pass 
from  the  interior  to  the  exterior  of  the  shell,  it  is  evident 
that  A  must  have  some  value  intermediate  between  these 
two  quantities.  It  therefore  follows  that  under  these  cir- 
cumstances the  expression   (14)   is  erroneous  ;    the  correct 
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expression  is  given  by  (13),  which  contains  the  three  unknown 
quantities  A,  A^,  and  -ex. 

10.  Although  the  existence  of  external  pressures  renders 
it  inadmissible  to  treat  R  as  zero,  yet  the  stresses  S  and  T 
still  vanish  at  the  surfaces  of  the  shell.  I  have  shown  in  my 
papers  that  the  terms  of  lowest  order  which  these  stresses 
contain  are  quadratic  functions  of  h,  h' ;  and  the  arguments 
by  which  this  result  was  obtained  are  unaffected  by  the 
existence  of  external  pressures.  Since  the  problem  we  are 
discussing  is  one  of  two  dimensions,  T  will  be  accurately 
zero  :  also  since 


^-t.' 


^'dh', 


and  S'  is  a  quadratic  function  of  h  and  A',  it  follows  that  N 
must  be  proportional  to  h^,  whence  by  the  third  of  (6), 
dGjds  is  proportional  to  h^. 

11.  We  have  now  to  consider  how  A  and  Aj  depend  upon  h. 

Since  the  quantity  A  is  the  value  of  R  at  the  middle 
surface  of  the  shell,  it  cannot  contain  any  negative  powers 
of  h,  otherwise  R  would  increase  indefinitely  as  the  thickness 
of  the  shell  diminishes  indefinitely,  which  is  impossible,  since 
R  must  lie  between  —  IIi  and  —  ITg.  It  is,  however,  possible 
for  A  to  contain  a  term  independent  of  the  displacements  ; 
but  such  a  term  need  not  be  considered,  inasmuch  as  it 
disappears  on  differentiation. 

The  quantity  Ai  might,  however,  contain  a  term  involving 
h~^  ;  for  the  value  of  R  at  a  point  near  the  middle  surface  is 

A  +  Ai/i'+  ... 

When  the  thickness  of  the  shell  diminishes  indefinitely,  h' 
approaches  the  limit  h,  but  in  such  a  manner  that  h'  is  always 
less  than  h  ;  if  therefore  A^  contained  a  term  involving  h~^, 
the  quantity  Aih'  would  not  become  infinite  in  the  limit. 
On  the  other  hand,  if  A^  did  contain  such  a  term  it  would 
necessarily  be  independent  of  the  displacements,  inasmuch  as 
the  term  in  question  must  disappear  on  differentiation, 
otherwise  dG/ds  would  not  be  proportional  to  /i^ 

It  therefore  follows  that  the  only  portions  of  A,  Aj  which 
it  is  necessary  to  consider  are  those  portions  which  are 
independent  of  h.  I  regret  to  say  that  I  have  not  succeeded 
in  discovering  any  method  by  which  their  values  may  be 
rigorously  deduced  ;  but  although  as  a  rule  I  distrust  argu- 
ments founded  on  general  reasoning,  yet  the  difficulty  of 
obtaining  the  values  of  these  quantities  by  a  rigorous  mathe- 
matical  investigation   having    hitherto   proved   insuperable, 
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renders  it  necessary  in  the  present  case  to  have  recourse  to 
such  aro;uments. 

12.  When  a  fiexural  couple  is  applied  to  a  thin  shell,  it 
produces  extension  of  the  middle  surface  and.  change  of  curva- 
ture. Under  these  circumstances  the  most  natural  hypothesis 
to  make  i^;,  that  this  couple  is  a  linear  function  of  the  exten- 
sions and  the  changes  of  curvature,  together  with  a  constant 
term  depending  on  the  external  pressures.  When  there  are 
no  external  pressures  this  hy])othesis  may  he  proved  to  be 
true  by  the  method  of  my  former  paper  ;  but  when  the  shell 
is  subjected  to  such  pressures,  every  circle  whose  plane  is 
perpendicular  to  the  axis  of  the  cylinder  is  elongated  or 
contracted,  independently  of  the  strain  produced  by  the 
couple.  Accordingly  we  should  anticipate  that  the  coethcients 
of  the  extensions  and  the  changes  of  curvature  would  contain 
terms  depending  on  the  pressures  ;  and  we  shall  therefore 
assume  that 

4/i^   r mn(m  —  n\       ^^   /  do         \  ,,,. 

where  a,  /3,  7  are  quantities  w'hich  depend  on  the  pressures. 

When  there  are  no  external  pressures,  a,  /3,  7  are  each 
zero,  and  the  above  expression  for  G  reduces  to  that  given  in 
my  former  paper — see  Phil.  Trans.  1890,  p.  441,  equations 
(14)  and  (16).  It  will  be  noticed  that  this  hypothesis  is 
consistent  with  (13),  as  it  involves  nothing  more  than  the 
assumption  of  certain  definite  values  for  the  undetermined 
quantities  A,  A^.    - 

The  preceding  argument  though  plausible  isj  not  entirely 
free  from  danger.  When  a  thin  shell  is  free  from  surface 
forces,  it  might  be  argued  that  the  effect  of  any  stress  is  to 
produce  extension,  change  of  curvature,  and  torsion  ;  and  that 
consequently  the  expression  for  the  potential  energy  must  be  a 
quadratic  function  of  the  quantities  by  which  these  three  states 
are  specified.  If,  however,  the  expressions  for  the  potential 
energy  of  a  thin  cylindrical  or  spherical  shell  be  examined — 
Phil.  Trans.  1890,  p.  443,  equation  (24),  and  p.  467,  equation 
(16) — it  will  be  found  that  they  contain  certain  terms 
depending  on  the  diferential  coefficients  of  the  extensions. 

13.  One  further  difficulty  still  remains.  The  equations  (6) 
for  determining  the  small  oscillations  of  the  flue  involve  the 
two  displacements  v  and  w,  and  the  stresses  T,  N,  G.  By 
means  of  the  above  value  of  G  these  stresses  can  be  eliminated, 
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and  a  single  equation  will  remain  connecting  v  and  w.  This 
is  insufficient  to  determine  the  period,  and  the  only  course 
open  to  us  is  to  assume  that  the  middle  surface  is  inextensible, 
which  gives  a  further  relation  between  v  and  w,  and  furnishes 
a  sufficient  number  of  equations.  I  am  inclined  to  think 
that  the  neglect  of  the  extension  of  the  middle  surface  is  not 
likely  to  lead  to  any  serious  error  in  the  final  result  ;  but  at 
the  same  time  the  solution  cannot  be  regarded  as  perfectly 
rigorous,  for  when  the  surfaces  are  subjected  to  uniform 
pressure  (which  is  the  case  we  are  considering),  an  extension 
of  the  middle  surface  must  necessarily  take  place  unless  the 
pressures  are  specially  adjusted. 

14.  We  are  now  in  a  position  to  obtain  a  solution  of  the 
problem  of  the  collapse  of  a  boiler  flue,  which  though  imperfect, 
is  probably  substantially  correct. 

When  the  natural  form  of  the  cylinder  is  circular,  N  is 
zero  in  equilibrium  ;  accordingly  we  may  write  N//3  =  N/a. 
Also  if  the  extension  of  the  middle  surface  be  neglected, 

ds-=ad^, 


1_ 

P~ 
dv 
d(f> 


1  /cPw 


a      a''  \d<p^ 
+  tc  =  0. 


5  +W 


). 


(16) 


d(f> 
d^ 
dj) 

dQ 
d(fi 


The  equations  of  motion  (6)  now  become 
+  N  =  /Aai-, 

+  Na  =  0. 

From  the  first  two  we  get 

(Z^N     ^^      .^      -n  •.  d  /d-iv        \  /did      ..\       ,,„, 

-+^+^n,-n,)^[^,+«)=^a[^  +  v).    (18) 

Let  J)  =  d/d<p  ;    then,  since  the  extension  of  the  middle 
surface  is  neglected,  we  shall  have 


where 


G=I(D2  +  l)?tr, 


1  = 


Sh^  /   nui 


.-)• 


(19) 
(20) 
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Accordino-ly  from  (18),  (19),  (20),  and  the  last  of  (16)   and 
(17)  we  get 

{Ia-i(D2  +  l)  +  (ni-no)}(D2  +  l)D-V>+7ia(D2-l)Ti,  =  0. 
To  solve  this  assume 

where  s  =  2  .  3  .  4  . , . ,  then 

{\a~\s'-l)-{U^~n.^}{s-'-l)s'  =  ,xa{s'  +  \)p-'  ;      (21) 

and  therefore  p  will  be  real  provided 

ni-n2<  1(6-2- l)/a. 

The  least  value  of  the  right-hand  side  occurs  when  s  =  2, 
in  which  case 

ni-n2<3i/a 

^  8A3/ 
\i 

This  is  the  condition  for  the  stability  of  the  tine. 

In  the  particular  case  considered  by  Mr.  Bryan^  112  =  0, 
and  since  it  is  practically  certain  that  a  is  a  linear  function 
of  111,  we  may  write  «  =  ^'ITi,  where  k  is  some  constant  which 
is  independent  of  h.     Whence  [22)  becomes 

Since  powers  of  h  higher  than  the  cube  are  to  be  neglected, 
the  condition  of  stability  becomes 

T-,  Sh^mn 

ni< 


rt^(»i  +  nf 


which  is  Mr.  Bryan's  result. 

Although  I  am  disposed  to  think  that  this  result  is 
rigorously  true  as  a  first,  and  probabl}'  for  practical  purposes 
as  a  sufficient  approximation,  yet  a  rigorous  mathematical 
theory  requires  a  knowledge  of  the  correct  expression  for  the 
energy.  An  inductive  process,  by  means  of  which  a  function 
is  shown  to  satisfy  all  the  requisite  conditions,  would  prob- 
ably be  the  simplest  method  of  discovering  its  value. 

August  9,  1892. 
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XXVII.  On  the  Relation  of  the  Dimensions  of  Physical 
Quantities  to  Directions  in  Space*.  By  W.  Williams, 
Assistant  in  the  Physical  Laboratory,  Royal  College  of 
Science^. 

IN  a  paper  read  before  the  Physical  Society,  Nov.  24, 1888, 
Prof.  Riicker  showed  that  in  the  dimensional  formulae  of 
electromagnetic  quanties  iju  and  k  the  two  specific  capacitie3 
of  the  medium  are  generally  omitted,  or  rather  their  dimen- 
sions are  suppressed,  and  that  the  consequence  of  this  sup- 
pression is  to  give  rise  to  two  artificial  systems  of  dimensions, 
the  electrostatic  and  the  electromagnetic.  That  these  systems 
are  artificial  appears  when  we  consider  that  each,  apparently, 
expresses  the  absolute  dimensions  of  the  different  quantities, 
that  is  their  dimensions  only  in  terms  of  L,  M,  and  T;  whereas 
we  should  expect  that  the  absolute  dimensions  of  a  physical 
quantity  could  be  expressed  only  in  one  way.  Thus,  from  the 
mechanical  force  between  two  poles,  we  get 

and  this,  being  a  qualitative  as  well  as  a  quantitative  relation, 
involves  the  dimensional  identity  of  the  two  sides.  If  now 
fi  is  put  =1,  we  either  ignore  its  dimensions  or  assume  that 
it  has  none,  being  but  a  mere  number.  In  the  former  case 
the  dimensions  deduced  for  m  under  such  circumstances  must 
be  admittedly  artificial,  since  if  the  suppressed  dimensions  of 
/i  were  inserted,  those  of  m  would  be  different,  and  would 
involve  a  different  physical  interpretation.  In  the  latter  case 
the  dimensions  deduced  for  m  must  be  its  absolute  dimensions 
and  must  therefore  involve  its  physical  interpretation.  But 
if  we  start  with  the  relation 


•^~yt(rV' 


g  =  r  \/Icf 


where/  is  now  the  force  between  two  charges  g,  and  if  we 
treat  k  as  a  pure  number,  we  obtain  for  m  by  means  of  the 
dimensions  of  q  deduced  by  this  relation  absolute  dimensions 
again,  but  different  now  to  what  we  bad  before.  In  this  way 
we  gettwodiff"erent  absolute  dimensions  for  the  same  physical 
quantity, — each  of  which  involves  a  different  physical  inter- 
pretation. If,  however,  /j,  and  k  be  not  mere  numbers,  but 
concretes  expressing  physical  properties  of  the  medium,  as  is 

•  See  Note  at  the  end  of  the  Paper, 

t  Read  before  the  Physical  Society,  June  24, 1892,  and  communicated 
by  A.  W.  Riicker,  F.E.S. 
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indeed  proved  by  the  relation 

then  the  fact  that  the  dimensions  of  electrical  and  magnetic 
quantities  are  different  in  the  two  systems  arises  only  from 
our  ignorance  of  the  dimensions  of  fi  and  k,  which  must  be 
such  as  to  bring  the  two  systems  into  accord  when  ultimately 
expressed  in  terms  of  L,  M,  and  T.  Prof.  Riicker  therefore 
suggested  that  ^  and  k  should  be  admitted  into  the  formulso 
along  with  L,  M,  and  T,  and  that,  since  nothing  is  definitely 
known  as  to  their  physical  nature,  they  should  be  regarded  as 
secondary  fundamental  units,  additional  to  L,  M,  and  T,  but 
which  must  be  ultimately  expressed  in  terms  of  them.  Tliere 
is  thus,  in  each  formula,  an  indication  that  the  irrational  and 
unsuggestive  dimensions  are  not  absolute  as  they  stand ;  each 
formula  is  made  to  express  a  physical  reality,  and  each  con- 
tains in  the  proper  form  the  factor  necessary  to  render  the 
formula  absolute.  This  system  has  been  adopted,  among 
others,  by  Prof.  Gray  in  his  smaller  edition  of  '  Absolute 
Measurements  in  Electricity  and  Magnetism,'  and  by  Prof. 
Everett  in  his  last  edition  of  '  Units  and  Physical  Constants.' 

Prof.  Fitzgerald  has  pointed  out  (Phil.  Mag.  April  1889) 
that  if  a  system  be  taken  "  in  which  the  dimensions  of  m  and  k 
are  the  same,  and  of  the  dimensions  of  a  slowness,  that  is  the 
inverse  of  a  velocity  (L~^T),  then  the  two  systems  become 
identical  as  regards  dimensions,  and  differ  only  by  a  numerical 
coefficient  just  as  centimetres  and  kilometres  do.^^  But 
although  fi  and  k  are  quantities  of  the  same  order,  both  being 
capacities,  their  dimensions  need  not  necessarily  be  the  same, 
unless  electrification  and  magnetization  be  phenomena  of  the 
same  order  as  well.  If,  however,  these  be  different  orders — 
as  the}'  almost  certainly  are — the  one  possibly  a  strain,  the 
other  a  vortex  motion,  then  it  is  unlikely  that  k  and  /i,  bearing, 
as  each  does,  similar  relations  to  two  dissimilar  phenomena, 
should  have  identical  dimensions. 

In  one  of  the  Appendices  to  '  Modern  Views  of  Electricity  * 
Dr.  Lodge  develo[)S  a  system  in  which  /a  and  k~^  have  re- 
spectively the  dimensions  of  density  and  rigidity.  It  is  then 
found  that  the  dimensions  of  all  the  other  quantities  become 
unique,  and  capable  of  purely  dynamical  interpretations. 
Thus,  magnetic  moment  becomes  linear  momentum;  magnetic 
induction,  linear  momentmn  per  unit  volume;  magnetic  force, 
velocity;  electrical  force,  pressure  ;  current,  displacement  x 
velocity  ;  self-induction,  "  inertia  per  unit  area,"  «tc.     In  a 

•  See  also  "  On  the  Dimensions  of  a  Magnetic  Pole  in  the  Electrostatic 
System  of  Units,"  Dr.  Lodge,  Phil.  Mag.  Nov.  1882. 
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similar  manner  other  such  systems  may  be  developed.     Thus, 
take  the  equation 

where  F  is  an  impressed  force,  M  the  mass  of  a  moving  body, 
V  its  velocity,  and  k  a  coefficient  of  resistance.     Compare  this 


with 


B  =  L|^-fRO, 


where  E  is  the  voltage  of  a  closed  circuit,  L  its  self-induc- 
tion, C  the  current,  and  R  the  resistance.  Let  us  identify 
E  and  F  dimensionally,  and  work  out  the  analogy  in  detail. 
To  do  this,  we  have  only  to  equate  the  dimensions  of  E  and 
F,  and  find  what  value  of  yu.  satisfies  the  relation.  Then  sub- 
stituting this  value  of  /u,  in  the  formulge  of  the  other  quantities, 
we  are  able  to  complete  a  connected  dynamical  analogy  of 
electromagnetism  hy  starting  with  voltage  as  a  force.  In  this 
case,  we  find  that  electrification  is  a  displacement  ;  current,  a 
velocity  ;  electrical  potential,  force  ;  quantity  of  magnetism, 
linear  momentum;  self-induction,  inertia,  &c.  In  a  precisely 
similar  manner,  by  starting  with  the  equation 

Qt 

where  G  is  a  couple,  I  a  Moment  of  Inertia,  and  o)  an  angular 
velocity,  we  get: — electrification,  a  strain;  electrical  potential, 
work;  electrical  force,  force;  current, angular  velocity;  quantity 
of  magnetism,  angular  momentum  ;  self-induction,  moment  of 
inertia,  &c.  In  all  cases  we  are  able,  by  means  of  the  dimen- 
sional formul?e  expressed  in  terms  of  /u.  and  k,  to  work  in 
detail  any  dynamical  analogue  w^e  may  choose  to  take  as  a 
starting-point.  Of  course  all  dimensional  values  of  yb, 
together  with  the  corresponding  ones  for  A;,  must  render 
electromagnetic  dimensions  unique.  It  is  only  some  of  these, 
however,  that  give  rise  to  formulae  capable  of  dynamical 
interpretation,  and  it  will  be  found  on  examination  that  the 
number  of  such  values  is  small.  Now,  if  electromagnetism 
is  ultimately  dynamical,  the  dimensions  of  electromagnetic 
quantities  must  be  of  the  same  kind  (ultimately)  as  those  of 
ordinary  dynamical  units.  Hence,  by  examining  all  the 
possible  cases  in  which  the  dimensions  of  \i  and  k  lead 
in  the  case  of  the  other  electro-magnetic  quantities  to 
dimensions  of  the  dynamical  order,  we  may  be  able  to  obtain 
some  light  as  to  the  nature  of  yu  and  k  themselves.  To  show 
how  this  may  be  done,  and  the  kind  of  results  obtained  will 
be  the  object  of  the  following  paper. 
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Before  doing  this,  however,  it  becomes  necessary  to  examine 
in  more  detail  the  real  nature  of  dimensional  equations,  and  to 
determine  how  far  they  are  capable  of  giving  reliable  results 
when  used  in  the  way  here  suggested.  Primarily,  a  dimen- 
sional formula  expresses  only  numerical  relations  between 
units,  and  for  the  purpose  of  the  present  paper  is  defective 
from  the  fact  that  different  physical  quantities  have  the  same 
dimensional  formulae.  For  example,  couple  and  icork,  as 
pointed  out  by  Prof.  S.  P.  Thompson  in  the  course  of  the 
discussion  on  Prof.  Riicker's  paper  above  referred  to;  or, 
again,  an  avea  and  the  square  of  the  same  vector-length  ;  pres- 
sure and  tangential  force  per  unit  area,  &c.  If,  therefore,  di- 
mensional equations  are  to  be  used  at  all  in  the  sense  above 
indicated,  it  becomes  necessary,  in  the  first  place,  to  be  assured 
that  the  process  is  valid,  and,  in  the  second  place,  that  no 
contradictoiy  or  unintelligible  results  arise  from  causes  such 
as  the  above. 

The  dimensional  formula  of  a  physical  quantity  expresses 
the  numerical  dependence  of  the  unit  of  that  quantity  upon 
the  fundamental  and  secondary  units  from  which  it  is  derived, 
and  the  indices  of  the  various  units  in  the  formula  are  termed 
the  dimensions  of  the  quantity  with  respect  to  those  units. 
When  used  in  this  very  restricted  sense,  the  formulae  only 
indicate  numerical  relations  between  the  various  units.  It 
is  possible,  however,  to  regard  the  matter  from  a  wider 
point  of  view,  as  has  been  emphasized  by  Prof.  Riicker  in 
the  paper  above  referred  to.  The  dimensional  formulae  may 
be  taken  as  representing  the  physical  identities  of  the  various 
quantities,  as  indicating,  in  fact,  how  our  conceptions  of  their 
physical  nature  (in  terms,  of  course,  of  other  and  more  fun- 
damental conceptions)  are  formed — just  as  the  formula  of  a 
chemical  compound  indicates  its  composition  and  chemical 
identity.  This  is  evidently  a  more  comjjrehensive  and  funda- 
mental view  of  the  matter,  and  from  this  point  of  view  the 
primitive  numerical  signification  of  a  dimensional  formula 
as  merely  a  change  ratio  between  units  becomes  quite  a 
dependent  and  secondary  consideration. 

The  question  then  arises,  what  is  the  test  of  the  identity 
of  a  physical  quantity  ?  Plainly,  it  is  the  manner  in  which 
the  unit  of  that  quantity  is  built  up  (ultimatel}')  from  the  fun- 
damental units  L,  M,  and  T,  and  not  merely  the  manner  in 
which  its  magnitude  changes  with  those  units.  Thus,  the  unit 
couple  and  the  unit  of  work  both  change  in  the  same  manner 
with  the  unit  length,  but  they  are  physical  quantities  of  dif- 
ferent kinds.  Their  mcmerical  dependence  upon  L,  M,  and 
T  is  the  same,  as  expressed  by  the  formula  (MLT~^)L,  but 

Phil.  Mag.  S.  5.  Vol.  34.  No.  208.  Sept.  1892.  S 
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the  manner  the  unitlenothenters  their  definition  is  different : 
in  the  case  of  work  the  two  units  of  length  involved  are  in 
the  same  direction  ;  in  the  case  of  couple  they  are  mutually 
at  right  angles.  The  absolute  measure  of  a  force  is  the  work 
done  through  unit  linear  displacement ;  similarly,  the  absolute 
measure  of  a  couple  is  the  work  done  through  unit  angular 
displacement.  Hence  the  relation  between  couple  and  work 
is  similar  to  that  between  force  and  work,  the  difference 
being  that  angular  displacements  are  considered  in  the 
former  case,  linear  displacements  in  the  latter.  But  the 
measure  of  an  angular  displacement  is  independent  of  the  unit 
length.  Hence,  in  expressing  the  numerical  dependence  of 
the  unit  couple  and  the  unit  of  work  upon  the  fundamental 
units  we  get  the  same  formula  ML^T~^,  although  the  difference 
in  the  physical  nature  of  the  quantities  is  of  the  same  kind  as 
that  between  force  and  work.  And  generally,  when  used  in 
the  purely  numerical  sense  above  indicated,  the  dimensional 
formulge  fulfil  all  requirements ;  it  is  only  when  endowed  with 
the  higher  function  of  defining  the  physical  identities  of  the 
various  quantities  that  they  are  found  to  fail. 

That  the  dimensional  formulae  a/"e  regarded  from  this  higher 
standpoint — that  is,  regarded  as  being  something  more  than 
mere  "  change  ratios  "  between  units — is  shown  by  the  fact 
that  difficulties  are  felt  when  the  dimensions  of  two  different 
quantities,  e.  g.,  couple  and  work,  happen  to  become  the  same. 
If,  however,  the  numerical  dependence  of  the  units  of  the  two 
quantities  upon  the  fundamental  units  be  the  same,  and  if  the 
formulse  are  to  express  nothing  more,  then  the  two  quantities 
must  have  the  same  dimensions,  and  from  this  point  of  view 
we  are  not  entitled  to  feel  any  ditficulty  in  the  matter.  That 
such  difficulties  are  felt  arises  therefore  from  the  more  com- 
prehensive signification  which  is  attached  to  the  formulse — a 
signification  which  obviously  includes  all  the  numerical  consi- 
derations which  alone  constitute  the  more  restricted  one. 

Let  us,  therefore,  for  the  purpose  of  the  present  paper, 
regard  the  dimensional  formula  of  a  quantity  as  the  symbolical 
expression  of  the  physical  nature  of  that  quantity,  so  far,  of 
course,  as  it  depends  upon  the  fundamental  conceptions  of 
mass,  space,  and  time  (and,  in  the  case  of  thermal  and  elec- 
trical quantities,  of  secondary  conceptions  also  ultimately 
dependent  upon  mass,  space,  and  time).  To  obtain  the 
formula  for  any  quantity,  it  is  only  necessary  to  express  how 
the  unit  of  the  quantity  is  built  up  from  the  fundamental  and 
secondary  units.  Now,  the  units  of  mass  and  time,  and  all 
secondary  units,  are  involved  in  all  physical  units  in  a  simple 
manner.     They  are  raised  to  different  powers.     But,  owing 
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to  the  dimeusions  of  space,  the  unit  of  length  is  involved  ju 
different  ways,  according  to  the  different  relative  directions  in 
which  it  may  be  taken.  In  all  cases,  however,  the  unit  of 
any  quantity  can  be  completely  expressed — so  far  as  it  in- 
volves the  unit  length — by  taking  the  unit  length  along  one 
or  more  of  three  mutually  rectangular  directions  Ox,  Oy,  Oz, 
whose  absolute  direction  in  space  is  of  course  determined  by 
the  nature  of  the  physical  relation  into  which  the  quantity 
enters.  The  dimensional  formulae  can  therefore  be  expressed 
in  terms  of  M,  T,  and  X,  Y,  Z,  where  M  is  the  unit  of 
mass,  T  the  unit  of  time,  and  X,  Y,  Z  the  unit  of  length 
taken  respectively  along  the  directions  O.v,  Oi/,  Oz.  Thus,  if 
MXT~^  is  the  unit  of  force,  MX'"^T~^  is  the  unit  of  work  ; 
MXY-^Z~^T~',  energy  per  unit  volume  ;  MXZT~^  a  couple 
in  the  plane  XZ,  &c.  The  above  quantities  are,  of  course,  the 
same  in  kind  but  different  in  direction  from  MYT~^,  MZT~^, 
&c.  This  method  of  expressing  the  dimensional  formulse  is 
nothing  more  than  a  modified  extension  of  Prof,  S.  P. 
Thompson's  suggestion  as  to  the  use  of  \/  —  1  in  dimensional 
formulae,  as  will  appear  more  fully  later  (see  discussion  on 
Prof.  Riicker's  paper  above  referred  to) . 

When  it  is  necessary  to  determine  the  numerical  dependence 
of  the  unit  of  a  quantity  upon  the  fundamental  and  secondary 
units,  the  distinction  between  units  of  length  taken  in  different 
directions  must  be  suppressed,  and  the  unit  of  length  in  what- 
ever direction  taken  must  be  represented  by  a  single  symbol 
L.  The  index  of  L  will  therefore  be  the  sum  of  the  indices 
of  X,  Y,  and  Z,  and  the  formulae  thus  simplified  will  indicate 
the  changes  in  the  magnitude  of  the  unit  when  the  funda- 
mental and  secondary  units  are  themselves  changed.  Thus, 
we  can  immediately  deduce  from  any  foi-mula  the  particular 
and  simplified  form  it  assumes  when  only  the  numerical  rela- 
tions between  units  are  to  be  considered.  It  will  be  convenient 
to  designate  these  simplified  forms  of  the  formulae  the  "  change 
ratios  "  of  the  units,  and  to  reserve  the  term  "  dimensional 
formulae  "  for  the  more  general  forms  in  which  the  identities  of 
the  quantities  are  primarily  concerned. 

The  dimensions  of  the  ordinary  dynamical  quantities  may 
now  be  expressed  : — 


1. 

2. 
3. 
4. 

Inertia      = 
Length     = 
Area         = 
Volume    = 

M. 

X,  Y,  or  Z. 

XY,  YZ,  or  ZX. 

XYZ. 

h. 

Density    = 

MX-'Y-'Z-'. 

&  2 
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6.  Velocity  =XT-\  YT^^  m'K 

7.  Acceleration   =   XT'^  YT"',  ZT"'. 

8.  Linear  momentum  =   MXT"',  MYT"',  MZT"'. 

9.  Force       =   MXT-',  MYT"',  MZT"'. 

10.  Work       =   MX'T-^  MY'T"',  MZ'T"'. 

11.  Energy    per    unit    volume    =    MXY~^Z"^T"^ 

MX-'YZ-'T-',  MX-'Y-'ZT-'. 

12.  Pressure  =   MXY-'Z-'T-',   [Force  =   MXT-^ 

per  unit  of  surface  YZ]  &c. 

Thus,  the  dimensions  of  pressure  are  the  same  as  those  of 
energy  per  unit  volume,  as  should  be  the  case,  for  the  pressure 
at  a  point  in  a  gas  is  given  by  /'  =  ipV^j  where  p  is  the  den- 
sity and  pY^  is  of  the  dimensions  of  energy  per  unit  volume. 
The  case  is  different  from  that  of  W  =  G^,  where  W  is  the 
work  done  by  a  couple  G  through  an  angular  displacement  6. 
In  the  former  case,  p  is  the  same  in  kind  as  pV^,  nothing 
concrete  intervening.  In  the  latter  case,  G  cannot  be  the 
same  as  W  unless  ^  be  a  mere  number,  having  no  reference  to 
anything  concrete,  which  is  not  the  case. 

13.  Couole     =   MXYT-',  (Force  along  X  or  Y,  Arm 

Y  or  X)  &c. 
The  rational  measure  of  an  angle  is  -,  where  5  is  the  arc 

described  by  the  radius  r  rotating  about  one  extremity.     Let 

Bs  be  an  element  of  the  arc,  then  s=-%'ds,  and  ^  = ,  or 

TSs  r  ' 

"^9= — .     Let  r  be  measured  along  X,  then,  since  Bs  is  always 

an  element  at  right  angles  to  r,  ^s  will  be  measured  along  Y 
or  Z.  If  these  directions  (X,  Y,  Z)  be  carried  along  loith  r — 
that  is,  if  we  take  instantaneous  axes  at  every  point  of  the 
arc — the  axes  bearing  the  same  relation  to  the  radius  and 

tangent  at  every  point,  we  get  B^=— ,  and  6  =  — —.      To 

express  this  dimensionally,  we  have  to  neglect  the  summation 
X  ;  for  a  dimensional  formula  expresses  the  nature  of  a  quan- 
tity, not  its  magnitude,  and  the  same  formula  must  therefore 
apply  to  both  6  and  "^6.  The  dimensions  of  6  and  "dd  are 
therefore  YX'^ 

14.  Angles     =   XY~\  (Direction  of  radius  Y,  of  the 

arc  X)  &c. 

15.  Angular  Velocity   =  XY'^T"',  kc 
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16.  Angular  Acceleration   =   XY~^T~l 

17.  Moment  of  Inertia   =  MX^  MY^,  MZ^. 

Moment  of  couple  _  MXYT~^  _  ,,^2  ^ 
Angular  acceler.    ~  XY~^T~^  ' 

18.  Angular    Momentum    =    Iw  =  MY^(XY-^)T~^ 

=  MXYT-',  &c. 

19.  Energy  of  Rotation   =   ^  Iw^  =  MY2(XY-')2T~' 

=  MX2T-',  &c. 

20.  Couple  =  I^  =  MY2(XY-')T-'  =  MXYT"'. 

21.  Work  done  by  a  couple  =  G^=(MXYT-')(XY-') 

=  MX2T-'. 

22.  Solid  angle  =  ^O  =  — g ,  where  ^a  is  an  element 

of  area  on  the  surface  of  a  sphere  radius  r.  Taking  in- 
stantaneous axes,  X  being  ahvays  along  the  radius,  and  Y,  Z 
in  the  tangent  plane  at  a  point,  this  becomes  dimensionally, 

[Bn]  =  (Yzx-^). 

The  quantity  tt  may  enter  into  physical  relations  in  two 
different  ways.  It  may  enter  in  its  purely  geometrical  or 
trigonometrical  capacity  as  a  definite  number  of  radians  (or, 
what  is  equivalent,  as  the  ratio  of  the  circumference  of  a  circle 
to  its  diameter),  and  be  thus  definitely  related  in  a  physical 
sense  to  the  other  quantities  ;  or  it  may  enter  in  its  numerical 
capacity  as  part  of  a  numerical  coefficient  determined  by 
higher  abstract  analysis.  Cases  of  the  former  kind  only  have 
to  be  considered  in  the  following  paper.  In  these  cases  tt 
enters  the  relations  (ultimately)  as  a  definite  number  of  plane 
or  solid  angles,  and  it  therefore  consists  of  two  factors,  namely, 
a  numerical  factor,  3"14'  ■,  and  a  concrete  factor,  the  unit 
plane  or  solid  angle.  We  may  therefore  speak  of  the  dimen- 
sions of  TT,  meaning  thereby  the  dimensions  of  the  plane  or 
solid  angles  which  it  in  such  cases  implies,  and  the  dimensional 
identity  (in  the  directional  sense)  of  the  relations  into  which 
it  so  enters  cannot  be  complete  if  the  concrete  factor  is 
neglected.  Thus,  let  A  =  47rr^,  where  A  is  the  surface  of  a 
sphere  of  radius  ?•.  Taking  axes  as  in  22,  this  becomes  dimen- 
sionally YZ  =  (YZX~  )  X  ,  and  the  relation  is  not  true  if  4:7r  be 
treated  as  a  pure  number  unless  an  area  is  represented  by  the 
square  of  a  vector  length,  instead  of  by  the  product  of  ttoo 
different  vector  lengths  as  in  vector  algebra.  Similarly,  in 
the  relation  V  =  -|7^r^  V  being  a  voltiino.  tt  is  of  the  dinien- 
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sions  of  a  solid  angle,  while  in  l=s27rr,  where  I  is  the  circum- 
ference of  a  circle,  it  is  of  the  dimensions  of  a  plane  angle. 

The  significance  of  tt  as  it  occurs  in  electromagnetism  in 
connexion  with  radial  and  circuital  fluxes  wall  be  considered 
later. 

The  foIloAving  examples  serve  to  illustrate  this  method  of 
expressing  dimensional  formulfe. 

23.  Radius  of  Curvature. — Bending  per  unit  length  of  a 

Fi-L 


curve.  Let  A  B  be  an  element  of  a  curve,  and  let  the  tan- 
gents at  A  and  B  intersect  at  0,  making  an  angle  ^6.     The 

AP 

angle  B<^  is  ultimately  =  ^rp.      If  A  P   be   taken  along  the 

normal  X  at  A,  and  0  A  along  the  tangent  Y,  then  A  B  is 
also  ultimately  along  Y,  and  ma}^  be  written  B_?/.     Hence  the 

curvature  becomes  ^,  or  dimensionally  (XY~^)Y~^  =  XY~^, 

■where  XY~^  are  the  dimensions  of  B^,  and  Y  those  of  AB. 
The  radius  of  curvature  at  O  is  therefore  of  the  dimensions 
{Y^X-'). 

24.  Centrifuqal  Force. — Let  a  particle  describe  the  path 

.  /     V'2\ 

AB  with  velocity  V,  the  centrifugal  force  is  F=|??2- — |. 

Taking  instantaneous  axes  at  A,  as  in  23,  this  becomes 
dimensionally 

[F]  =  M(  Y^T"')  (X  Y-')  =  MXT-l 

Thus  the  force  is  directed  along  the  radius  X. 

25.  Compressibility. — Hydrostatic  pressure  is  of  the  dimen- 
sions MXT~^(YZ)~^,  according  to  the  direction  of  the  plane 
of  reference  YZ.  Strain  is  here  of  no  dimensions,  being  the 
ratio  of  two  concretes  of  the  same  kind.  Hence  the  dimen- 
sions of  compressibility  are  M~^X~^YZT^. 

26.  Rigidity. — "A  simple  shear  is  a  homogeneous  strain  in 
which  all  planes  parallel  to  a  fixed  plane  are  displaced  in  the 
same  direction  parallel  to  that  plane  and  therefore  through 
spaces  proportional  to  their  distances  from  that  plane"  (Kelland 
and  Tait's  '  Quaternions,'  p.  204).     Let  the  planes  of  displace- 
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ment  be  the  planes  XY,  and  the  direction  of  displacement  X. 
The  applied  stress  (tangential  force  per  unit  area)  is 

MXT~'  1     2 

XY  • 

The  shear  is  XZ~  .     Hence  the  rigidity  is  of  the  dimensions 

^'|^  =  (MX-Y-^ZT-^). 

The  velocity  of  propagation  of  a  wave  of  distortion  is 

Y—.\/-,  ?i=  rigidity.     Hence 

^    9  '     

[Y]  =  4  /MZ(YZ)~^T~^  =ZT~^ 

^     M(XYZ)-' 

Thus,  the  applied  stress  acts  over  the  face  XY,  and  the  dis- 
turbance is  propagated  along  Z. 

27.  Torsion. — Let  OABC  be  the  section  of  a  cylinder,  axis  Z 
and  radius  Y,  subjected  to  torsion;  oABi  the  face  of  an  elemen- 
tary cube  edge  "dr,  bounded  as  in  the  figure;  and  6  the  twist  per 

Fi-.  2. 


CB      A 


unit  length.  The  shear  experienced  by  the  elementarv  cube  is 
ultimately  p^^  ~''^'  ^^  dimensionally  XZ~'  (for  6  is  of  the 

dimensions  XY"^2~^^  and  r  =  Z).  Let  Y  =  nr6  be  the  applied 
stress  (tangential  force  per  unit  area).  Then  [P]  =  MY~^T~^. 
The  tangential  force  over  ring  of  which  aAB6  forms  part 
=  {2'7rr'br)nre  =  2irrhie'br,  or  dimensionally  MY-^T"^(XY)  = 
MXT~^,  and  the  moment  of  this  round  0  =  ^irr^nO'dr,  or 
dimensionally  MXYT"  .     The  moment  due  to  the  whole  face 


=  i^,str^-ir=i^-^)e, 


where  R  =  OA,  and  this  is  of  the  same  dimensions  as  ^irnr^O'^r, 
for  the  r*  in  the  former  expression  is  of  the  same  dimensions 
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inns    — ^ —    IS    01    the    dimensions 


as  r^r  in  the   latter 
MXYT-'. 

To  determine  from  this  the  dimensions  of  tt  we  have 

[7rnr^6']  =  MXYT-', 
[6]     =XY-'Z-\ 

b']  =Y^ 

[n]    =MZ(XYr'T-'; 
/.  [7^]MZ(XYj-'T-^Y^(XY-^)Z-'  =  MXYT-^ 

.-.  H=XY- 

Thus  TT  in  this  case  is  of  the  dimensions  of  a   plane  angle 
in  the  plane  XY. 

28.  Viscosity. — The  viscous  resistance  between  planes  moving 

with  relative  velocity  w  =  ^  is   given   by  F  =  ^(  N?/i&)L  ^  ) 

(Clausius).     Taking  the   components   of  w  and  L   along   Z 
(normal  to  direction  of  motion)  this  becomes  dimensionally 

a  tangential  force  in  the  plane   of  motion  (XY).     The  co- 
efficient of  viscosity  is 


F 


MY~^T~^ 

Xz-^T-^  =  MZ(YZ)-^T- 


=  Tangential  force  per  unit  area  -f-  shear  per  unit  time. 

29.  Surface  Tension. — Tangential  force  per  unit  length 
normal  to  itself.  Let  Y  be  the  direction  of  force  in  the  plane 
YZ,  and  K  the  surface  tension.     Then 

[K]  =  MYZ-^T-^=^^^y^^ 

=  Energy  per  unit  area. 


Let  AOB  be  a  normal  section  of  a  cylindrical  liquid  film. 
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axis  Z,  radius  X.  The  noi'inal  pressure  due  to  the  curvature 
is  K|  -  jj  or  dimensionally 

as  should  be  the  case. 

The  above  examples  are  sufficient  to  illustrate  the  method 
of  expressing  dimensional  fonnulae  in  terms  of  X,  Y,  Z.  In 
all  the  above  cases  isolated  quantities  only  are  dealt  with,  and 
therefore  the  relation  of  the  directions  of  directed  quantities 
to  the  dimensional  axes  is  a  matter  of  iudifference.  This  is 
not  so  in  the  case  of  equations  between  quantities.  Here, 
however,  we  have  only  to  transform  the  equations  to  Carte- 
sian co-ordinates  and  then  express  the  dimensions  of  each 
term  by  means  of  the  above.  Thus,  let  A,  B,  C,  .  .  .  be 
quantities  connected  by  the  equation 

A  +  B  +  C  +  D+   ...   =0. 

Expressed  in  Cartesian  co-ordinates  this  becomes 
(A,  +  A^  +  AJ+(B,-^B^  +  B^)-f(C,  +  C^  +  CJ+    .  .  .   =0; 

and  we  can  now  immediately  express  the  dimensions  of  every 
term.  We  thus  get  the  dimensional  expression  of  the  equation 
itself.  A  physical  equation  implies  that  the  quantities  con- 
nected are  the  same  in  hind.  There  must,  therefore,  be  a 
dimensional  identity  between  the  various  terms.  This  holds, 
however,  in  its  wider  or  directive  sense  only  of  component 
quantities  in  the  same  direction,  for  if  we  equate  any  term 
in  the  above  to  all  the  rest  we  always  get  a  term  such  as  A^ 
equated  to  another  such  as  A  ,  the  same  in  kind,  but  different 
in  direction.     If,  however,  we  write  the  equation 

(A,  +  B,  +  C,+  .  .  .)  +  (A^  +  B^+  .  .  .)  +  (A^,  +  B^+  .  .  .)  =  0, 

there  must  now  be  a  dimensional  identity  in  the  directional 
(X,  Y,  Z)  sense  between  the  terms  in  the  same  bracket. 

Up  to  the  present  the  dimensional  formulge  have  been  re- 
garded as  purely  conventional.  It  is  now  necessary  to  ex- 
amine whether  the  conventions  made  use  of  can  be  justified 
in  any  other  way  ;  and  it  becomes  important  to  have  a  clear 
physical  distinction  between  pure  numbers  and  concretes,  for, 
according  to  the  above  conventions,  dimensional  formulae  are 
now  extended  to  include  quantities  hitherto  regarded  as  pure 
numbers. 

Every  concrete  quantity  should  have  definite  })hysical  di- 
mensions in  the  extended  sense  of  the  term  ;  only  pure 
numbers  should  be  quantities  of  no  dimensions.     For  j)hysical 


246       Mr.  W.  Williams  on  the  Relation  of  Dimensions 

purposes,  a  pure  number  may  be  defined  as  the  ratio  of  two 
concretes  of  the  same  kind.  If  the  concretes  are  directed 
quantities,  their  ratio  is  not  a  pure  number  unless  they  are 
similarly  directed.  Thus,  the  ratio  of  a  force  along  X  to  that 
along  Y  is  of  the  dimensions  (MXT  -')/(MYT-'_)  =  XY^';  that 
is,  of  the  dimensions  of  an  angle,  or  rotation,  indicating  that 
to  compare  the  scalar  magnitude  of  the  two  forces,  they  have 
to  be  rotated  into  coincidence.  And,  generally,  the  ratio  of 
any  two  directed  quantities  of  the  same  kind  is  a  pure  number 
together  with  a  quantity  of  the  nature  of  rotation,  the  latter 
being  the  versor  part  of  the  quotient  of  two  vectors.  Since 
the  measure  of  a  rotation  is  independent  of  the  unit  length, 
the  versor  part  of  the  quotient  is  a  pure  number  so  far  as  the 
scalar  unit  length  is  concerned.  It  cannot,  however,  be  truly,  a 
pure  number,  for  different  degrees  of  rotation  are  compared 
in  terms  of  definite  units  of  rotation.  Hence,  a  versor,  or  its 
equivalent,  an  angle,  or  an  angular  displacement  is  a  concrete 
quantity  equally  well  with  mass,  length,  and  time,  and  should 
have  its  own  proper  dimensions.  It  is  only  because  of  the 
restriction  of  the  term  "  concrete  "  to  quantities  the  magni- 
tudes of  whose  units  change  with  the  units  of  length,  mass,  and 
time  that  concretes  of  the  nature  of  angles,  and  angular  dis- 
placements, come  to  be  regarded  as  purely  numeric.  From 
this  point  of  view,  therefore,  a  pure  number  is  always  of  the 
nature  of  a  tensor,  or  rather,  unity  nmst  be  regarded  as  the 
dimensional  formula  of  a  tensor,  and  of  physical  quantities 
of  like  nature,  e.g.  volume-strains  *. 

Let  a,  /8,  7  be  three  vectors  (nou-coplanar) .     Then 

1.  a,  jS,  or  7  =  Linear  displacements,  or  lengths  in  magni- 
tude and  direction. 

2.  V(a/3)  &c.  =  Area  of  parallelogram  bounded  by  a,  y8. 

3.  S(a^7)  =  Volume  (neglecting  sign)  of  parallelepiped 
defined  by  a,  /3,  7. 

4.  U-p  =  Fersor -3  =  Angular    displacement    required    to 

bring  y8  parallel  to  a. 

If  «,  /S,  7  be  vectors  mutually  at  right  angles,  it  is  un- 
necessary to  distinguish  between  scalar  and  vector  products, 
and  if  they  be  also  equal,  between  tensors  and  versors,  for  the 
product  of  any  two  vectors  is  now  a  vector,  and  of  three  a 
scalar  :  the  quotient  of  any  two  is  a  versor,  since  the  tensor 
=  1 ;  while  the  product  of  parallel  vectors  is  always  scalar. 

We  may  therefore  take  «,  a^S,  a.^y,  ^,  and  -  (or  unity')  as 

*  See  "The  Multiplication  and  Division  of  Concrete  Quantities,'" 
Prof.  A.  Lodge,  '  Nature,'  July  19,  1888. 
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the  typical  representatives  of  the  respective  ideas  of  vector 
lengths,  areas,  volumes,  angles,  and  pure  numbers  (tensors). 
If,  now,  we  call  these  the  dimensional  formula  (that  is,  the 
physical  representations)  of  these  ideas,  we  see  that  the  tensor, 
although  a  ^■/^m-physical  quantity  like  the  versor,  becomes 
physically  represented  according  to  the  above  conventions  by 
unity,  while  the  versor  is  represented  by  the  ratio  of  two 
vectors.  Thus,  the  meaning  of  the  fact  that  tensors  and  phy- 
sical quantities  of  like  nature  are  of  no  dimensions,  is  that 
their  dimensional  representation  according  to  the  above  con- 
ventions simplifies  down  to  unity.  No  other  physical  quan- 
tities are,  however,  dimensionally  represented  by  unity.  We 
may,  therefore,  say  that  tensors  &c.  are  also  physical  quan- 
tities, and  therefore  concrete,  and  that  since  every  physical 
quantity  consists  of  two  factors,  namely  a  pure  number  and  a 
concrete,  we  may  regard  a  pure  number  when  occurring  alone 
in  a  physical  relation  as  a  physical  quantity  whose  concrete 
factor  is  a  tensor.  Since,  however,  the  term  "  concrete  '^  is 
reserved  for  those  quantities  which  cannot  be  completely 
specified  by  pure  numbers,  we  come  ultimately  to  regard  a 
tensor  as  a  pure  number,  and  the  versor  as  a  concrete 
quantity. 

If  we  substitute  for  a,  /3,  7  in  the  above  X,  Y,  Z  respec- 
tively, we  get  the  same  expressions  for  lengths,  areas,  volumes, 
and  angles  as  already  obtained  in  the  dimensional  formulse. 
Hence,  we  see  that  the  conventions  made  as  to  the  dimen- 
sional representation  of  the  various  quantities,  namely,  that 
areas,  volumes,  and  angles  should  be  represented  by  products 
and  quotients  of  diferent  vector  lengths  instead  of  by  powers 
and  quotients  of  a  given  one,  are  justified  by  the  fact  that  they 
are  consistent  with  the  meanings  of  products  and  quotients 
of  rectangular  vectors.  For  the  products  and  powers  of 
parallel  vectors  can  never  represent  areas  or  volumes,  and 
their  ratios  can  be  nothing  but  pure  numbers. 

Dimensional  formulae  may  be  conveniently  expressed  in 
this  way,  that  is,  by  taking  three  rectangular  vectors  in  space 
as  axes  of  reference.  We  may,  of  course,  suppose  X,  Y,  Z 
to  be  the  vectors.  Then  the  formulae  already  deduced  will 
be  unaltered,  except  that  the  proper  signs  have  to  be  inserted 
according  to  the  order  the  products  and  quotients  are  per- 
formed. The  great  advantage  of  thus  supposing  X,  Y,  Z  to 
be  vectors  instead  of  mere  Cartesian  lengths  is  that  the  dis- 
tinction between  scalar  and  vector  quantities  is  made  apparent 
by  the  formula.  Thus,  X^,  Y^,  Z^,  or  R^  (R  being  any  vector) 
are  scalarsy  X,  Y,  Z,  XY,  YZ,  ZX,  XY-\  YZ-\  ZX"'  and 
their  reciprocals  are   vectors;  and  (XYZ)  a  scalar.     To  make 
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the  formulse  exhibit  at  the  same  time  the  numerical  depen- 
dence of  the  derived  upon  the  fundamental  units,  we  may 
put  X  =  2L,  Y=jli,  Z  =  kL,  ij,  k  being  quadrantal^  versors 
and  L  the  scalar  unit  length.  Thus,  neglecting  signs,  we 
have : — ■ 

Force  =  MXT-'  =  M(iL)T-l 
Work  =  MX^T-' = M  (iX)'T-'  =  M  L'T"'. 
Couple  =  MX  YT--  =  M/^-L'T"'  =  MA;^^-^ 
Energy  per  unit  volume,  =   (ML^T~  )L~  =ML    T    , 
for  volume  =  (c}l'L^)  =  L^,  ijk  =  l. 

Pressure  =      ^Z     ^  ~ldJ~  =^L    ^    ,  (i=jk). 

Tangential  force  per  unit  ai-ea— MY~  -'-"  =M(jh)~  T~  . 

Angle  =  XY-^  =  0-L)O-Lr^=  4=  I  =k. 

Work  done  by  a  couple  =  MXYT"' (XY-')  =(M?>'PT-')^ 
=  ML2T-',  {yk=l}. 

Thus,  the  indices  of  M,  L,  and  T  indicate  the  numerical 
dependence  of  the  derived  upon  the  fundamental  units,  the 
formulffl  being  identical  in  this  respect  with  the  ordinary  ones, 
while  the  directional  properties  of  the  quantities  are  clearly 
differentiated  by  i,j\  k. 

Multiplying  the  numerator  and  denominator  of  a  formula 
by  X,  y,  or  Z  makes  no  change  in  its  physical  interpretation. 
For  physical  quantities  differ  from  each  other  only  in  their 
numerical  dependence  upon  the  fundamental  units,  and  their 
"  space  relations,"  the  former  being  expressed  by  the  scalar 
part  of  the  formula  L,  M,  T,  the  latter  by  the  vector  part  i^j,  k. 
But  if  X,  Y,  Z  be  equal  rectangular  vectors,  the  tensors  of 

X  Y  Z 

=^,^.77    ai'O   unity,  and  their  versors  are  zero.     Hence,   no 

X  Y'Z  . 

change  can  be   made   in    the   scalar   or  vector  part   of   any 

formula  into  which  they  may  be  multiplied.     Thus  : — 

Force  =  MXl-2=  __^ — 

=  Space  rate  of  variation  of  energy  along  X. 

MXZT~^ 
Force  =  MXT~2= =Couple  per  unit  area. 
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MXT-2 


Tangential  force  per  unit  area=  MY   ^T  ^  = 
=  Force  along  X  in  plane  XY=     „„ 


XY 


—3 


t 

z 

/\ 

X 

x-'' 

=  Force  along  Z  in  plane  YZ. 

These  are  the  two  components  of  a  sheariug- 

stress  referred  to  a  unit  cube.     Multiplying  by  •^^^"  ^" 

XZ  ,MXZT-'      n       1  •.      1 

-^  we  get      ^.  y  y     =  Couple  per  unit  volume. 

Now,  a  shearing-stress  must  be  of  the  nature 

of  a  couple,  for  a  shear  is  of  the  nature  of  an 

angle,  and  the  product  of  the  stress  into  the  shear  is  work 

done  per  unit  volume. 

Q    ,       ,      .         MXT-'     MX^T-'     ^ 

feurtace  tension  =  — ^ — =-~^ — =Energy  per  unit  area. 

MXT~^      MX-^T~^ 
Pressure  =  — y7~  ~  — XY7    =^^^6rgy  per  unit  volume. 

Since,  as  above  shown,  we  obtain  the  same  dimensional 
formulae  by  Cartesian  and  vectorial  methods,  we  may  attach  to 
X,  Y,  Z  and  their  products  and  quotients  in  these  formulae 
either  purely  vectorial  or  purely  Cartesian  meanings  just  as 
we  please  :  in  both  cases,  the  formulae  represent  the  same 
physical  identities.  When  X,  Y,  Z  are  vectors  the  formulae 
express  the  directional  properties  of  the  corresponding  quan- 
tities. [An  inspection  of  a  formula  shows  this,  for  the  pro- 
ducts and  quotients  of  two  rectangular  vectors  are  vectors 
directed  normally  to  the  planes  containing  the  original  vec- 
tors, and  the  products  and  quotients  of  parallel  vectors  are 
scalar].     Thus:   Pressure  MX(YZ)-'T-^  scalar,  for  YZ  is 

X 

directed  parallel  to  X,  hence  ;f^  is  scalar.     Couple  MXZT  ^, 

a  vector  directed  along  Y,  &c. 

In  deducing  the  dimensions  of  electromagnetic  quantities 
it  will  be  necessary  to  start  with  the  dimensions  of  energy, 
or  energy  per  unit  volume.  Using  Cartesian  units  of  length 
this  is  MX^T-',  MY'T-',  MZ^T"',  or  MR-T"',  as  the  case 
may  be ;  and  since  we  shall  have  to  deal  with  connected 
equations  between  the  various  quantities,  the  particular  form 
to  be  used  becomes  of  importance.  Of  course,  energy  beino- 
a  scalar  quantity,  the  above  do  not  differ  essentially  :  the 
difference  arises  only  from  the  different  ways  (the  different 
dynamical  reactions)  by  which  the  expressions  are  derived. 
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It  might  be  more  convenient  to  put  X  =  {L,  Y=jL,  Z  =  kh, 
then  the  dimensions  of  the  energy  of  the  medium  become 
ML^T~^.  There  is  thus  nothing  to  indicate  how  or  with 
reference  to  what  dynamical  reactions  the  expression  is 
derived.  In  what  follows,  however,  Cartesian  expressions 
will  still  be  used  though  more  cumbrous  and  involving  more 
explanation.  They  may  be  immediately  converted  into  the 
above.  The  energy  of  the  medium  will  be  expressed  in  terms 
of  an  instantaneous  linear  displacement  R  upon  which  our 
conceptions  of  the  electromagnetic  displacements  at  a  point, 
whatever  their  nature  may  be,  must  ultimately  depend.  By 
keeping  R,  at  first,  separate  from  X,  Y,  and  Z,  the  formulae 
gain  in  generality,  and  by  retaining  R,  X,  Y,  Z  instead  of 
their  equivalent  vector  forms  rh,  iL,  jh,  kh,  the  dynamical 
connexion  between  the  various  quantities  is  more  clearly 
expressed. 

The  quantity  ir  enters  prominently  into  electromagnetic 
relations,  and  it  becomes  necessary  at  the  outset  to  determine 
in  what  manner  it  is  to  be  dealt  with.  This  subject  has  been 
discussed  by  Mr.  Oliver  Heaviside  (Elec.  October  16th  and 
30th,  1891),  and  his  conclusions  may  be  briefly  summarized 
as  follows  : — 

If  m  and  g  be  point  sources  of  induction  and  displacement 
respectively,  the  measure  of  the  induction  and  displacement 
at  a  distance  r  from  the  source  (if  the  fluxes  emanate  isotro- 
pically)  is 


-=&  H£^^- 


where  B  and  D  are  the  densities  of  the  fluxes  over  spherical 
surfaces  enclosing  the  sources.  And,  similarly,  the  density 
of  any  radial  flux  at  a  point  should  be  estimated  bj^  the  total 
flux  through  a  spherical  surface  having  its  centre  at  the 
source  and  passing  through  the  given  point  divided  by  the 
surface.  Writing  B  =  /xH,  and  D  =  AE,  where  fj,  and  k  ex- 
press physical  properties  of  the  medium,  we  have 


■~  fM\A7rrV'    "^"A-Utt/'V- 


Now,  H  and  E  express  the  strengths  of  the  fields  produced 
by  the  fluxes  m  and  q  at  distances  r  from  the  source.     Hence 

—  and  I  express  the  strengths  of  the  sources.     Again,  multi- 
plying the  above  by  )n  and  q  respectively  we  get 
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But  »iH  is  the  force  experienced  by  a  pole  m  when  placed  in 
a  field  of  strength  H,  and  similarly  for  kE.     Hence 


im ''=^-=i(S)' 


where  F^^  and  F  are  respectively  the  forces  between  two 
poles  m,  or  two  charges  g,  at  distances  r  apart.  In  other 
■words,  since  in  expressing  the  force  between  two  poles  or  two 
charges  we  have  to  regard  each  pole  or  charge  as  an  isolated 
point  source  of  displacement,  we  should  regard  the  one  pole 
or  charge  as  producing  radially  a  field  of  given  strength,  and 
then  express  the  force  experienced  by  the  other  when  placed 
in  this  field. 

If,  now,  the  unit  pole  and  the  unit  charge  be  defined  re- 
spectively by  the  relations 

m  =  r  V47ryaF„,,  q  =  r  \^  Itt^F,, 

instead  of,  as  usual, 

^n=r^j;j;;,  q  =  r  ^W^, 

the  effect  is  to  redistribute  it  in  electromagnetic  equations  as  a 
W'hole.  It  is  found,  however,  that  all  those  relations  into  which 
it  is  now  made  to  enter  depend  upon  and  involve  the  consider- 
ation of  circuital  or  radial  fluxes,  and  tt  obviously  enters  as  a 
plane  or  solid  angle  in  connexion  with  circles  and  spheres  of 
reference.  It  has  thus  a  definite  phvsical  meaning,  and  is 
always  definitely  related  to  the  other  quantities  in  the  relation. 
On  the  other  hand,  in  the  case  of  the  relations  from  which  it  is 
removed,  it  previously  entered  only  because  of  its  suppression 
elsewhere,  and  had  no  fundamental  connexion  with  the  other 
quantities. 

The  relation  between  the  new  and  the  old  units  thus  defined 
are  given  in  the  papers  above  referred  to.  For  the  purpose 
of  the  present  paper  it  is  sufficient  to  notice  that  the  relation 


becomes 


3y 

p  =  'iTrm  becomes  p  =  ni  :    B  =  /u,oH  +  47rI  becomes  B  =  /ioH  +  I, 

so  that  B  and  I  are  identical  ;  the  electrostatic  energy  of  the 

(ED\ 
-— j  becomes  ED,  thus  harmonizing  with  BH. 

Since,  in  these  relations,  tt  essentially  preserves  its  primi- 
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tive  geometrical  or  trigonometrical  meaning,  its  insertion 
or  suppression  implies  the  insertion  or  suppression  of  a 
concrete  quantity/,  and  not  merely  a  number,  so  that  the 
natural  relations  between  the  various  quantities  are  affected. 
For  this  reason,  therefore,  the  "  rational  units,"  given  by- 
Mr.  Oliver  Heaviside,  in  which  tt  is  primarily  associated  with 
the  radial  and  circuital  fluxes  of  the  field,  will  alone  be  used 
in  what  follows. 

The  relations  made  use  of  in  deducing  the  dimensions  of 
electromagnetic  quantities  are  of  three  kinds. 

I.  Relations  between  quantities  of  the  same  kind,  either 
purely  electrical  or  purely  magnetic. —  These  are  : — 
(a)   Electrical. 

1.    D=:/E. 

2.C=|... 

3.    e  =  Surface-integral  of  D. 

5.  E  =  Line-integral  of  E. 

Where  D  =  electric  displacement ;  ^  =  specific  inductive  capa- 
city ;  E  =  electrical  force;  C  =  electric  current;  e  =  quantity 
of  electricity  ;  C  =  current  density  ;    E  =  electromotive  force 
or  voltage  of  a  closed  circuit. 
[h)   Magnetic. 

1.  B  =^l^R. 


3. 

m  =  Surface-integral  of  B. 

4. 

C   -^    B 

5. 

E=  Line-integral  of  H. 

B  =  magnetic  induction  ;  /u.  =  specific  magnetic  capacity  ; 
H  =  magnetic  force  ;  m  =  quantity  of  magnetism.  Mr.  Oliver 
Heaviside  designates  E,^,  the  Ganssoge  of  a  closed  magnetic 
circuit  to  correspond  with  E,  the  Voltage  of  the  corresponding 
electrical  one,  0  ,„  and  C^^  being  the  magnetic  currents. 

IL  Relations  between  quantities  of  different  kinds. — These 
relations  are  embodied  in  the  two  Jaws  of  circuitation: 

(a)  Circuitation  H  =  C  =  E„  =  ^ .e; 
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or,  tho   Gntfssafje  of  a  closed  magnetic  circuit  measures  the 
tolal  electrical  current  through  it. 

(/')  Circuitation  E  =  C„(  =  E  =  ^-    /n  ; 

Ot ' 

or,  the    Voltage  of  a   closed   electrical  circuit  measures    the 
total  macrnetic  current  through  it. 

The  corresponding  relations  as  given  by  Maxwell  are 


{a)  '%B-^  =  (|^-|7)Bj/S--, 


u  being  the  component  current-density  along  .r,  and  jB,  7  the 
components  of  magnetic  force  along  y  and  z  respectively,  the 
whole  being  referred  to  an  elementary  magnetic  circuit 
(bil^-)-  [The  47r  in  the  expression  A^ttu  is  dropped,  as 
previously  explained.] 

neglecting  A  and  ■^.  P  is  the  component  electrical  force 
along  X,  and  h  and  c  the  components  of  magnetic  induction 
along  y  and  z  respectively. 

III.  Dynamical  Ilolations. — These  are  relations  between 
quantities  whose  product  express  the  energy,  or  energy  per 
unit  volume  of  the  medium. 

^E     :  mVl   :  pQ  .  .  .  Energy. 
DE     :    BH  :  AC  .  .   .  Energy  per  unit  volume. 
But  'D  =  kE,  and  B  =  fiK.     Hence 

I'E^   :  fj,K^    .  .  Energy  per  unit  volume. 

By  means  of  these  relations  we  can  express  in  terms  of 
M,  X,  Y,  Z,  T,  and  one  selected  quantity  the  dimensions  of  all 
the  rest.  The  only  useful  cases,  however,  are  those  in  which 
the  selected  quantities  are  either  fi  or  k,  for  these  express 
physical  properties  of  the  medium  at  a  point,  and  are  in- 
dependent of  the  electromagnetic  reactions  going  on  there. 
The  dimensions  in  terms  of  /x  are  obtained  by  starting  with 
the  relation  /i,lrP=: Energy  per  unit  volume;  and  similarly 
for  the  dimensions  in  terms  of  k. 

Since  the  above  dimensions  have  to  be  deduced  by  means 
of  a  connected  system  of  equations,  it  becomes  necessary  to 
make  a  suitable  choice  of  axes  of  reference.  Let  X  be  tho 
axis  of  the  electric  displacement,  and  Y  that  of  the  magnetic 
displacement  at  a  point  in  the  medium.  For  an  isotropic 
medium  (the  only  case  we  have  at  present  to  consider)  these 
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are  mutually  at  right  angles,  and  Z  is  at  right  angles  to  both, 
being  the  intersection  of  the  electric  and  magnetic  equi- 
potential  surfaces.  Let  this  relation  between  the  directions 
of  the  axes  of  reference  and  the  displacements  hold  for  every 
point  of  the  medium,  so  that  the  axes  constitute  an  instanta- 
neous system  at  every  point.  In  passing  therefore  from 
point  to  point  in  the  medium,  and  for  diflPerent  epochs  at  the 
same  point,  the  axes  and  the  displacements  preserve  their 
relative  directions,  while  their  absolute  direction  in  space  in 
general  alters. 

Fig.  5. 


Let  AC  be  a  closed  electric  circuit,  and  BO  a  correspond- 
ing closed  magnetic  circuit,  both  being  circles  in  planes  at 
right  angles  to  each  other.  Taking  instantaneous  axes  as 
above,  every  element  of  the  circuit  AO'  is  "^x,  and  of  the 
circuit  BO  is  "dy,  while  an  element  of  the  intersection  of  the 
planes  of  the  circuits  is  "^z.  The  length  of  the  circuit  AO'  is 
^^•^5  and  of  the  circuit  BO,  Sby^  while  the  surfaces  of  the 
circuits  are  ultimately  X(^irB~);  and  S(ByB~)-  We  have 
therefore  : — 

1.  CircuitationH  =  S(HBz/)  =  C. 

2.  Circuitation  E  =  :S(EBaO=E. 

3.  Surface-integral  of  D  =  2(DBy^2)  =  e. 

4.  Surface-integral  of  B  =  ^  (B^^i'd-)  =  m. 

To  express  these  dimensionally,  we  have  to  neglect  the 
summation  S,  and  substitute  for  ^a*,  ^y,  "^z  respectively  X, 
Y,  Z.     The  relations  then  become  :  — 

1.  D  =AE. 

2.  C    =ell-\ 

3.  e     =D(YZ). 

4.  C    =JiT-\ 

5.  E   =E(X)=a,  =  7nT-i  =  B(XZ)T-i. 

6.  B    =/iH. 
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7.  C,„=mT-i  =  E. 

8.  m    =B(XZ). 

9.  C„,=BT-i. 

10.  E«=H(Y)  =  C=^T-i=D(YZ)T-^ 

Tlie  energy  of  tlie  mediam  at  any  point  may  be  expresseJ 

by 

where  /•  is  the  instantaneous  linear  displacement  upon  which 
both  the  electric  and  magnetic  displacements  at  that  point 
d«|)end,  for  the  two  laws  of  circuitation  express  that  the 
electric  and  magnetic  displacements  at  a  point  in  the  medium 
are  not  indej^endent,  hut  originate  from  the  same  dynamical 
cause.  Expressed  dimensionally,  this  becomes 
M(X2  +  Y-^  +  Z2)T-2  or  MR^T-^ 

aiid  the  dimensions  of  energy  per  unit  volume  are 
MR^(XYZ)-iT-2. 

Sin^ee  tlie  axes  of  reference  (X,  Y,  Z)  and  the  displacement 
R  are  lx)th  instantaneous  with  respect  to  any  point,  the 
direction  of  R  must  ho  dejSuitely  related  to  the  axes,  the 
relation  being  dependent  upon  the  dynamical  mechanism  of  the 
field.  It  will  be  convenient,  however,  to  express  the  dimen- 
sions of  electromagnetic  quantities,  first,  in  terms  of  M,  X, 
Y,  Z,  T  and  R ;  and  afterwards  to  determine  the  relation 
between  the  direction  of  R  and  the  axes.  The  fact  that  the 
formulae  of  some  of  the  quantities  involve  R,  while  others  do 
not,  then  simply  means  that  in  the  former  cases  the  corre- 
sponding quantities  depend  upon  and  involve  the  instanta- 
neous linear  displacement  specified  by  R  ;  while  in  the  other 
cases  they  are  independent  of  the  displacement  and  express 
only  physical  properties  of  the  medium. 

I.  Electromagnetic  System  : — 

f^H'-*=MR2T-'(XYZ)-\ 
Hence 

1.  H=^"^[M"-RT-  (XYZ)-"-]. 

2.  B=/^H=/u,^[M'RT-'(XYZ)-']. 

3.  m=7>  =  B(XZ)=/x*[Mta-'(X^Y-^Z^)]. 

4.  E  =:?;tT-'=/i^[M^RT-'(X^Y-^Z^)]. 

5.  E  =E(X-')=/i'[M*RT-'(X-^Y-^Z«)]. 

T2 


250       Mr.  W.  Williams  on  the  Relation  of  Dimensions 

8.  C  =C(YZ)-'=it>t-*[M^RT-'(X-*Y-^Z-?)]. 

9.  e  =CT=yii-*[M'R(X-^Y*Z-*)l. 

10.  D  =CT=.^(YZ)-'  =  fA-^[M'R(X-'Y-'Z-')]. 

From  5  and  10  we  have 

/:  =  |=f.-^[Z-2P], 

and  substituting  ^~^[Z~^T^]  for  ft.  all  through  in  the  above 
we  get  for  each  quantity  its  electrostatic  dimensions,  the 
results  being  identical  with  those  obtained  direotly  as  below. 

II.  Electrostatic  System  : — 

/l-E2  =  MR2T-'(XYZ)-\ 

1.  E  =  ^-*[M^RT-'(XYZ)-^]. 

2.  D  =X-E  =  A:^[M'RT-'(XYZ)-^]. 

3.  e  =:D(YZ)=/t'[Mto-'(X-*Y*Z^)], 

4.  C=eT-'=:A,'^[M*RT-'(X-^Y^Z^)]. 

5.  C  =C(YZ)-'=  /;*rM^RT-^(X-*Y-^Z-^)]. 

6.  H  =  C(Y-')  =yt'[M'RT-'(X-*Y-*Z^)]. 

7.  E  =E(X)=yt-*[M*RT-'(X'Y-*Z-^)]. 

8.  m  =p=ET=  yL-'[M*R(X^Y"^Z-')]. 

0.  B  =m(XZ)-'  =/t-*[M'R(X-^Y-*Z"')]. 

10.  A  =ET  =/t-^[M^R(X-^Y-^Z-^)]. 
From  6  and  9  we  have 

and  by  substituting  jw,~^  [Z^^T^]  all  through  for  k  in  the 
above,  we  recover  the  electromagnetic  dimensions  previously 
deduced. 

The  following  are  examples  of  the  manner   these  formula3 
work  out  : — 
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1.  The  velocity  of  propagation  of  an  electromagnetic  dis- 
turbance in  the  medium  is  given  by 

V  =  --7^  =  ZT"~^  (dimensionally), 

which  is  of  the  dimensions  of  a  velocity  along  Z,  the  normal 
to  the  plane  of  displacements  (X  Y) . 

2.  The  flux  of  energy  at  a  point  is  given  by 

W  =  (EH)  ; 
and  expressing  E  and  H  dimensionally  in  terms  of  jx  or  k 
we  get 

\     XY    /    V  XYZ   Jt  -L^^J' 

the  bracketed  factor  being  of  the  dimensions  of  energy  per 
unit  volume,  and  the  other  a  velocity  in  the  direction  Z,  the 
axis  of  flux  of  energy. 

3.  The  force  between  two  poles  m  is  given  by 


'^■"=('"=)=Hi^^> 


where  H  is  the  strength  of  the  field  produced  at  the  one  by 
the  other.     Expressed  dimensionallyj  this  becomes 

_/MR^T-^ 
"V  — Y — J' 
which  is  of  the  dimensions  of  the  space  rate  of  variation  of 
energy  along  Y,  that  is,  \hQ  force  along  Y,  as  is  evident  from 
the  equivalent  algebraic  expression 

Putting  R=:rL,  and  Y=jIj,  where  r  and  J  are  unit  vectors 
in  the  directions  R  and  Y,  and  L  the  scalar  unit  length,  we 
have 

L^   -1-      Y      -       jh        -  jh  j 

=  M0-L)T-2  =  MYT-2. 

Thus,  the  force  between  two  poles  is  in  the  direction  of 
magnetization.  The  reason  why  the  force  is  expressed  in 
terms  of  the  energy  of  the  system  is  that  it  is  a  mechanical 
force  arising  in  some  way  from  the  mutual  reaction  between 
matter  and  the  medium.  The  quantities  m  and  H  in  terms 
of  which  the  force  between  the  two  poles  is  expressed  refer  to 
the  medium  alone,  and  since  nothing  is  known  as  to  the  rela- 
tion   between  the   medium   and    matter,   the;   relation  above 
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expresses  only  the  resultant  reaction  taking  place,  namely 
that  there  is  a  space  rate  of  variation  of  the  energy  of  the 
system  along  Y,  the  direction  of  the  force.  Tlie  same  re- 
marks apply  to  the  cases  below. 

4.  The  force  between  two  charges  q  is  given  by 


F.=  (2E)  =  r(i£r2) 


or  dimensionally  [F^]  = .^^ —  ,  the  space-  rate  of  variation 

of  the  energy  of  the  system  they  constitute  aloHg  X,  tfce 
direction  of  the  force. 

5.  The  force  f/er  unit  volume  between  two  elements  of 
conductors  carrying  currents  is  given  by  Fc=BC,  where  C 
is  the  current-density  in  the  one,  and  B  the  induction  at  this 
one  due  to  the  other.     Expressed  dimensioiwlly,  this  becomes 


\,^c\-  ^YZ2  -V  XYZ  Jz' 


which  i»  of  the  dimensions  of  space  rate  of  variatioB  of  energy 
per  unit  volume  along  Z,  the  direction  of  the  force,  for  the 
conductors  move  at  right  angles  to  their  lines  of  force  which 
are  circles  about  them. 

Whatever  be  the  dimensions  of  jli  those  of  k  must  be  given 
^y  j«'~'[Z~-T'''].  Now,  the  ratio  of  the  dimensions  of  the  same 
quantity  expressed  in  the  two  systems  is  a  power  of 
it/:  [Z^T~2] .  Hence,  all  possible  dimensional  values  of  ^ 
together  with  the  corresponding  ones  for  k  will,,  when  sub- 
stituted in  the  formulse,  bring  the  two  systems  into  accord. 
Of  these,  however,  there  must  be  one  pair,  and  only  one  pair, 
which  give  rise  to  dimensions  whose  inteq)retations  are 
physically  real. 

It  is,  of  course,  impossible  to  determine  from  purely  dimen- 
sional considerations  what  this  particular  pair  must  be,  for 
this  would  imply  a  knowledge  of  the  dynamical  nature  of 
electromagnetism.  It  is  possible,  however,  to  assign  to  /«  and 
k  dimensions  fulfilling  certain  assumed  conditions.  The 
dimensions  of  the  remaining  quantities  then  become  unique, 
and  we  may,  by  deducing  the  j^hysical  interpretations  of  the 
formulae,  pass  on  to  the  quantities  they  then  represent.  In 
this  way,  the  formulte  in  terms  of  /x  and  k  may  be  utilized  as 
means  for  tracing  out  in  detail  the  various  analogies  between 
electromagnetism  and  dynamics.  For  every  dimensional 
value  of  ju.  and  k  we  thus  obtain  a  perfectly  connected  dy- 
namical analogue  of   electromagnetism,  which  may  or  may 
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not  be  rational  and  intelligible  as  a  whole,  and  whose  relation 
to  physical  reality  depends  upon  the  imposed  conditions. 

For  the  purpose  of  the  present  j)aper,  let  us  impose  upon 
the  dimensions  of  /x  and  k  the  condition  that  the  indices  of 
the  fundamental  units  in  their  formula  are  not  to  be  higher 
or  lower  than  those  found  in  the  formula3  of  ordinary  dynamical 
units.  This  is,  of  course,  a  purely  arbitrary  condition,  and 
simply  expresses  that  the  dynamical  analogues  to  be  traced 
out  are  restricted  to  those  which  are  of  a  simple,  natural,  and 
intelligible  character.  All  other  cases  are  purposely  excluded, 
not,  of  course,  as  a  matter  of  necessity,  but  as  a  matter  of 
convenience,  for  nothing  would  be  gained  by  the  introduction 
of  formulae  whose  interpretation  would  be  obscure  and  un- 
intelligible in  our  present  state  of  knowledge.  Let  us  there- 
fore proceed  to  deduce  from  dimensional  considerations  the 
various  analogies  between  electromagnetii-m  and  dynamics, 
subject  to  the  arbitrary  condition  imposed  above. 

In  the  case  of  ordinary  dynamical  miits  we  notice  that 

1.  No  fractional  powers  of  the  fundamental  units  occur. 

2.  The  indices  of  M  are  never  higher  than  +1. 

3.  „        „  X,  Y,  Z  ,,  „         „      +2. 

^'         J?  )>  -'-  5J  >?  J>  IE"" 

This,  therefore,  is  the  range  within  which  fi  must  be  found 
subject  to  the  above  conditions. 

[Of  course,  if  the  fundamental  units  be  not  L,  M,  T,  but 
some  of  the  now  derived  units,  then  fractional  powers  may 
occur.  Thus,  if  V  (volume)  be  a  fundamental  unit,  the 
dimensions  of  length  are  V^,  and  of  area  Y*,  &c.  So  long, 
however,  as  L,  M,  T,  are  fundamental  units,  we  cannot  ex- 
pect fractional  powers  to  occur.  For  length,  or  space  of  one 
dimension,  is  the  simplest  conception  of  space  which  we  can 
form,  while  time  and  mass  (not  necessarily  that  of  matter, 
but  tangihleness  in  general)  are  fundamental  conceptions 
beyond  which  we  cannot  go.  Now,  all  dynamical  concep- 
tions are  built  up  ultimately  in  terms  of  these  three  ideas, 
mass,  length,  and  time,  and  since  the  process  is  synthetical, 
building  up  the  complex  from  the  simple,  it  becomes  ex- 
pressed in  conformity  with  the  conventions  of  Algebra  by 
integral  pioneers  of  L,  M,  T.  The  analytical  process,  that  is, 
splitting  up  a  complex  conception  into  its  ultimate  consti- 
tuents (evolution  in  Algebra),  becomes  expressed  according  to 
the  same  conventions  by  fractional  powers,  e.g.  L  =  (Y)^, 
[Area]  =  (Y)',  &c.  But,  obAnously,  if  mass,  length,  and  time 
are  to  be  tdtimate  physical  conceptions,  we  caimot  give 
interpretations  to  fractional  powers  of  L,  M,  and  T,  because 
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wo  cannot  analyse  the  corresponding  i(l(>as  to  anytliing 
simpler.  We  should  thus  be  unable,  according  to  any  physical 
theory,  to  give  interpretations  to  formulas  involving  frac- 
tional powers  of  the  fundamental  units.  Our  only  hope  in 
such  cases  would  be  that  the  units  themselves  might  cease  to 
be  fundamental.  On  the  other  hand,  the  building  up  of  a 
derived  from  fundamental  units  is  always  a  simple  process, 
nothing  but  ivhole  units  of  the  latter  kind  being  involved. 
We  should  thus  expect,  both  from  the  algebraical  meanings  of 
integral  and  fractional  powers,  and  from  the  manner  physical 
units  are  derived,  to  find  the  dimensional  formulre  of  physical 
quantities  free  from  fractional  powers.  That  the  formuhie  of 
all  dynamical  quantities,  that  is  all  the  absolute  formulfe  we 
are  acquainted  with,  are  of  this  kind,  is  an  argument  in  favour 
of  this  view. 

A  vector  length  has  two  properties,  direction  and  mag- 
nitude. When  squared,  a  vector  length  becomes  scalar. 
A  vector  enters  into  physical  relations  either  as  a  vector 
(having  direction  and  magmtude)  or  as  a  scalar  (having 
magnitude  only).  Hence  we  may  say  that  the  first  and 
second  powers  of  a  vector,  X  and  X^  (say),  represent  the 
two  different  ways  in  which  it  enters  all  physical  relations. 
For  all  other  integral  powers  differ  from  these  only  in  scalar 
magnitude.  If  the  dimensional  formulas  are  to  express  dif- 
ferent natural  relations  between  quantities,  then,  so  far  as  the 
unit  length  is  concerned  (the  representative  of  space)  ^  all  these 
relations  are  involved  in  X  and  X^,  X  being  a  vector.  If  this  be 
true,  then  the  fact  that  the  indices  of  vector  lengths,  in  the 
formulffi  of  dynamical  quantities,  are  never  higher  than  +  2 
becomes  explained.  In  a  similar  manner,  we  may  explain  the 
fact  that  the  indices  of  M  are  always  + 1,  for  here  no  new  idea 
is  introduced  by  M^  as  in  the  case  of  vectors:  it  differs  from  M 
only  in  scalar  magnitude,  and  still  conveys  the  same  physical 
idea,  namely  inertia.  It  is  widely  different  in  the  case  of 
time,  for  every  new  negative  power  of  T  introduces  a  new 
physical  idea  with  respect  to  time — that  is,  it  introduces  the 
conception  of  a  new  time-flux. 

It  is  not  necessary,  however,  to  postulate  anything  as  to 
these  matters.  It  is  sufficient  for  our  present  purpose  to- 
know  what  the  limits  of  the  indices  of  the  fundamental  units 
are  in  the  case  of  known  dynamical  quantities,  without 
having  to  account  for  the  same.  The  above  are  only  sug- 
gestions.] 

Let  the  dimensions  of  /u.  be 

[/x]  =  M'"irT'(X%Y^Z'')., 
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then  those  of  k  are 

Since  the  indices  of  M,  X,  Y,  Z  in  the  dimensional  formulse  arc 
odd  multiples  of  ^,  their  indices  in  the  dimensions  of  fi  must 
be  odd,  otherwise,  on  substituting  for//,  and  /c  in  these  formula} 
their  dimensional  values,  the  formukc  would  not  be  rational- 
ized. For  a  similar  reason,  the  indices  of  li  and  T  must 
be  even.  Plence,  the  indices  of  M,  X,  Y,  Z  must  be  ±1, 
and  of  R,  0,  or  +2.  In  the  case  of  Z,  +1  is  not  admis- 
sible, otherwise  we  should  have  Z~  in  the  case  of  k.  Thus, 
Z  must  enter  both  /i  and  k  as  Z~\  In  the  case  of  T  the 
possible  values  are  0,  +2,  +4,  .  .  .  .  +2n.  These  values 
may  be  tabulated  thus  : — 


(a) 

il^) 

(«') 

(^') 

0 

+  2 

. . . 

+  2 

-2 

0 

+  4 

+  4 

-4 

-2 

+  6 

+  6 

-6 

-4 

+  8 

+  2n  -2n  -2{n-l)       +2(/i-hl) 

Under  a  are  given  the  iwsitive  possible  values  for  t  in  /it,  under 
a  the  corresponding  values  in  the  case  of  k.  Under  ^,  the 
■negative  values  in  the  case  of  im,  and  under  h'  those  correspond 
ing  in  the  case  of  ^%  The  only  cases  necessary  to  be  considered 
are  T°  and  T"^,  for,  as  seen  from  the  table,  all  other  possible 
values  of  T  lead  to  dimensional  formula)  involving  powers  of 
T  higher  than  +  4. 

The  dimensions  of  yu,  and  k  involve  only  X,  Y,  Z,  M  and  T. 
This  is  of  course  obvious  if  li  has  to  coincide  ultimately  with 
X,  Y,  or  Z.  If  R  is  not  ultimately  to  coincide  with  X,  Y,  or 
Z,  it  cannot  enter  into  the  formulae  of  /*  and  k.  For  R  can 
enter  into  the  formula  of /x  only  as  R^  or  R~^.  In  the  former 
case,  fj?  contains  R,  and  yu.~^  contains  R""\  But  fj?  is  a 
factor  of  the  formula)  of  m,  B,  E,  E,  and  jjT^  of  e,  D,  C,  C,  H  ; 
and  since  R  is  a  factor  of  the  formula)  of  all  the  above  quan- 
tities, we  should  have  : — 

i.  m,  B,  E,  E,  containing  R  in  their  dimensional  formula), 
ii.  e,  D,  H,  C,  C,  containing  Ro  : 

thus  indicating  that  some  of  the  forces  and  fluxes  of  the  held 
would  be  de[»endent  upon  R^  the  others  indeficndent  of  it. 
But  this  is  obviously  impossible,  since   R  is  the  instantaneous 
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linear  displacenient  at  a  point  in  the  field  upon  which  depend 
all  the  electromagnetic  forces  and  fluxes  at  that  point.  In  a 
similar  way,  if  /j,  involves  R~^,  m,  B,  E,  E  would  be  indepen- 
dent of  R,  and  e,  D,  H,  C,  C  dependent  upon  it,  leading  to 
the  same  conclusion  as  before.  Thus,  /u-  and  k  must  be  quan- 
tities independent  of  the  electromagnetic  reactions  (specified 
by  R)  which  may  be  going  on  in  the  field,  as  is  otherwise 
evident  since  /j,  and  k  express  physical  properties  of  the 
medium.  We  have  therefore  to  consider  the  different  ways 
the  dimensions  of  yu,  (say)  can  be  built  up  from  M,  X,  Y,  Z, 
and  T,  subject  to  the  conditions  already  laid  down. 

The  possible  dimensional  values  for  /x  are  to  be  obtained 
from  M^'  X^"'  Y±'  Z~'  T"'""',  by  forming  all  the  possible  com- 
binations of  the  quantities  taken  all  together.  The  possible 
cases  are  : — 

I.     1.  MX-'y-'Z-'.  II.     1.  MX-'Y-'Z-'Tl 

2.  MXYZ-\  2.  MXYZ-^Tl 

3.  MYY-'Z"'.  3.  MXY-'Z-^T^ 

4.  MX-'YZ-\  4.  MX"'YZ-'T'. 

111.     1.  M-'X-'Y-'Z-\  IV.     1.  M-'X-'Y-'Z-'T'. 

2.  M-'XYZ"'.  2.  M-'XYZ-'T'. 

3.  M-'XY-'Z-\  3.  M-'XY-'Z-'T'. 

4.  M-'X-'YZ-\  4.  M-'X-'YZ-'T'. 

There  are  thus  sixteen  cases,  and  since  for  each  value  of  /j, 
we  have  up  to  the  present  supposed  that  R  may  ultimately 
coincide  with  X,  Y,  or  Z,  or  with  neither,  the  different  sys- 
tems which  may  be  deduced  from  the  above  are  sixty-four 
in  number.  There  are  other  conditions,  however,  which  enable 
us  to  reduce  this  number. 

The  quantities  m,  E,  C,  and  e  are  scalar,  and  B,  E,  C,  D 
vectors.  Hence,  the  dimensional  values  of  fi  must  be  such 
that  when  substituted  in  the  dimensional  formulee,  the  scalar 
quantities  remain  scalars,  and  the  vector  quantities  vectors 
properly  directed  with  respect  to  the  dimensional  axes.  Since 
all  quantities  are  scalar  so  far  as  M  and  T  are  concerned,  it 
is  only  necessary  to  examine  how  the  scalar  and  vector 
character  of  the  quantities  depend  upon  X,  Y,  Z.  To  do 
this,  we  may  take  the  relation  [m]=yu*[MRT-'(X^Y~'Z*)], 
and  substitute  for  fju  successively  the  four  hictors  (XYZ)~\ 
(XYZ-^),  (XY-'Z-'),    (X-'YZ-^).       The  conclusions   de- 
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tluced   for  m  must  obviously  hold  for  the  other  quantities. 
Thus  :— 

1.  Let  /u.^  contain  X~^Y~^Z~^.     Then  [m]  contains 

(X-^Y-^Z-')  R  (X^Y-^Z*)  =RY-\ 
This  becomes  scalar  only  when  11  coincides  with  Y. 

2.  Let  /i*  contain  X^Y^Z"^.     Then  [m]  contains 

(X^Y^Z-^)  R  (X^Y-*Z^)  =  RX. 
This  becomes  scalar  only  when  R  coincides  with  X. 

3.  Let  fjt?  contain  X^Y~^Z~^.     Then  [??i]  contains 

(X^Y'-^Z-*)  R  (X^Y-^Z*)  =R  X  Y-\ 
This  becomes  scalar  when  R  coincides  with  Z. 

4.  Let  1^  contain  X~*Y^Z~*.     Then  [?«]  contains 

.(X~^Y'Z-^)  R  (X^Y-^Z^)  =R. 

This  cannot  become  scalar. 

Thus,  in  order  to  render  the  scalar  quantities  scalar,  R 
must  ultimately  coincide  with  X,  Y,  or  Z.  There  are  thus 
three  cases  to  be  considered  : — 

1.  When  R  coincides  with  Y,  yu,  contains  (XYZ)~^- 

2.  „  „  „     X,         „         (XYZ-^). 

3.  „  „  „     Z,  „         (XY-^Z-i). 

But,  according  to  the  electromagnetic  theory  of  light,  R  cannot 
coincide  with  Z,  for  XY  is  the  wave-front  of  an  instan- 
taneous plane-polarized  disturbance  at  a  point  in  the  medium—- 
the  disturbance  ultimately  originating  in  the  displacement  R, 
and  since  the  medium  is  isotropic,  the  linear  displacement 
specified  by  R  can  have  no  components  along  Z.  We  are 
thus  restricted  to  the  two  cases  where  R  coincides  with  Y, 
and  the  dimensions  of  /x  involve  (XYZ)~\  or  where  R  coin- 
cides with  X,  and  the  dimensions  of  n  involve  XYZ~\  In 
the  former  case,  the  instantaneous  linear  displacement  R  of 
the  medium  at  any  point  is  in  the  plane  of  polarization  (the 
plane  of  magnetic  displacement),  magnetic  energy  is  kinetic, 
and  electrical  energy  potential.  In  the  latter  case,  the  dis- 
placement R  is  at  right  angles  to  the  ])lano  of  polarization, 
magnetic  energy  is  potential,  and  electrical  energy  kinetic. 
Physicists  are  not  yet  agreed  as  to  the  interpretation  of 
Weiner's  results,  so  that  no  arguments  as  to  the  direction  of  the 
instantaneous  displacenumt  of  the  medium  at  a  point  can  bo 
based  upon  his  experiments.     We  have,  therefore,  to  su[)pose 
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that  It  may  lie  along  cither  Y  or  X,  and  the  possible  systems 
become  reduced  to  eight,  as  below : — 

1.  M(XYZ)-\  2.  M-'XYZ-'T2. 

3.  M(XYZ-').  4.  M-'X-'Y-'Z"'T2. 

5.  M(XYZ)-'T'-  6.  M-'XYZ-^ 

7.  M(XYZ-')r.  8.  M-'X-'Y-'Z~\ 

If  the  dimensions  of  fju  be  (1)  those  of  k  are  (2),  and  if  those 
of  k  are  (1),  the  dimensions  of  fi  are  (2),  and  similarly  for 
the  other  three  pairs. 

The  dimensional  formulae  5  and  7  are  unintelligible,  for  we 
have  no  dynamical  units  involving  positive  powers  of  both 
M  and  T,  and  it  is  difficult  to  give  to  such  formulce  an  un- 
telligible  interpretation.  The  same  difficulty  appears  in  6 
and  8,  for  if  one  of  these  be  the  dimensional  formula  for  /x, 
the  corresponding  one  for  k  is  5  or  7.  Apart,  however,  from 
this  difficulty,  these  formula)  5,  6,  7,  and  8  lead  to  fluid 
theories  of  electromagnetism.  Thus,  from  5,  we  get  for  the 
dimensions  of  m: — 

[m]  =^^[M^RT-'(X^Y-^Z^)]  =  M^(X-^Y-^Z-^)R(X^Y-^Z^) 

M*T~^T^=MRY~'^  =  M  (since  R  here  must  coincide  with  Y). 

Similarly,  from  7  we  have  [;?i]  =  MX2.  Again,  from  6  wo  get 
[(?]  =  M,  and  from  8,  [eJ^MY^.  Thus,  we  have  to  suppose 
7/i  to  be  a  quantity  of  the  nature  of  mass  or  moment  of  inertia, 
and  similarly  for  e.  In  both  cases,  m  and  e  would  be  jxro- 
perties  of  the  medium  depending  upon  its  inertia,  instead  of 
being  parts  of  the  electromagnetic  reactions  going  on  in  the 
medium, — an  electrical  current  would  thus  be  a  quantity  of 
the  nature  of  momentum,  which  is  inconsistent  with  Maxwell's 
theory  of  electromagnetism.  Other  and  not  less  serious 
difficulties  will  be  met  with  if  an  attempt  is  made  to  develop 
their  interpretations  more  fully. 

Similar  remarks  apply  to  the  systems  arising  from  3  and  4. 
Thus,  from  3  we  have 

[^]=;u,-^[M^R(X-^Y^"Z-^)] 

=  M'^X"^  Y"^Z^M*RX"^Y'Z~^ = RX~'  =  1, 

since   R   here   coincides   with   X.      Thus,  e   is   of  the   di- 
mensions   of    a    volume-strain,    the   ratio    of   two    identical 
concretes.     Similarly,  we  get  from  4,  [ni]  =  l,  also  a  volume- 
strain.       Again,  in  the   former   case   wo   have  D  =  (^(YZ)~ 
=  volume-strain  per   unit  area.     The  two  currents  C  and  C 
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become  volume-strain  per  nnit  time  (T~\  or  Y~^Z~'T~  ). 
Electrical  force  E  becomes  MXT~^,  and  voltage  E 
=  MX'-^T-^  (energy).  Since  m  =  ET,  m  becomes  MX-'T"', 
and  magnetic  moment  ml  —  MX'-^YT^^  Again,  B 
magnetic  induction  becomes  m(XZ)~^  =  MXZ~^T~S  and 
H  magnetic  force  (Y~^T~^).  Again,  in  the  second  case,  wo 
have  B  =  »i(XZ)~^  =  volume-strain  per  unit  area;  E  =  MT~ 
=  T~  =  volume-strain  per  unit  time  ;  e=MY^T~  ;  ^  = 
MY'T"' (energy)  and  C  (current  density)  =  MY2(YZ)-'T"'. 
These  formula3,  although  it  may  be  possible  to  give  them  in- 
terpretations, are  at  present  unintelligible,  and  do  not  suggest 
any  connected  relation  between  the  various  quantities. 

The  cause  of  the  unintelligible  character  of  these  latter 
formulae  lies  in  the  fact  that  the  formula  MXYZ~^  is  not  sym- 
metrical with  respect  to  the  dimensional  axes  X,  Y,  Z.  Since 
the  above  formula  is  independent  of  T,  the  corresponding 
quantity  must  be  of  the  dimensions  of  some  property  of  the 
medium  depending  ultimately  upon  the  inertia  of  the  medium 
alone.  It  is  difficult,  however,  to  conceive  what  property 
depending  upon  the  inertia  of  the  medium  can  involve  the 
three  dimensional  axes  unsymmetrically  except  the  rotational 
inertia,  or  moment  of  inertia  of  a  unit  volume.  The  above 
formula,  however,  does  not  admit  of  such  an  interpretation. 
Thus,  whether  MXYZ~^  be  the  dimensional  formula  of  /i,  or  ^, 
the  results  are  either  incapable  of  interpretation  (as,  for  ex- 
ample, /i  and  Z;),  or  the  interpretations  are  unintelligible. 

Thus  there  are  left  only  cases  1  and  2.  If  the  dimensions 
of  /i  be  those  of  1,  that  is  M(XYZ)~  ,  ^u.  becomes  the  inei'tia 
of  unit  volume,  or  the  density  of  the  medium,  and  magnetic 
energy  is  kinetic.  If  the  dimensions  of  /x  be  2,  those  of  k 
are  1,  and  h  becomes  the  density  of  the  medium,  and  electrical 
energy  is  kinetic.     There  are  thus  two  cases  to  be  discussed. 

I.  Magnetic  Energy  Kinetic. — //.  the  density  of  the  medium. 

1.  Magnetic  force  =  H  =  /a-'[M^RT-^(XYZ)-^]=RT~'  = 
YT~  ,  since  R  must  now  coincide  with  Y.  This  is  the  linear 
velocity  directed  along  Y  the  magnetic  axis. 

2.  Magnetic   induction  =  B  =  Intensity    of  magnetization, 

I  =  //,H  =^^^^r^p^  W  =  Linear  momentum  per  unit  volume. 

3.  Magnetic  moment  =  m/=  I  (XYZ)  =MYT~^  =  Linear 
momentum. 

4.  Current  strength  =  C  =  HY  =  Y'T~\ 
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5.  Current  density  =C  =  C  (YZ)~^  =  YZ-'T~'  =  Angular 
velocity.  The  velocity  is  instantaneously  directed  along  Y, 
the  magnetic  axis,  and  the  axis  of  rotation  is  X,  the  axis  of 
the  electrical  displacement.  If  the  angular  velocity  be  that 
of  a  vortex  filament  coinciding  with  the  current,  the  strength 
of  the  current,  C,  becomes  the  strength  of  the  vortex — product 
of  angular  velocity  into  cross-section  of  filament. 

6.  Electric  displacement  =  D=CT  =  YZ~^  =  an  angular  dis- 
placement. [According  to  the  elastic  solid  theory,  D  would 
be  of  the  dimensions  of  a  shear,  the  planes  XY  being  displaced 
parallel  to  each  other  in  the  direction  Y.] 

7.  Electrical  force  =  E.  Since  [ED]  =MY(XZ)~^T~^  and 
[DJ=YZ-',  E  =  MX-"'T~l  Taking  D  as  an  angular  dis- 
placement,  E  must  be  of  the  dimensions  of  a  torque,  for  ED 
is  of  the  dimensions  of  work  done  per  unit  volume.  [Let  a 
cylinder  rotate  in  a  resisting  medium.  The  resistance  to  the 
rotation  is  a  tangential  force  per  unit  surface  of  the  cylinder, 
directed  everywhere  parallel  to  the  motion.  If  the  axis  of 
the  cylinder  be  X  (the  electrical  axis),  and  the  radius  Z,  an 
element  of  its  surface  is  of  the  dimensions  YZ.  Hence,  the 
resisting  stress  is  of  the  dimensions  MX^'^T"  =  [E].  Thus  E 
is  a  tangential  force  per  unit  area.  Now  E  has  a  moment 
round  X.     Hence  we  liave 


M  =  (^S-) 


indicating  that  the  resisting  stress  over  an  element  of  surface 
is  inversely  as  the  distance  of  the  element  from  the  axis  of 
rotation,  and  its  moment  directlv  as  tliat  distance.] 

MYZT-2 
8.  Voltage. — Writing  [E]  =      vv'/    >  ^'®  g^*' 

/MYZT- 


[E]  =  (l^^), 


Now  E,  the  line  integral  of  E,  is  the  source  of  the  disturbance 
in  a  closed  electrical  circuit.  Hence,  taking  the  above 
mechanical  illustration,  E  becomes  the  terminal  torque  re- 
quired to  maintain  the  motion  of  the  cylinder  against  the 
resistance.  "  The  terminal  torque  corresponds  to  the  im- 
pressed voltage.  It  should  be  so  distributed  over  the  end  B  " 
(in  this  case  a  rotating  tube)  "  that  the  applied  force  there  is 
a  circular  tangential  traction  varying  inversely  as  the  dis- 
tance from  the  axis'^  (Mr.  Oliver  Heaviside,  Elec.  Jan.  23, 
1891).  In  the  above  case,  an  element  of  the  tangent  at  a 
point  is  Y,  and  of  the  radius  Z. 
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9.  Vector  potential  =  A=  ET  =  MX-'T-'=  ^^^^r- 

=  angular  momentum  per  unit  volume. 

10.  Specific  resistance. 

=  coefficient  of  viscosity  =  tangential  force  per  unit  aiva  -^- 
shear  per  unit  time. 

11.  Self-induction. — Let  a  linear  conductor  carry  a  current 

C.     Its  self-induction  is  given  by  L  =  j^,  or  dimensionally 

MY~^.    If  L  be  defined  as  the  self-induction  of  the  conductor 
for  a   current  of  unit  density, 

C  i  Zi 

=  moment  of  inertia  per  unit  area  ;  or  =  I  yy  \Z-  =  moment 

of  inertia  of  a  disk  of  unit  mass  per  unit  area. 

12.  Specific  inductive  capacity  =  k  =[MZ(XY)-iT-2]-J. 
On  the  elastic  solid  theory  k~^  would  be  defined  as  the  rigidity 
of  the  medium.  But  k~^  =  RT~^,  where  His  specific  resistance. 
Thus  the  interpretations  of  k  and  R  go  together.  If  R  (as 
above)  be.  a  coefficient  of  viscosity,  k~'^  becomes  "  a  quasi 
rigidity  "  of  the  medium  "  arising  from  elastic  i-esistance  to 
absolute  rotation."  (Mr.  Oliver  Hea^-iside,  Elec.  Jan.  23, 
1891.) 

13.  Electrical  charge  =  q^  D(YZ)  =  Y^=  (Product  of 
angular  displacement  into  area). 

14.  Magnetic   pole  =  m  =  -j-  =  Magnetic  moment  per 

unit  length  =  Linear  momentum  per  unit  length. 

The  connexion  between  Vortex  Motion  and  Electro  mag- 
netism is  shown  in  Basset's  '  Hydrodynamics,'  from  which 
the  following  are  extracted  (vol.  i.  chap,  iv.)  : — 

1.  Vortex  filament  =  Electrical  current. 

2.  Velocity  of  liquid  (linear  velocity,  components  u,  v,  iv) 
=  Magnetic  force  (components  a,  /3,  7). 

3.  Molecular  rotation  (angular  velocity,  components  ^,  r},  ^) 
=  (Current  density  (components  u,  v,  tv). 

4.  Velocity  potential  due  to  vortex  ((f>)  =  Magnetic  po- 
tential of  current  (H) . 

5.  Doublet  sheet  =  Magnetic  shell. 

6.  Circulation  (k)  =  Work  done  in  moving  a  magnetic  polo 
once  round  current. 
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7.  Flux  throuoh  vortex  =  Potential  energ-y  of  maijnetic 
shell. 

8.  The  action  of  a  vortex  filament  upon  the  surrounding 
liquid  is  determined  by  the  quantities  L,  M,  N.  These  cor- 
respond to  the  components  F,  G,  H  of  electromagnetic 
momentum  (A). 

Thus,  when  /u.  is  of  the  dimensions  of  density  and  magnetic 
energy  kinetic,  the  interpretations  of  the  dimensional  formulae 
of  electromagnetic  quantities  are  identical  with  those  of  the 
corresponding  quantities  in  the  case  of  vortex  motion. 

In  the  Phil.  Mag.  vol.  xxxi.  p.  149,  Prof.  J.  J.  Thomson 
develops  a  method  of  representing  electromagnetic  effects  by 
means  of  tubes  of  electrostatic  induction  distributed  throughout 
the  field.  The  axes  of  these  tubes  coincide  with  the  axes  of 
electric  displacement,  and  the  tubes  terminate  normally  upon 
the  surfaces  of  charged  bodies.  By  means  of  these  tubes  it  is 
possible  to  picture  the  changes  going  on  when  electricity 
passes  through  electrolytes  and  conductors,  and  when  changes 
are  produced  in  the  electromagnetic  field.  If,  now,  we  suppose 
these  tubes  of  electi'ostatic  induction  to  be  vortex  filaments, 
this  method  of  representing  electromagnetic  phenomena 
becomes  identical  with  that  indicated  by  the  interpretations 
above  given  to  the  dimensional  formulae. 

The  two  rotational  theories  of  electromagnetism  which  have 
l)een  hitherto  put  forward  are  discussed  by  Mr.  01i\^?r  Heavi- 
side  (Elec.  Jan.  23,  1891).  The  first  of  these  is  that  already 
deduced  above  from  dimensional  considerations,  by  su[)posing 
jjb  to  be  of  the  dimensions  of  density.  Here  the  axis  of  ro- 
tation at  any  point  is  the  axis  of  the  electric  displacement  ; 
the  angular  velocity  is  the  current-density  ;  the  velocity  is 
magnetic  force  ;  the  torque  called  into  play  when  the  angular 
velocity  of  a  vortex  changes  is  the  electric  force  ;  the  terminal 
torque,  the  source  of  the  disturbance,  is  the  voltage  ;  the 
relative  a;igular  displacements  of  the  vortices  when  their 
velocities  change  is  the  electric  displacement ;  the  linear 
momentum  of  the  irrotationally  moving  liquid  is  magnetic  in- 
duction or  intensity  of  magnetization ;  the  angular  momentum 
is  the  vector  potential  ;  the  strength  of  a  vortex  is  the  strength 
of  the  current  ;  specific  resistance  is  a  quantity  of  the  nature 
of  viscosity,  and  k~^  of  the  nature  of  rigidity. 

In  the  other  system  things  are  inverted.  Here  k  is  the 
density  of  the  medium,  electrical  energy  is  kinetic,  and  the  axes 
of  the  vortices  coincide  with  the  directions  of  the  magnetic  dis- 
placements. The  interpretations  of  the  formulae  of  the  various 
quantities  are  as  below. 
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II.    Electrical    Energy    Kinetic, — k   the   density    of   the 
medium. 

1.  E  =  /t-^[M'RT-^(X~^Y~^Z-^)] 

=  M-^(XYZ)  VRT-^(X-^y-^Z-^)  =  RT"'  =XT~^ 
(since  R  here  must  coincide  with  X). 
Thus,  E  is  the  velocity  of  the  medium. 

2.  E  =  EX  =  X^T~  .  Magnetic  current.  (See  below,  its 
interpretation  depends  upon  that  of  m  and  B.) 

3.  m  =  ET=X2. 

4.  B  =  m(XZ)~  =XZ~  =  an  angular  displacement.  Thus, 
m  =  product  of  angular  displacement  into  cross  section. 

5.  a„  =  BT~'XZ-'T-'  =  Angular  velocity.  Thus,  E  the 
strength  of  the  magnetic  current  corresponds  to  the  strength  of 
a  vortex,  C,„  being  the  density  of  the  magnetic  current. 

6.  e  =  MT~  .  This  corresponds  to  magnetic  pole  in  the 
previous  case. 

7.  D  =  .(YZ)-^  =  M(YZ)-^T-^=5^.'  =  Linear  momen- 
tum  per  unit  volume. 

8.  C=DT~  =(    AY/    )~  Force  per  unit  volume. 

9.  C  =  MT~^.  This  corresponds  to  voltage  in  the  previous 
case. 

10.  H  =  C(Y~')=MY"^T~l  Tangential  force  per  unit 
area,  a  quantity  of  the  nature  of  a  torque,  corresponding  to  E 
in  the  former  case. 

It  is  thus  seen  that  this  system  is  simply  the  inverse  of  the 
other,  and  it  is  unnecessary,  therefore,  to  go  into  more  detail. 

To  summarize,  therefore,  we  may  say  that,  of  the  eight 
possible  systems  previously  mentioned,  only  two  give  rise  to 
dimensions  whose  interpretations  are  intelligible,  natural,  and 
connected  as  a  whole  ;  and  these  interpretations  accord  with 
the  two  rotational  theories  of  electromagnetism  which  have 
been  hitherto  put  forward.  Of  the  other  six,  it  was  shown 
that  four  necessitated,  in  some  form  or  other,  fluid  theories  of 
electricity  or  magnetism,  and  that  the  interpretation  of  the 
formulae  of  /^  and  k  and  other  quantities  are  difficult.  These 
remarks  also  apply  to  the  other  two  cases,  in  which  electri- 
fication and  magnetization  hQc^ma  \'e9,\)ecii\e\y  volnme-f^irains. 
All  other  cases  were  disposed  of  by  excluding  : — 

(1)  All  values  of  /a  leading  to  dimensions  involving  higher 
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or  loAYer  (fractional)  powers  of  the  fundamental  units  than 
those  encountered  in  the  case  of  ordinary  dynamical  quantities. 

(2)  All  values  which  while  satisfying  (1)  rendered  scalar 
magnitudes  vectors,  or  vectors  scalar, 

(3)  All  values  which  while  satisfying  (2)  rendered  the 
direction  of  the  instantan(^ous  linear  displacement  at  a  point 
in  an  isotropic  medium  parallel  to  Z,  and  therefore  normal  to 
the  plane  of  displacement  (XY ) . 

In  the  foregoing  discussion  I  have  attempted  to  generalize- 
the  ordinary  dimensional  expressions  for  physical  quantities, 
and  to  carry  somewhat  further  than  he  did  the  suggestion 
of  Prof.  S.  P.  Tliompson  that  the  idea  of  direction  may  be 
associated  with  the  symbols  as  well  as  that  of  numerical 
magnitude.  This  is  clearly  possible — as  the  examples  given 
show — in  the  case  of  ordinar}^  dynamical  quantities,  and  the 
method  certainly  enables  us  to  distinguish  between  things 
which  are  physically  diflPerent,  though  (if  the  ordinary  systen^ 
in  which  the  idea  of  direction  is  suppressed  be  used)  the 
dimensions  are  the  same.  The  dimensional  formula  thus 
becomes  for  a  physical  quantity  the  analogue  of  a  structural 
formula  for  a  chemical  compound. 

Applying  these  ideas  to  the  more  difficult  case  of  electrical 
and  magnetic  quantities,  with  the  actual  nature  of  which  we 
are  imperfectly  acquainted,  I  have  tried  to  use  the  method  aS' 
an  instrument  for  discriminating  between  probable  and  im- 
probable hypotheses.  It  is  at  all  events,  interesting  to  note 
that  we  are  thus  led  to  tico  possible  dimensional  systems  which 
agree  with  the  two  principal  groups  of  analogies  by  which 
electrical  and  magnetic  facts  have  been  illustrated  by  those 
Avho  have  most  deeply  studied  these  from  the  dynamical  point 
of  view.  Between  these  two  I  do  not  attempt  to  decide  ;  but 
I  cannot  but  hope  that  the  methods  I  have  suggested  may 
make  the  study  of  dimensional  formulse  not  merely  a  con- 
venient method  of  expressing  numerical  relations  between 
fundamental  and  derived  units,  but  a  means  of  seeing  more 
deeply  into  the  physical  facts  they  represent. 

Note. — I  regret  that  when  I  communicated  the  above 
paper  to  the  Physical  Society  I  was  unaware  of  an  important 
article  by  Prof.  A.  Lodge  on  "  The  Multiplication  and  Divi- 
sion of  Concrete  Quantities "  ('  Nature,'  July  19,  1888). 
In  this  article  Prof.  Lodge  discusses  the  general  question  of 
the  products  and  quotients  of  concrete  quantities,  and  of  the 
meaning  of  physical  relations  between  concretes  of  different 
kinds.  He  clearly  points  out  that  the  dimensions  of  quan- 
tities do  not  always  afford  a  test  of  their  identity,  and  that  iii 
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particular  concretes  of  the  order  of  angles  and  angular  dis- 
placements are  treated  as  pure  numbers.  The  present  paper 
may  be  regarded  as  an  attempt  to  remove  such  difficulties  by 
taking  as  fundamental  in  our  theory  of  dimensions  the  vector 
instead  of  the  cartesian  unit  length.  By  expressing  the  for- 
mulae according  to  the  conventions  of  vector  algebra,  we  thus 
assign  dimensions  (in  the  extended  meaning  of  the  term)  to 
all  quantities  which  are  physically  recognized  as  concrete,  the 
only  quantities  having  unity  as  their  dimensional  formula 
being  pure  numbers  and  quantities  of  the  nature  of  tensors, 
that  is,  ratios  between  similar  and  similarly  directed  concretes. 
Since,  as  pointed  out  by  Prof.  Lodge,  the  cause  of  the  above 
difficulties  lies  in  the  neglect  of  the  directional  relations  of 
quantities,  these  modified  formul<Te  approximate  more  closely 
to  what  they  are  sometimes,  and  conveniently  taken  to  be, 
namely  conventional  expressions  of  the  kinds  of  different 
phj'sical  quantities. 

XXVIII.  Equivalent  Resistance,  Self-induction,  and  Capacity/ 
of  Parallel  Circuits  ivitk  Harmonic  Impressed  Electromotive 
Force.  By  Feederick  Bedell,  Ph.D.,  and  Albert  0. 
Crehore,  Ph.D.'*' 

IN  a  paper  on  "  Forced  Harmonic  Oscillations  of  various 
Periods,"  in  tlie  Philosophical  Magazine  for  May  1886, 
Lord  Rayleigh  derived  analytical  1}^  expressions  for  the  equi- 
valent resistance  and  self-induction  of  parallel  circuits  in  tei*ms 
of  the  resistance  and  self-induction  of  each  branch.  The 
object  of  this  paper  is  to  obtain  by  other  methods  similar 
expressions  for  the  equivalent  resistance,  self-induction,  and 
capacity  of  any  number  of  parallel  circuits  in  terms  of  the 
resistance,  self-induction,  and  capacity  of  each  branch.  From 
these  general  results,  particular  expressions  for  the  case  of 
circuits  with  resistance  and  capacity  alone,  and  for  the  case 
of  circuits  with  resistance  and  self-induction  alone,  are  readily 
derived.  The  results  in  this  latter  case  are  identical  with 
those  given  by  Lord  Rayleigh  in  the  paper  referred  to. 

Resistance  is  denoted  by  R,  self-induction  by  L,  capacity 
by  C  ;  and  equivalent  resistance,  self-induction,  and  capacity 
by  R',  I/,  and  C  respectively.  The  currents  (maximum 
value)  in  the  main  line  and  branches  are  denoted  by  I^,  and 
by  Ii,  I2,  &c.  6  is  the  angle  of  advance  or  lag  according  to 
whether  it  is  positive  or  negative.  <u  is  the  angular  velocity, 
i.  e.  27r  x  frequency,  and  E  the  maximum  value  of  the 
impressed  electromotive  force. 

*  Communicated  by  the  Authors. 
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Figs.  1  and  2  are  triangles  of  E.M.F.s  for  simple  circuits 
with  resistance  and  self-induction,  and  resistance  and  capacity 


Fiff.  1. 


Fig.  2. 


respectively.  Rotation  is  in  all  cases  counter-clockwise,  and 
the  impressed  E.M.F.  is  considered  as  the  sum  of  that  neces- 
sary to  overcome  the  resistance  and  the  self-induction   or 


Fig.  3. 


capacity.     Fig.  3  is  the  E.M.F.  triangle  for  a  single  circuit 
with  resistance,  self-induction,  and  capacity,  the  current  being 
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in  advance  of  the  impressed  E.M.F.  in  this  particular  case,  in 
which  -;—  is  taken  as  greater  than  Ltw. 


In  fig.  5,  OB  A,  OCA,  OD  A  are  the  E.M.F.  triangles 
for  the  several  branches  of  a  divided  circuit  (see  fig.  4),  with 

Fig.  5. 


nn  impressed  E.M.F.  equal  to  OA.  The  main  current,  I^,  is 
the  vector  sum  of  the  currents  Ij,  I2,  I3  in  the  branches.  By 
taking  the  projections  of  the  currents  upon  the  line  OA,  and 
then  upon  a  line  perpendicular  to  OA,  we  obtain  the  equations 

ItoCos^  =  IiCos^i  +  I2Cos  ^o  +  . .  .  =  Slcos  ^.  .     .     (1) 
I^sin^  =  Iisin^i+l2sin6'2  +  ...=Slsin^.   .     .     (2) 
In  the  right  triangle  0  F  A, 

E 


In,     = 


\/l^'^  +  ((T.-H^' 


(3) 
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cos^=  ^'         =^,     ...     (4) 


\/^"^{k-^'-f 


e^     ,    ^"  ,  .    .    .    (S) 


\/^'^+(c^-i'''"y 


Substituting  in  (1)  and  (2)  these  values,  and  similar  values 
for  Ii,  cos  Qxi  sin  Q^  ;  and  Ig,  cos  O^i  sin  d.i,  &c. ;  we  have 

Imcos^  R'  .^  R  .     .^. 

=  2 —, r-2  =A.  (6) 


E 


R'^  +  fT^-L'wY         R'  +  (r^  -L«Y 

\L  ft)  /  Vv.(w  / 


1  T'  It 

T      •     a  TTi ^^  ri J-'" 

Im  sni  ^  (J'o)  _  C«t) 

,  2  ^ 


E 


^  O  —  U  Lift)  -Q  ,  _ . 

=  ^C2RW  +  (l-CLa>^f'"  =  -^'"-      •     ^^^ 

The  letters  A  and  B  are  introduced  to  simplify  the  results. 
Dividing  (7)  by  (()), 

tan^=^ (8) 

Comparing  (4)  and  (6),  we  obtain 


.       cos^^  ^,      cos^^ 

A=^^,    or    R'=^-. 


(9) 


Comparing  (5)  and  (7),  we  obtain 

For  cos^  Q  and  sin^  6  we  may  substitute  the  values 

2Z,  1  1  A2 

cos^^  = 


sin2^= 


l+tan^^  BV~A2  +  BW 

^    A' 

1  1  BW 


1+  cot2^      ^       ^    ~A'-^  +  B'W 
B=^w*-^ 


l+T^,. 


Equivalent  Rcsistatice  ^'c.  of  Fandlel  Circuits.         275 
With  these  substitutions  equations  (9)  ;inJ  (10)  become 

'^'=AMTft;r= (11) 

Here  A  and  15a)  each  stand  for  a  sunnnation,  as  expressed  in 
{())  and  (7),  and  are  calculated  from  the  particular  values  of  the 
resistance,  self-induction,  and  capacity  of  each  branch.  This 
gives  a  definite  value  to  the  equivalent  resistance,  R',  uccord- 

ing  to   (11),  and   a  definite  value  to  ^7 L'o),    according 

to  (12).  There  may  be  an  indefinite  number  of  values 
assigned  to  L'  or  Q'  according  to  values  assigned  to  the  other. 
If  the  right-hand  member  of  (12)  is  positive,  we  may  consider 
tliat  the  equivalent  circuit  has  no  self-induction,  /.  e.  L'  =  0, 
and  calculate  the  equivalent  capacity.  If  this  member  is 
negative,  we  may  consider  that  the  equivalent  circuit  has  no 
condenser,  i.e.  C'  =  oo,  and  calculate  accordingly  the  equi- 
valent self-induction.  The  angle  of  advance  or  lag  of  the 
main  current  is  obtained  from  equation  (8). 

If  there  is  no  condenser  in  any  branch,  the  expressions  for 
A  and  Bft)  are  obtained  by  substituting  C  =  x)  in  the  summa- 
tions in  (6)  and  (7),  thus 

and 

p  —  Lft) 

iv  +  L"G) 

Equations  (11)  and  (12)  with  th(>sc  values  for  A  and  Bo)  give 
the  e(iuivalent  resistance  and  self-induction  of  parallel  circuits 
containing  resistance  and  solf-induction  only.  These  expres- 
sions are  the  same  as  those  obtained  by  Lord  liayleigh. 

If  there  is  no  self-induction  in  any  branch,  the  substitution 
©f  L  =  0  in  {i'))  and  (7)  gives 


ind 


1 


'    1 12    2 
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With  these  vakies,  equations  (11)  and  (12)  give  the  equi- 
valent resistance  and  capacity  of  parallel  circuits  containing 
resistance  and  capacity  only. 

Physical  Laboratory  of  Cornell  University, 
July  1892. 


XXIX.   On  the  Theory  of  the  Use  of  a  permanently  Magnetized 
Core  in  the  Telephone.   By  Fred.  T.  Trouton,  M.A.,  B.Sc.^ 

IN  the  development  of  the  Bell  Receiver  it  was  found  in 
practice  that  a  louder  effect  could  be  obtained  by  employ- 
ing a  magnetized  core  instead  of  a  plain  soft-iron  core.  This 
appears  to  be  at  variance  with  ordinary  experience,  it  being 
generally  supposed  that  for  a  maximum  effect  the  core  in 
electromagnets  should  be  of  soft  iron. 

An  explanation  of  this  which  seems  to  be  commonly  received 
attributes  the  improved  results  to  the  diaphragm  of  the  receiver 
being  kept  permanently  in  a  taut  condition,  it  being  supposed 
to  be  thus  for  some  reason  in  a  better  condition  for  taking  up 
the  vibrations  than  when  left  relaxed.  However,  no  very 
clear  ideas  on  the  subject  seem  to  be  current. 

For  some  time  past  I  have  been  experimenting  with  the 
object  of  clearing  up  this  point ;  the  result  of  which  is  to 
almost  entirely  refer  the  improved  effect,  obtainable  by  per- 
manently magnetizing  tlie  core  of  the  telephone,  to  the  fact 
that  the  mechanical  force  on  the  diaphragm,  or  armature  of 
the  electromagnet,  is  proportional  to  the  square  of  the  mag- 
netic force.  Suppose,  for  example,  H  to  be  the  magnetic  force 
at  the  diaphragm  due  to  a  permanent  magnetization  in  the  core, 
we  may  take  the  mechanical  force  on  the  diaphragm  to  be  a 
constant  multiphed  by  H^;  and  should  H  vary  by  an  amount 
SH  through  the  passage  of  a  current  of  ordinary  telephonic 
dimensions,  we  have  the  corresponding  variation  (SF)  in  the 
mechanical  force,  which  for  loudness  in  the  telephone  is  the 
important  factor,  dependent  on  the  amount  of  the  permanent 
magnetization;  thus  SF  =  C.HSH.  In  this  way  it  is  seen 
that  the  variations  in  the  force  on  the  diaphragm,  and  conse- 
quently its  amphtude  of  vibration,  will  depend  on  the  per- 
manent magnetization  as  well  as  on  its  variation  produced 
by  the  currents  passed  through  the  telephone.  Or,  to  look  at 
it  another  way,  it  is  important  that  initially  the  armature 
have  strong  magnetic  poles  ready  to  be  acted  on  by  this 
variation  f. 

*  Communicated  by  the  Author. 

t  This  would  suggest  magnetized  steel  diaphragms  for  louder  eflects. 
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Another  advantageous  result  arising  from  permanently 
magnetizing  a  soft-iron  core  by  the  addition  of  a  steel  magnet 
(as  in  a  common  arrangement  of  the  telephone)  probably  is 
that  the  permeability  of  the  soft  iron  is  increased  thereby;  so 
that  our  8H.  itself  (that  is  to  say,  the  magnetic  force  at  the 
armature  arising  from  the  current)  is  greater  than  were  the 
current  to  act  on  an  initially  unmagnetized  core.  This  effect 
probably  is  always  unimportant  compared  wdth  the  last. 

The  effect  here  alluded  to  may  perhaps  be  better  understood 
by  reference  to  the  well-known  curves  of  magnetization  (fig.  1), 

Fio-.  1. 


where  it  will  be  at  once  seen  that  equal  small  variations  in  the 
magnetic  force  (horizontal  direction)  produce  effects  in  the 
magnetization  (vertical  direction)  dependent  in  amount  on 
the  initial  position  on  the  curve. 

An  apparatus  found  convenient   in  these   experiments  is 
shown  in   fig.   2.     It  consisted  of  an  ordinary  tambourine, 

Fig.  2. 


armed  at  the  centre  with  a  little  piece  of  iron,  and  thus  could 
be  made  to  vibrate  by  an  alternating  current  passed  through 
an  electromagnet  with  a  soft-iron  core  placed  telephonewise 
close  up  to  the  little  piece  of  iron.  The  core  could  be  perma- 
nently magnetized  to  the  extent  desired,  either  by  a  current 
passed  through  an  additional  coil  wound  on  for  the  purpose, 
or  l)y  bringing  up  in  line  with  the  core  a  permanent  magnet 
to  a  variable  distance. 
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With  such  an  apparatus  it  is  easy  to  arrange  for  showing 
the  gain  in  sound  brought  about  by  permanently  magnetizing 
the  core  of  the  electromagnet.  For  this  purpose  an  alter- 
nating current  is  employed  of  insufficient  intensity  to  affect 
the  diaphragm  much  ;  one  then  brings  up  the  permanent 
magnet  to  the  position  shown  in  the  diagram,  on  which  the 
sound  is  found  to  be  immensely  improved.  A  similar  result 
of  course  can  be  obtained  by  a  permanent  current  sent  round 
the  additional  coil. 

To  distinguish  between  the  parts  of  this  improved  effect 
due  respectively  to  the  two  causes  mentioned  above,  one  can 
either  connect  up  the  additional  coil  wound  on  the  electro- 
magnet with  an  electro-dynamometer  or  with  a  telephone. 
If  the  improved  action  on  bringing  up  the  steel  magnet  were 
entirely  due  to  the  second  cause  (namely  the  fact  that  then 
the  same  current  is  able  to  produce  more  lines  of  force  in  the 
iron  than  before),  the  deflexion  of  the  dynamometer  or  the 
sound  in  the  telephone  would  increase  in  like  proportion  with 
the  loudness  of  the  tambourine.  The  experiment  proves  that 
though  there  is  undoubtedly  a  slight  increase  in  the  number 
of  lines  of  force,  shown  by  a  slight  increase  in  the  deflexion  of 
the  dynamometer,  the  chief  improvement  is  to  be  referred  to 
the  other  cause. 

A  similar  experiment  was  made  with  the  additional  coil 
wound  on  the  armature  instead  of  on  the  core.  This  was 
effected  by  taking  a  rather  thicker  piece  of  iron  than  that 
which  had  been  previously  employed  for  the  arming  of  the 
diaphragm  of  the  tambourine.  On  connecting  up  a  telephone 
with  the  coil,  it  could  be  arranged  so  as  to  have  the  sound 
from  the  telephone  and  from  the  tambourine,  with  the  steel 
magnet  removed,  of  equal  intensity  ;  then,  on  bringing  up 
the  magnet  as  before,  the  sound  of  the  tambourine  is  found 
to  be  far  and  away  louder  than  the  telephone. 

Lest  it  might  be  thought  that  the  increased  effect  could  be 
due  to  the  diaphi-agm  coming  nearer  to  the  electromagnet  in 
consequence  of  the  attraction  arising  from  the  permanent 
magnet,  it  may  be  mentioned  that  similar  effects  are  pro- 
duced on  placing  the  magnet  on  the  opposite  side  to  that  as 
shown  in  the  diagram.  In  this  position  the  diaphragm  lies 
between  the  magnet  and  the  electromagnet,  and  consequently 
tends  to  be  ^iv^^y\\  further  away  from  the  electromagnet. 

A  somewhat  curious  effect  is  to  be  observed  with  this 
apparatus  on  employing  an  intermittent  current  instead  of  an 
alternating  one.  With  an  alternating  current  a  continuous 
increase  in  sound  is  of  course  produced  indifferently  by  either 
pole  of  the  })ermanent  mngnet  as  it  is  brought  u})  from  a  dis- 
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tanco  to  the  position  of  contact  with  the  core.  Not  so  with 
an  intermittent  current.  One  pole  effects,  as  hefore,  a  con- 
tinuous increase  in  the  intensity  of  the  sound  as  it  is  brought 
up  from  a  distance  to  the  position  of  conlact  with  the  core  ; 
but  the  other  pole  at  first,  as  it  is  brought  up,  steadily  dimi- 
nishes what  small  amount  of  sound  the  current  alone  may  be 
capable  of  producing;  reaching  a  minimum,  the  sound  again 
begins  to  increase,  and  continues  doing  so  until  the  position 
of  contact  is  arrived  at.  In  this  case  the  permanent  magnet 
is  opposed  (that  is,  lies  in  the  opposite  direction)  to  the  mag- 
netization produced  in  the  soft  iron  by  the  intermittent  cur- 
rent. The  position  of  minimum  sound  evidently  is  that  in 
which  the  average  permanent  magnetization  resulting  from 
the  intermittent  current  is  just  neutralized  by  the  permanent 
magnet.  For,  as  we  have  seen  already,  a  small  change  in  the 
magnetizing  force  applied  to  an  electromagnet  should  pro- 
duce least  mechanical  force  on  the  armature  under  such 
circumstances. 

A  few  rough  experiments  bearing  directly  on  this  subject 
were  also  made,  an  account  of  which  may  perhaps  not  be  out 
of  place  here.  A  long  thin  cylinder  of  soft  iron  was  attached 
to  one  arm  of  a  balance,  and  hung  down  with  its  lower  end 
dipping  into  a  coaxial  solenoid  consisting,  of  two  separate 
layers  of  wire,  through  each  of  which  independent  currents 
could  be  sent. 

One  coil  (A)  was  used  to  produce  various  intensities  of  field 
by  the  passage  of  various  currents.  The  other  (B)  was  for 
effecting  a  small  increment  in  this  magnetization  b}^  the 
passage  of  a  small  current  of  constant  amount  through  it. 
In  each  case  equilibrium  was  restored  to  the  balance  by  the 
addition  of  the  necessary  weights.  It  required  '03  gram  to 
balance  the  small  current  in  B  when  acting  alone.  It  required 
in  all  '15  g.  for  equilibrium  when  a  current  was  running  in  A, 
which  acting  alone  was  balanced  by  '09  g.  Again,  when 
this  last  was  increased  so  as  to  require  "52  g.,  the  two  coils 
acting  together  required  '72  g.  Here  the  same  provocation 
produced  an  effect  of  6  and  of  20  when  under  these  two 
circumstances.  The  numbers  themselves  agree  with  theory 
as  well  as  could  be  expected  in  the  case  of  such  a  ci'ude 
experiment.  We  deduce  from  the  considerations  given  pre- 
viously, 

8F/SF'=n/F/v/F. 

Putting  in  the  numl)ors,  we  have  respectively  20/G  or  3'3, 
and  v^52/v/9  or  2-4. 
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XXX.    On  the  Application  of  Interference  Methods  to  Spec- 
troscopic Measurements. — II.    By  Albert  A.  Michelson*. 

[Plates  V.-Vin.] 

THE  theoretical  investigation  of  the  relation  between  the 
distribution  of  light  in  a  source,  as  a  function  of  the 
wave-length,  and  the  resulting  "  visibility  curve  "  has  been 
given  in  a  paper  bearing  the  same  title  as  the  present  one  in 
the  '  Philosophical  Magazine  '  for  April  1891. 

The  physical  definition  of  "  visibility  "  there  adopted  is 


V=: 


I1-I2 


Ii  +  Is' 

in  which  Ij  is  the  intensity  at  the  centre  of  a  bright  inter- 
ference-band, and  I2  the  intensity  at  the  centre  of  the  ad- 
joining dark  band.  In  order  to  interpret  the  actual  curves 
obtained  by  observation  of  interference-fringes,  it  is  first 
necessary  to  reduce  the  results  of  the  eye-estimates  of  visi- 
bility, which  may  be  designated  by  V^,  to  their  absolute 
values  as  above  defined. 

For  this  purpose  two  quartz  lenses,  one  concave  and  the 
other  convex,  and  of  equal  curvatures,  were  mounted  with 
their  crystalline  axes  at  right  angles  to  each  other  between 
two  Nicols.  Under  these  conditions  a  series  of  concentric 
interference-rings  appeared.  If  a  be  the  angle  between  the 
principal  section  of  the  polarizer  and  the  axis  of  the  fi.rst 
quartz,  and  a>  the  angle  between  the  axis  and  the  analyser, 
the  intensity  of  the  light  transmitted  will  be 

I  =  cos^(ftj— «)— smza  sin  zwsm  tt— ^^-r- , 

where  t^  is  the  thickness  through  the  first  quartz  and  t^  that 
through  the  second.  If  the  analyser  and  polarizer  are 
parallel,  ca  =  a,  and 

1=1-  sin22a  sin  V^^^^if^ , 

A, 

whence  Ii  =  lj         find         l2  =  l— sin22a, 

and  V  = 


Ii  — 12        1— C0S^2a 


IJ  +  I2       l  +  cos-2a* 

*  Communicated  by  the  Author. 
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This  curve,  together  with  the  mean  of  a  number  of  eye- 
(^stimates,  is  given  in  fig.  2,  Woodcut.  From  these  the 
following  table  of  corrections  may  l)e  obtained  : — 


v.. 

Cor. 

v.. 

Cor. 

•00 

•00 

•55 

-•12 

•05 

+  •03 

•60 

-•14 

•10 

+  •04 

•65 

-•15 

•15 

+  •03 

•70 

-•16 

•20 

+  •02 

•75 

-•16 

•25 

•00 

•80 

-•14 

•30 

-•03 

•85 

-•13 

•35 

-•05 

•90 

-•11 

•40 

-•07 

•95 

-•08 

•45 

-•08 

1-00 

•00 

•50 

-•10 

The  curves  show  a  general  tendency  to  estimate  the  visi- 
bility too  high  when  the  interference-bands  are  clear,  and  too 
low  when  they  are  indistinct.  This  tendency  may  be  modi- 
fied by  a  number  of  circumstances  :  thus,  it  increases  with 
the  refrangibility  of  the  hght  used  ;  it  is  greater  when  the 
field  contains  a  large  number  of  bands  than  when  there  are 
but  few  ;  it  is  greater  while  the  visibility-curve  is  falling 
than  when  it  is  rising  ;  it  does  not  seem  to  be  greatly  afl'ected 
by  the  intensity  of  the  light ;  finally,  it  varies  on  different 
occasions  and  with  different  observers.  Notwithstanding 
these  disturbing  causes,  the  result,  after  applying  the  correc- 
tion, will  rarely  be  in  error  by  more  than  one  tenth  of  its 
value,  and  ordinarily  the  approximation  is  much  closer  than 
this"^. 

*  The  formula  for  visibility  deduced  in  the  preceding  paper  is 

in  which  G  =  \(f){.v)  coskxdx, 

S  =  \<p{x)  sin  k.rili', 

D= Difference  in  path, 

and  ^(.r)  represents  the  distribution  of  light  in  the  source. 

Ill  this  expression  no  account  was  talcen  oi  the  effect  of  extraneous 
light,  and  it  was  assumed  that  the  two  interfering  pencils  were  of  equal 
intensities.     It  can  be  shown  that  the  error  due  to  both  these  causes 
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As  stated  in  Part  I.  of  this  paper,  the  observations  neces- 
sary to  construct  the  visibihty-curves,  from  which  the  distri- 
bution of  light  in  any  approximately  homogeneous  source  is 
to  be  deduced,  may  be  made  with  any  form  of  interference 
apparatus  wdiich  allows  a  considerable  alteration  in  the 
difference  of  path  between  tbe  two  interfering  streams  of 
hght. 

The  apparatus  actually  employed  tor  this  purpose  was  de- 
signed for  the  comparison  of  wave-lengths,  and  while  admi- 
rably adapted  for  the  observation  of  visibility-curves,  it  con- 
tains many  parts  not  necessary  for  this  use.  Fig.  1,  Woodcut, 
presents  the  plan  of  an  arrangement  which,  while  showing 
all  the  essential  parts,  is  much  less  complicated.  Starting 
from  V,  a  vacuum-tube  containing  the  substance  whose  radia- 
tions are  to  be  examined  (and  which  is  usually  enclosed  in  a 
metal  box  in  order  that  it  may  be  raised  to  any  required 
temperature),  the  light  is  analysed  by  one  or  more  prisms 
forming  a  spectrum  from  which  any  required  radiation 
may  be  separated  from  the  rest  by  passing  through  the 
slit's*. 

The  light  from  S  is  rendered  nearly  parallel  by  a  coUi- 
mating  lens,  and  then  falls  on  a  transparent  film  of  silver,  on 


teuds  to   lower  the  visibility  ;    but  iu  either  case   the  correct  values 
may  be  obtained  by  multiplying  by  a  constant  factor. 

In  the  iirst  case,  let  e  be  the  intensity  of  the  extraneous  hght,  and  V 
the  resulting  visibility  ;  then,  by  definition, 

whence  V  =  (l+r)V'. 

In  the  second  case,  let  p  be  the  ratio  of  intensities  of  the  interfering 
pencils  ;  then  it  can  readily  be  shown  that  the  resulting  intensity  is 

I  =  {l+p'')V+2p{(J  C0S3-S  sin  9), 

and  hence  the  visibility  is  

whence  V=^%^". 
2p 

If  the  interfering  pencils  differ  by  25  per  cent.,  the  factor    ^^       differs 

from  unity  by  about  4  per  cent. ;  so  that,  in  most  cases,  this  cause  of 
error  may  be  neglected. 

*  In  the  case  of  close  groups  of  lines,  the  image  of  the  source  is  first 
thrown  on  a  slit ;  otherwise  the  hues  at  S  would  overlap. 
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the  surface  of  the  plane  parallel  plate  G^*.  Here  it  divides, 
part  being  transmitted  to  the  fixed  plane  mirror  Mj  and  part 
reflected  to  the  movable  mirror  M2.  These  mirrors  return 
the  light  to  the  silvered  surface,  where  the  first  part  is  re- 
flected and  the  second  transmitted ;  so  that  both  pencils 
coincide  on  entering  the  observing-telescopef  • 

A  little  consideration  will  show  that  this  arrangement  is, 
in  all  respects,  equivalent  to  a  film  or  plate  of  air  between 
two  plane  surfaces.  The  interference  phenomena  are,  there- 
fore, the  same  as  for  such  an  air-plate. 

The  theory  of  these  interference-bands  has  been  given  in 
an  article  entitled  "  Interference  Phenomena  in  a  new  form 
of  Refractometer,"  Philosophical  Magazine  for  April  1882. 
As  is  there  shown,  the  projections  of  the  bands  are,  in  general, 
conic  sections,  the  position  of  maximum  distinctness  being 
given  by  the  formula 

P=-^  tauicos^^, 
tan  9 

in  which  t^  is  the  thickness  of  the  equivalent  air-plate,  where 
it  is  cut  by  the  axis  of  the  telescope,  <^,  the  inclination  of  the 
two  surfaces,  6  and  i,  the  components  of  the  angle  of  inci- 
dence parallel  and  perpendicular  respectively  to  the  inter- 
section of  the  surfaces,  and  P,  the  distance  of  the  plane  of 
maximum  distinctness  from  the  surfaces.  If  6  be  small  the 
variations  of  P  with  6  may  be  neglected,  and  we  have  then 

P=  :; tan  i, 

tan9 

or  with  sufficient  accuracy, 

P=^{. 
9 
From  this  it  will  be  seen  that  the  focal  plane  varies  very 

*  The  light  entering  the  telescope  is  a  maximum  when  the  thickness 
of  the  silver  film  is  such  that  the  intensity  of  the  transmitted  light  is 
equal  to  that  of  the  reflected  light.  The  silvering  has  another  important 
advantage  in  diminishing  the  relative  intensity  of  the  light  reflected  from 
the  other  surface.  Indeed,  for  this  purpose  it  is  advisable  to  make  the 
film  heavier;  even  so  thick  that  the  reflected  light  is  twice  as  bright  as 
the  transmitted.  This  does  not  affect  the  ultimate  ratio  of  intensities  of 
the  interfering  pencils — for  what  is  lost  by  transmission  on  entering  the 
plate  Gi  is  made  up  by  reflexion  on  leaving  it,  the  effect  being  simply  to 
diminish  somewhat  the  whole  intensity.  Another  advantage  of  the 
thicker  film  is  that  it  can  be  made  uniform  'R'ith  far  less  difficulty  than 
the  thin  film.  It  may  be  mentioned  that  with  this  form  of  instrument 
the  interference-fringes  in  white  light  present  a  purity  and  gorgeousness 
of  coloration  that  are  surpassed  only  by  the  colours  of  the  polaiiscope. 

t  The  second  plane  parallel  plate  G,  is  made  of  the  same  thickness  as 
the  first,  and  is  required  to  equalize  the  optical  paths  of  the  two  pencils. 
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rapidly  with  /,  so  that,  unless  <^  =  0,  it  is  impossible  to  see  all 
parts  of  the  interference-bands  in  focus  with  equal  distinct- 
ness. If,  however,  (j>  =  0,  that  is,  if  the  two  surfsices  are 
strictly  parallel,  then  P  =  X),and  if  the  observing-telescope 
is  focused  for  pai-allel  rays,  all  })arts  of  the  bands  are  equally 
distinct.  Under  these  circumstances  the  interference-fringes 
are  concentric  circles,  whose  angular  diameter  is  given  by 

cos  ■&=  -r-  . 

'ZIq 

If  for  A  we  put  2^0""'^'^?  'i"^  ^'oi'  cos  •&  its  approximate 
value  1  — -r ,  we  have 


^-W'- 


"to  ' 

In  order  to  obtain  an  idea  of  the  order  of  accuracy  required 
in  this  adjustment,  suppose  the  angle  ■&  to  be  so  small  that  its 
influence  on  the  distinctness  may  be  neglected.  The  intensity 
at  the  focus  of  the  observing-telescope  will  be 

27r 
cos^^KAdwdi/,  where  1^=  \  ' 

If  the  aperture  be  a  rectangle  whose  height  is  2b,  and  width 
2a, 

*y  —a 

But  A  =  2(^0 +  </>•■''')) 

whence  t     o; T  o  *  ^^"  2«;(^a 


i=JJ 


1  =  251       cos^t/cAc^j;. 


=  2/>   a+  cos  2/c^^- 


2/C0 

The  maximum  value  of  I  is 

„,  r        sin  2Kd)a"] 

and  the  minimum  value  is 


^,  r        sin  2K<ha~\ 


2K(f) 

whence  V—  ^'^  2«;0a 

2K(f)a 

In  attempting  to  verify  this  formula  by  actual  observation, 
one  is  met  by  the  difficulty  that  all  parts  of  the  bands  are  not 
in  focus  at  the  same  time,  the  right  and  left  bands  being  more 
distinct  than  the  central  one,  to  which  attention  ought  to  be 
directed.     Notwithstanding  the  rather  rough  character  of  the 

Phil.  Mag.  S.  5.  Vol.  34.  No.  208.  Sept.  1892.  X 
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observations,  the  results  agree  fairly  well  with  theory.  If  ^o 
is  the  ratio  of  the  wave-length  to  the  width  of  the  rectangular 
aperture,  the  above  formula  becomes 

sin  2770/00 


V  = 


27r</)/0o 


from  which  the  second  column  in   the   following  Table  was 
calculated. 


^/0o- 

V  (calc). 

V  (obs 

0-0     .     .     . 

100 

1-00 

•1    .    .    . 

•94 

•94 

•2     .     .     . 

•75 

•73 

•3     .     .     . 

•50 

•40 

•4     .     .     . 

•24 

•13 

•5     .     .     . 

•00 

•09 

•6     .     .     . 

•15 

•10 

•7     .     .     . 

•22 

•09 

•8     .     .     . 

•19 

•07 

•9     .     .     . 

•15 

•05 

1-0     .     .     . 

•00 

•04 

From  this  table  it  appears  that  if  the  visibility  is  to  be 
estimated  by  observations  with  a  telescope  of  12  milHm.  aper- 
ture (or  with  a  circular  aperture  about  one  fourth  greater),  an 
error  in  the  adjustment  of  the  surfaces  of  a  second  of  arc 
W'ould  produce  a  diminution  of  4  or  5  per  cent,  in  the  visibility. 
Accordingly,  if  the  ways  on  which  the  mirror-carriage  moves 
are  not  true  to  this  degree,  it  is  necessary  to  make  the  adjust- 
ment for  every  observation. 

This  can  be  done  with  very  great  accuracy  by  moving 
the  beam  of  light  from  side  to  side  and  adjusting  the  mirror 
until  there  is  no  perceptible  alteration  in  the  size  of  the  rings. 
Since  the  admissible  error  in  adjustment  is  inversely  propor- 
tional to  the  aperture,  the  observations  may  be  facilitated  by 
making  this  as  small  as  possible  if  there  be  light  to  spare. 
This  is  all  the  more  necessary  for  the  same  reasons,  if  the 
surfaces  be  not  true.  However,  the  error  due  to  this  source 
may  be  easily  corrected  (since  all  the  observations  are  atfected 
alike)  by  multiplying  by  a  constant  factor. 

In  order  that  the  \dsibiHty-curve  may  extend  as  far  as  pos- 
sible, it  is  necessary  that  the  vapour  should  be  Yerj  rare. 
Accordingly,  in  all  but  a  few  cases  to  be  mentioned  later,  the 
substance  to  be  investigated  was  enclosed  in  a  vacuum-tube, 
which  was  previously  heated  to  drive  off  any  moisture  or 
occluded  gases. 

The  vapour  was  rendered  luminous  by  the  discharge  from 
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the  secondary  of  a  large  induction-coil,  whose  primary  cur- 
rent was  interrupted  hy  a  rotary  hreak  attached  to  the  arma- 
ture of  an  electric  motorj  making  ahout  20  to  30  hreaks 
per  second.  The  steadiness  of  the  light  thus  obtained  was  far 
greater  than  with  the  ordinary  Foucault  interrupter.  Probably 
it  would  have  been  still  more  satisfactory  to  use  an  alternating 
dynamo  properly  wound  to  give  a  strong  current  with  compa- 
ratively few  alternations. 

The  box  surrounding  the  vacuum-tube  was  heated  just  suffi- 
ciently to  give  a  steady  bright  light,  and  the  temperature  then 
kept  as  nearly  uniform  as  possible.  This  temperature  was 
usually  taken  to  represent  that  of  the  vapour  within  the  tube. 
This  is,  of  course,  only  a  rough  approximation  to  the  truth  ; 
and  in  some  cases  the  estimate  was  much  too  low. 

As  it  was  not  intended  to  include  in  the  ])resent  work  an 
elaborate  study  of  the  effect  of  temperature,  this  matter  was 
not  of  great  consequence.  It  may  be  suggested,  however,  that 
a  very  much  closer  approximation  to  the  real  temperature  could 
be  obtained  by  winding  a  platinum  wire  about  the  capillary 
portion  of  the  tube,  and  deducing  the  temperature  from  the 
variation  of  its  resistance.  A  preliminary  experiment  in  which 
a  platinum  wire  passing  through  the  tube  and  heated  by  a 
current  until  the  platinum  spiral  outside  the  tube  was  raised 
to  fixed  temperatures,  would  give  a  means  of  deducing,  from 
the  indications  of  the  spiral,  the  true  temperature  within  the 
tube. 

These  adjustments  being  effected,  the  screw  of  the  "  wave- 
comparer  "  was  turned  to  zero ;  that  is,  till  there  was  no  dif- 
ference of  path  between  the  interfering  pencils.  At  this 
point  the  visibility  should  be  as  great  as  possible,  and  was 
accordingly  marked  100.  The  screw  (of  1  millim.  pitch)  was 
then  turned  through  one  turn,  thus  giving  a  difference  of  path 
of  2  millim.,  and  the  visibility  again  estimated,  and  so  on. 
The  curve  was  then  drawn,  gi\ang  the  estimated  visibility  for 
each  2  millim.  difference  of  path  ;  and  this  was  corrected  for 
the  personal  equation,  as  before  described. 

Hydrogen, 

The  full  curve  in  fig.  3  h,  PI.  V.,  represents  such  a  curve 
for  the  red  hydrogen-line  *  at  a  pressure  of  about  1  millim. 
and  a  temperature  of  about  50*^  C. 

*  The  hydrogeu  was  prepared  by  dropping  distilled  water  upon  sodium 
amalgam,  and  allowing  the  gas  to  pass  through  sul])huric  acid  into  the 
vacuum-tube,  which  was  repeatedly  exhausted  until  the  spectrum  of 
hvdrogeu  was  nearly  pure. 

X  2 
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The  dotted  curve  represents 

V=  2-^'^^^  cos -7/30* 

It  follows  that  the  visibility-curve  is  practically  the  same 
as  that  due  to  a  double  source,  whose  components  have  the 
intensity  ratio  7  :  10,  and  in  each  of  which  the  light  is  distri- 
buted according  to  the  exponential  law,  expressed  by  the  first 
term. 

The  formula  for  a  double  source,  where  the  components  are 
similar,  is 

l  +  »'2  +  2rcos27r^ 

~  1  +  7-2  + 2r  T 

in  which  D,  the  period  of  the  curve,  is  inversely  proportional 
to  the  distance  between  the  components. 
But  D  =  N\,  =  (N  + 1)\2,  whence 

a  — A^  — Ag—  ^• 

Hence,  in  the  present  instance  we  have  for  the  distance 
between  the  components  of  the  red  hydrogen-line 

1/30  X  (6-56  X  107)2  =  1-4  x  10"'  millim. 

or  0*14  division  of  Rowland's  soale. 

Again,  if  h  be  the  "  half-width  "  of  the  spectral  line  (the 
value  of  X  when  <^{x)  =  ^) ,  then 

^(i»)  =  2  52  ^  and  Y=e       i-    . 

12  1 
If  A  be  the  value  of  X  for  V  =  ^,  then  S=  —  — ,  or,  with 

•22  "^ 

sufficient  accuracy,  S=  -j-. 

Substituting  the  value  of  8  in  the  equation  for  V,  we  have 

-X2 

V  =  2  A'  .  The  value  of  A  in  the  hydrogen  curve  is  19. 
Accordingly,  after  reducing  to  the  same  units  as  above,  we  have 
8=0-049. 

*  As  frequent  use  is  to  be  made  of  the  function 


'l+r'+2rcos27r-? 


l  +  r^+2r 
it  will  be  abbreviated  to  the  form  cos  rfD. 
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From  these  data  fig.  3  a,  Plate  V.,  was  constructed,  the 
full  curve  showing  the  distribution  of  light  in  the  source. 

Fig.  46,  Plate  V.,  gives,  in  the  full  curve,  the  corrected 
values  of  the  visibility  of  the  blue  h  jdrogen-line,  at  the  same 
temperature  and  pressure  as  before.  The  dotted  curve  repre- 
sents a  double  exponential,  as  before.  The  formula  for  this 
curve  is 

V  =  2-^''^^''cos-7/28, 

thus  giving  «=0'08forthe  distance  between  the  components, 
and  a  =  0-057  for  the  ^Mialf-width"  of  each.  These  values 
give  for  the  distriljution  of  light  in  the  blue  hydrogen-line,  the 
full  curve  in  fig.  4  a. 

Oxygen. 

Fig.  5,  Plate  V.,  represents  the  results  obtained  from 
oxygen  prepared  by  heating  a  tube  containing  mercuric  oxide, 
drying  the  gas  by  sulphuric  acid,  and  exhausting  and  filling 
repeatedly  till  the  spectrum  was  nearly  pure.  The  lines  are 
much  less  bright  than  those  of  hydrogen  ;  and  in  order  to 
obtain  satisfactory  results,  the  current  had  to  be  increased  so 
far  that  the  tube  was  frequently  broken.  Notwithstanding 
the  somewhat  uncertain  character  of  the  observations,  it  will 
be  seen  from  fig.  6a  that  the  curve  for  the  orange-red  line  cor- 
responds very  well  with  that  given  by  the  formula 

V=2-'''^'''[-36  +  -32  cos  27rX/2-69  +  -16cos  27rX/4-85 

+  -16cos27rX/l-73]'- 

The  agreement  between  the  coefiicient  2~  ^  and  the  general 
curve  drawn  through  the  maxima  is  also  shown  in  fig.  bh, 
Plate  V. 

The  interpretation  of  these  results  is  that  the  orange-red 
oxygen  line  is  a  triple,  whose  components  have  intensities  in 
the  ratios  1:1:  1/2,  and  whose  distances  apart  are  1"51  and 
0-84  respectively,  and  whose  "  half-width ''  is  0*027.  This  is 
shown  in  fig.  be. 

Sodium. 

The  results  obtained  from  metallic  sodium  in  the  vacuum- 
tube  are  so  varied,  the  character  of  the  lines  being  so  consi- 
derably altered  by  temperature  and  pressure,  that  a  complete 
study  is  at  present  impossible.  This  is  especially  true  of  the 
yellow  lines  ;  and  the  difficulty  is  considerably  increased  on 
account  of  the  insufficiency  of  the  dispersion  used,  which  does 
not  permit  the  sej)arate  examination  of  the  lines.  iSomo 
reference  to  the  changes  mentioned  will  be  given  at  the  close 
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of  this  paper.     At  present  it  will  suffice  to  take  a  particular 
case — ^tbe  pressure  being  very  low^  and  the  tem];>erature  about 

Tlie  full  cm'\e  in  fig.  6  h,  Plate  V.,  gives  the  experimental 
result  for  the  visibility  at  the  maxima  for  yellow  sodium,  cor- 
rected for  the  personal  equation.  The  dottetl  curve  corre- 
sponds to  the  formula 

V  =  2-^'^"^'  cos  -7/50  cos  'l/MO. 

The  complete  equation,  assuming  that  the  two  lines  are  alike,  is 

^r^^-:^^ll5m ^^^  .8^0-58  cos  -7/50 cos  -1/140. 

The  interpretation  of  these  results  is  that  each  of  the  sodium- 
hnes  is  a  close  double,  as  shown  in  fig.  6  a. 

The  yellow-green  sodium-hne  at  X=5687  is  a  double  whose 
components  are  about  the  same  distance  apart  as  the  yellow 
pair.  It  was  found  to  be  far  less  variable  tban  the  yellow; 
and  the  full  visibility-curve,  neglecting  slight  irregularities, 
gives  the  experimental  results  corrected  for  personal  equation. 
Fig.  7  h,  Plate  V.,  shows  that  its  components  are  single,  and 
correspond  in  distribution  of  light  fairly  well  with  the  expo- 
nential curve,  fig.  7a. 

The  same  may  be  said  of  the  orange-red  double  at  6156 
also,  except  that  this  seems  to  have  a  companion  of  feeble 
intensity. 

Tbe  doubles  at  5150  and  at  4982  were  also  examined,  the 
curves  showing  nearly  the  same  results  as  the  red. 

Zinc. 

Tbe  temperature  at  which  the  radiations  from  metallic  zinc 
could  be  conveniently  observed  was  in  the  neighbourhood  of 
the  melting-point  of  the  glass  of  which  the  vacuum-tubes  were 
made.  But  few  observations  were  recorded,  though  these 
were  quite  consisteTit.  The  results  of  the  observations,  cor- 
rected for  personal  equation,  are  given  in  figs.  8  and  9,  Plate 
V.  The  foi-mer  is  the  recoi-d  obtained  from  the  red  line 
near  6360,  and  shows  that  this  line  is  single,  the  distribution 
of  light  agreeing  very  well  with  a  simple  exponential  curve, 
the  "  half-width""  being  0*0 13.  The  latter  shows  the  results 
of  observation  on  the  blue  line  near  4811.  The  dotted  curve 
is  the  visibility-curve  due  to  a  distribution  represented  in 
fig.  9  a. 

*  The  curve  given  above  was  obtained  a  j-ear  ago  ;  and  since  tlieu  it 
has  been  impossible  to  reproduce  it  exactly. 
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Cadmium. 

Metallic  cadmium  in  the  vacuum-tube  at  a  temperature  of 
about  280°  gives  a  number  of  very  bright  lines,  widely  sepa- 
rated, and  varying  very  slightly  with  temperature  or  pressure. 
Fig.  10  b,  Plate  VI.,  shows  the  experimental  visibility-curve 
of  the  red  line  near  6439,  corrected  for  the  personal  equation, 
together  with  the  simple  exponential  curve  V  =  2~  "^ '.  The 
remarkably  close  agreement  leaves  no  doubt  that  the  distri- 
bution of  light  in  the  source  follows  very  nearly  the  expo- 
nential law  giving  the  curve  in  fig.  10  a,  in  which  the  "  half- 
width  "  of  the  source  is  0"0065. 

The  result  of  a  single  set  of  observations  on  the  green  line 
at  5086  is  given  in  fig.  11  h,  Plate  VI.,  the  approximate 
agreement  between  the  full  line  and  the  dotted  curve  (which 
corresponds  to  the  equation  V  =  2~'^'^^^°' cos -2/115)  showing 
that  the  source  is  a  close  double,  the  intensity  of  w^hose  com- 
ponents is  in  the  ratio  5  : 1,  and  whose  distance  apart  is  "022, 
the  "  half-width  "  of  each  component  being  0'0048. 

The  curve  for  the  blue  radiation  at  4800  is  given  in 
fig.  12  h,  Plate  VI.,  and  shows  that  the  results  may  be 
approximately  represented  by  V  =  2~'^"^^*"  cos '1/32,  which 
corresponds  to  the  distribution  of  intensity  given  in  fig.  12  a. 

Thallium. 

The  metal  is  not  sufficiently  volatile  at  the  temperatures 
attainable,  but  the  chloride  answers  admirably,  giving  a 
brilliant  green  light,  the  visibiHty-curve  varying  but  little 
with  temperature.  This  curve  is  given  in  fig.  13  h,  Plate  VI., 
together  w^th  the  dotted  curve  representing  the  equation 

V=i  cos -2/160  V4Vi'-^  +  V2''^  +  4ViV2  cos  27rX/25-3, 

in  which  Vi  =  2-^'/'''^  and  Y,  =  2-^'l'''\ 

This  is  the  visibility -curve  due  to  a  double  source,  each  of 
whose  components  is  a  close  double,  as  shown  in  fig.  13  a. 

Mercury. 

Mercury  in  a  vacuum-tube  gives  two  yellow  lines  5790 
and  5770,  a  very  brilliant  green  line  at  5461,  and  a  violet 
fine  at  4358. 

The  yellow  lines  are  not  very  bright,  and  are  so  close 
together  that  it  is  somewhat  difficult  with  the  dispersion 
employed  to  prevent  the  light  from  overlapping.  Notwith- 
standing these  difficulties,  the  close  agreement  ol'  a  number 
of  observations  shows  that  the  curve  for  the  lower  lino,  given 
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in  fioj.  14  h,  Plate  VI.,  is  a  close  approximation  to  the  truth. 
Neglecting  the  effect  of  a  line  of  feeble  intensity  at  a  distance 
of  about  -24  from  the  principal  line,  the  distribution  of  light 
in  the  source  is  represented  in  fig.  14  a^  which  gives  for  the 
visibility-curve 

V  =  i  v/3Vi2  +  N^'  +  6V1V2  cos  27rX/28-, 

in  which  \^  =  i-^'l'^^^'  and  Y,  =  2-^'"''\.o^  -5/280. 

Fig.  15  h,  Plate  VI.,  represents  the  results  of  observa- 
tions on  the  upper  yellow  line,  omitting  some  peculiarities 
due  to  the  presence  of  one  or  more  lines  of  feeble  intensity. 
The  cuiTe  agrees  closely  with  the  formula 

V  =  i  v^SVi^  +  V/  +  6 V1V2  cos  27rX/70, 

in  which  Vi  =  2""^"^^^^^  and  Vg  =  2~'^  ''^"^',  which  represents  the 
visibility-curve  produced  by  two  lines  of  intensities  1  : 3  and 
separated  by  0*019  divisions  as  shown  in  fig.  15  a. 

The  green  mercury-line  is  one  of  the  most  complex  yet 
examined.  Tbe  constituent  lines  are  nevertheless  so  fine 
that  the  interference-bands  are  frequently  visible  when  the 
difference  of  path  is  over  four  tenths  of  a  metre.  The  full 
curve  in  fig.  16  h,  Plate  VI.,  gives  the  results  of  observa- 
tions corrected  for  personal  equation,  while  the  dotted  curve 
represents  the  equation 

V  =  2-^'/''''  V-69Vi2  +  -oaVg^  +  •28V1V2  cos  27rX/31-4, 
in  which  Vi= -62  +  '38  cos  27rX/360 

and  Vo  =  '77-|-'23cos27rX/110. 

This  is  the  visibility-curve  corresponding  to  the  distribu- 
tion re|)resented  in  fig.  16  a.  The  components  of  the  line, 
for  simplicity,  have  been  assumed  to  be  symmetrical,  as 
figured  ;  but  the  observations  are  not  sufficiently  accurate  to 
determine  whether,  for  instance,  each  component  is  a  double 
or  a  triple  line.  In  this  case  also,  as  in  the  preceding  ones, 
it  is  impossible  from  the  data  given  to  determine  whether 
the  smaller  component  is  to  the  right  or  left  of  the  principal 
line.  A  direct  observation  with  the  grating  showed,  however, 
that  the  smaller  component  is  towards  the  red  end  of  the 
spectrum. 

The  full  curve  shows  that  there  is  at  least  one  other  line — 
probably  more  than  one — whose  intensity  is  roughly  one 
twentieth  of  the  principal  line,  and  whose  distance  from  it  is 
about  three  times  that  of  the  chief  components. 

The  violet  mercury-Hne  is  much  more  difficult  to  observe 
than  the  others.  The  results  obtained  by  observation,  cor- 
rected for  personal  equations,  are  given  by  the  full  curve 
fio-.  17/>.  Plate  VI.     The  formula  for  the  dotted  curve  is 
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V=  V-88ViV-12ViV3Cos27rX/23, 
in  which  Vi  =  2-^'/^''[-62  +  -38  cos  27rX/200] 
and  Y,  =  2-^'"''% 

the  resulting  distribution  of  light  shown  in  fig.  17  a. 

The  results  of  the  preceding  work  are  collected  for  com- 
parison in  fig.  18,  Plate  VIII.,  together  with  the  D  group  in 
the  solar  spectrum.  From  these,  as  well  as  from  the  curves, 
it  will  be  seen  that  it  is  easy  by  this  method  to  separate  Hues 
whose  distance  apart  is  only  a  thousandth  of  that  between 
Di  and  Do,  and  even  to  determine  the  distribution  of  light  in 
the  separate  components.  The  conditions  most  favourable  to 
high  values  of  the  visibility  are  low  density  and  low  tempera- 
ture, and  these  conditions  were  complied  with  as  far  as 
possible.  Still,  in  many  cases,  the  range  of  -sasibility  due  to 
slight  variations  of  the  conditions  show  that  the  behaviour  of 
each  substance  must  be  carefully  studied  under  all  possible 
circumstances  of  temperature,  ])ressure,  strength  of  current, 
size  and  shape  of  the  electrodes,  diameter  of  the  vacuum- 
tube,  &c. 

The  effect  of  temperature  and  of  pressure  on  the  visibility 
may  be  readily  accounted  for  on  the  kinetic  theory.  In  fact, 
there  is  but  little  doubt  that  these  are  the  chief  if  not  the 
sole  causes  of  the  broadening  of  the  spectral  lines  and  the 
consequent  diminution  of  visibility  ;  the  latter  cause  acting 
by  altering  the  period  of  the  source  by  frequent  collisions, 
and  the  former,  by  the  change  in  the  wave-length  of  the  light 
due  to  the  motion  of  the  source  in  the  line  of  sight. 

If,  now,  the  density  of  the  vapour  is  very  low,  the  second 
cause  may  be  ignored,  and  it  will  be  shown  that  in  the  case 
of  hydrogen  this  is  the  case  when  the  pressure  is  one  or  two 
millimetres. 

In  most  of  the  cases  investigated  the  pressure  was  so  low 
that  the  discharge  passed  with  difficulty.  Supposing,  then, 
the  effect  of  collisions  to  be  insignificant,  let  it  be  proposed 
to  find  the  effect  due  to  the  motion  of  the  molecule  in  the 
line  of  sight.  If  v  be  the  mean  velocity  of  the  molecule  and 
V  that  of  light,  then  the  formula  for  the  resulting  visibility- 
curve,  as  given  by  Lord  Eayleigh '^  is  h  =  (l—a")/(l  +  a"'). 

If  the  definition  of  visibility  as  given  above  be  taken, 
however,  this  becomes 

*  ''Oh  tlie  J.iinit  to  Iiiteri'eivnce  wLeu  Light  is  Ifudiatt'd  from  Moviiiii- 
ISloleculcs,"  Piiil.  Mug.  April  1889.  „ 
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If^A  be  the  difference  of  path  at  which  the  visibility  is 
reduced  to  half  its  value  at  X=0,  then 


or  approximately, 


A,  V 


If  we  take  for  hydrogen  t'=:2000  metres  per  second,  then 
^=22500. 

Again,  if  we  ignore  the  difference  in  the  temperature 
(about  which  there  is  considerable  uncertainty),  at  which  the 
other  substances  were  examined,  the  velocities  v  would  vary 
inversely  as  the  square  root  of  the  atomic  weight,  and  the 
number  of  waves  in  the  difference  of  path  at  which  the 
visibility  is  0'5  is  therefore  22500  V"*- 

Considering  the  difficulties  and  uncertainties  of  the  problem, 
the  following  Table  shows  a  remarkable  agreement  between 
the  values  actually  found  and  the  calculated  results  *. 


Substance. 

At.  Wt. 

X. 

A. 

-!• 

N.  (Calc). 

H,  

1 
1 

16 

23 

23 

23 

23 

23 

65-5 

65-5 
1120 
1120 
112-0 
200-0 
200-0 
200-0 
2000 
203-6 

653 
486 
616 
616 
589 
567 
515 
498 
636 
481 
644 
509 
480 
579 
577 
546 
436 
535 

190 

8-5 

34-0 

66-0 

800 

620 

440 

55-0 

660 

47  0 

1380 

1200 

640 

2300 

1540 

2300 

100-0 

2200 

30000 

18000 

55000 

107000 

133000 

109000 

85000 

110000 

104000 

98000 

215000 

236000 

134000 

400000 

270000 

420000 

230000 

400000 

22500 
22500 
80000 
108000 
108000 
108000 
108000 
108000 
182000 
182000 
238000 
238000 
238000 
317000 
317000 
317000 
317000 
322000 

Hh  

0  

Na,  

If  ay     

Na„  

Nag'      

Na," 

Zn,    

Ziib  

Cd,  

Cdg  

Cdb  

Hff  '     

Hg  " 

Hg,,  

Hgh  

Tl  

*  It  should  be  stated  that  the  value  of  A  for  the  yellow  sodium-line, 
if  taken  from  the  curve,  would  be  much  larger  than  that  given.  The 
latter  was  the  mean  of  a  number  of  observations  taken  within  the  past 
month.  As  has  been  stated  before,  this  particular  curve  has  not  been 
obtained  since  last  year.  A  few  other  substances,  very  difficult  to 
examine,  either  because  the  lines  are  too  feeble,  or  because  the  spectrum 
is  so  unstable,  have  given  results  not  quite  so  consistent  as  the  above, 
though  all  are  of  the  same  order  of  magnitude  as  that  required  by  theory. 
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In  order  to  show  conclusively  that  the  effect  of  density  may 
be  neglected  in  the  foregoing  observations,  as  well  as  to 
iscertain  the  law  governing  the  broadening  of  spectral  lines 
by  pressure  or  density,  a  series  of  observations  was  made  on 
the  red  hydrogen-line  at  varying  pressures,  with  the  results 
shown  in  Hg.  19  a,  Plate  VIL* 

From  these  curves  the  followino;  Table  was  calculated : — 


Pressure  in  millim. 

8. 

90 

•128 

71 

•116 

47 

•095 

23 

•071 

13 

•056 

9 

•053 

3 

•050 

.5 

•048 

In  fio-.  19^'  the  curved  line   gives  the  relation  between  8 

and  — ,  and  shows  clearly  that  when  p  is  less  than -5  millim, 

the  effect  of  collisions  has  almost  entirely  ceased.  If  we  take 
as  variables  S  and  p,  the  results  agree  very  closely  with  the 
straight  line  B  —  8o  =  kp,  in  which  So  =  ^047  (the  "  half-width  " 
of  the  line  at  zero  pressure  in  the  units  adopted)^  ^'  =  ^00093, 
and  /)  is  the  pressure  in  millimetres  f. 

The  same  results  were  found  for  the  blue  hydrogen-line, 
though,  as  might  be  expected,  these  were  not  so  consistent. 

It  thus  appears  that  in  the  case  of  hydrogen — and  probably 
in  all  other  cases — the  width  of  the  spectral  line  diminishes 
towards  a  limit  as  the  pressure  diminishes,  which  depends 
upon  the  substance  and  its  temperature ;  and  that  the  excess 
of  width  over  this  limit  is  simply  proportional  to  the  pressure. 

In  general,  it  may  be  said  that,  under  considerable  ranges 
of  temperature  and  pressure,  the  character  of  the  visibility- 
curve  remains  the  same  ;  but  it  may  be  important  to  note  that 
there  are  a  number  of  exceptions  to  this  rule,  among  which 
the  green  m.ercury-line  and  the  yellow  sodium-line  may  be 
especially  mentioned. 

Thus,  fig.  20  a,  Plate  VII.,  represents  the  visibility-curve 
usually  observed  for  the  green  mercury-line,  and  fig.  20  c 
represents  that  obtained  when  the  vacuum  is  so  high  that  the 
discharge  passes  with  difficulty,  while  lig.  20  b  represents  the 

*  The  numbers  against  the  curves  denote  pressure  in  millimetres. 
t  In  the  fiji-ure,  the  numbers   re])resentiii<r  values  of  the   ;ibsciss;e  fur 
this  line  should  be  multii)lied  by  100. 
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intermediate  stage.  This  last  observation  was  obtained  by 
placing  the  mercury  in  an  atmosphere  of  hydrogen  whose 
pressure  could  be  measured  by  a  McLeod  gauge. 

It  might  be  objected  that  the  presence  of  a  foreign  sub- 
stance might  of  itself  affect  the  distribution  of  light  in  the 
source,  and  therefore  the  form  of  the  curve.  In  order  to  test 
this  point,  a  series  of  observations  of  the  red  hydrogen-line 
was  taken,  while  the  tube  contained  liquid  mercury,  which  was 
heated  until  the  mercury-spectrum  was  at  least  ten  times  as 
bright  as  that  of  the  hydrogen.  The  character  of  the  visi- 
bility-curve was  not  perceptibly  altered. 

In  the  same  series  of  experiments  it  was  found  that,  pro- 
vided the  pressure  of  the  hydrogen  remained  constant,  the 
effect  of  a  change  in  temperature  from  75°  to  140°  had  no 
appreciable  effect  on  the  result.  In  this  connexion  it  may  be 
mentioned  that  the  character  of  the  curve  for  the  green  mer- 
cury-line was  not  essentially  altered  when,  in  place  of  metallic 
mercury,  the  nitrate,  iodide,  or  the  chloride  was  substituted, 
the  only  important  effect  being  a  diminution  in  the  visibility 
in  the  order  named. 

In  the  case  of  yellow  sodium  light,  it  has  already  been 
mentioned  that  the  character  of  the  curve  is  more  variable 
than  that  of  any  other  line  thus  far  examined.  This  is  illus- 
trated by  the  curves  in  figs.  21rt  and  21/',  Plate  VII.  It  has 
not  been  possible  thus  far  to  devote  the  attention  Avhich  a 
systematic  investigation  demands.  These  changes  are  very 
puzzling  to  trace,  but  undoubtedly  much  of  the  difficulty  is 
due  to  the  fact  that  the  dispersion  employed  was  not  sufficient 
to  permit  the  separate  examination  of  the  components.  Still, 
there  can  be  no  doubt  that  the  width  of  the  lines,  their  dis- 
tances apart,  and  their  relative  intensities  vary  rapidly  with 
changes  in  temperature  and  pressure. 

In  addition  to  the  preceding  investigations  of  visibility- 
curves  for  light  emanating  from  a  rare  gas  or  vapour  in  a 
vacuum-tube,  the  curves  for  sodium,  thallium,  and  lithium  in 
the  flame  of  a  Bunsen-burner  have  been  observed  ;  and  the 
results  are  given  in  fig.  22,  Plate  VII.  The  thalhum-  and 
lithium-lines  are  clearly  double  ;  the  distance  between  the 
components  of  the  former  agreeing  very  well  with  the  results 
obtained  with  the  vacuum-tube. 

These  substances  were  brought  into  the  flame  in  the  ordi- 
nary way,  and  the  results  obtained  were  at  least  as  good  as 
when  a  finely  divided  solution  was  used  according  to  the 
method  of  Gouy.  It  appears  from  these  curves  that  the  width 
of  the  line  is  about  ten  times  as  great  as  when  the  vacuum- 
tube  is  used.     But  if  the  temperature  of  the  flame  be  taken 
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at  1500°  C.  and  that  in  the  vacuum-tubes  at  350°  C,  the  lines 
should  be  onl}^  twice  as  broad  in  the  former  case  as  in  the 
latter.  It  appears,  then,  that  notwithstanding  the  small 
quantity  of  substance  present  (barely  enough  to  colour  the 
flame),  the  real  density  must  be  comparable  to  that  of  the 
vapour  of  the  substance  boiling  under  atmospheric  pressure. 

The  principal  object  of  the  foregoing  work  is  to  illustrate 
the  advantages  which  may  be  expected  from  a  study  of  the 
variations  of  clearness  of  interference-fringes  with  increase  in 
diiference  of  path.  The  fundamental  principle  by  which  the 
"  structure  "  of  a  line  or  group  of  lines  is  determined  by  tliis 
method  is  not  essentially  different  from  that  of  spectrum- 
analysis  by  the  grating,  both  depending,  in  fact,  on  interference 
phenomena  ;  but  in  consequence  of  the  almost  complete 
freedom  from  errors  arising  from  defects  in  optical  or  mecha- 
nical parts,  the  method  has  extraordinary  advantages  for  this 
special  work.  A  glance  at  fig.  18,  Plate  VIII. ,  will  give  a 
fair  idea  of  the  "  resolving-power  "  of  the  method  as  compared 
with  that  of  the  grating.  In  order  that  the  comparison  be 
quite  fair,  however,  it  would  be  necessary  to  take  for  a  com- 
parison-spectrum that  of  the  substances  here  used,  and  under 
the  same  conditions.  With  the  best  instrumental  appliances 
now  in  use,  it  is  difficult  to  "  resolve  "  lines  as  close  together 
as  the  components  of  either  of  the  yellow-  sodium-lines.  It  is 
evident,  however,  that  by  Light-ioave  Analysis  (if  I  may 
venture  so  to  call  the  foregoing  method)  a  tenth  of  this  dis- 
tance is  obviously  within  the  limit ;  indeed,  if  the  width  of  the 
lines  themselves  be  less  than  their  distance  apart,  there  can 
be  no  limit. 

Supplement. 

I.  It  has  already  been  pointed  out  that  in  many  cases  it  is 
difliicult  or  impossible  to  decide  between  two  or  more  distri- 
butions of  lines  which  give  very  nearly  the  same  visibility- 
curve  ;  and  when  there  are  many  lines  in  the  source,  the 
combinations  of  intensities  and  arrangement  of  these  from 
which  a  tj-pe  may  be  selected  is  enormously  great.  Indeed, 
even  when  the  number  of  lines  is  greater  than  three,  except- 
ing perhaps  the  cases  where  the  lines  may  be  in  pairs  (as  in 
the  case  of  yellow  sodium-light),  the  resulting  visibility-curve 
becomes  so  complex  that  it  is  very  difficult  to  analyse.  Doubt- 
less in  many  cases  where  the  components  are  not  too  close,  the 
grating  will  give  the  infoimation  necessary  for  the  investi- 
gator to  select  the  proper  combination. 

It  may  readily  be  shown  that  the  formula 
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for  the  visibilitt/-cnvve  due  to  a  distribution  of  light,  tj  =  (f)(x)^ 
is  identical  with  that  of  the  intensitij-curve  at  the  focus  of  a 
telescope  provided  with  apertures  which  produce  this  distri- 
bution in  the  light  passing  through.  Accordingly,  if  a 
telescope  be  provided  with  apertures  adjustable  in  width  (or 
length)  and  distance  apart,  the  diffraction-image  of  a  distant 
illuminated  slit  will  give,  at  once,  a  representation  of  the  whole 
visibility-curve  ;  and  by  adjustment  of  intensities  and  dis- 
tances any  particular  visibility-curve  may  be  more  or  less 
accurately  copied,  thus  furnishing  a  means  of  studying  the 
relations  between  V  and  ^(.i;),  which,  while  giving  perhaps 
only  a  rough  approximation  to  the  truth,  may  prove  more 
convenient  than  analytical  or  graphical  methods. 

II.  One  of  the  purposes  which  led  to  these  investigations 
was  the  search  for  a  radiation  of  sufficient  homogeneity  to 
serve  as  an  ultimate  standard  of  length.  It  will  appear  from 
the  curves  of  cadmium  that  there  are  three  lines  which  may 
be  used  for  this  purpose.  The  red  cadmium-line  is  almost 
ideally  homogeneous,  and  will  readily  permit  the  estimation 
of  a  change  of  phase  in  the  interference-fringes  of  one 
hundredth  of  a  fringe  in  a  total  distance  of  200  millimetres, 
or  over  300,000  waves. 

Both  the  green  and  the  blue  lines  are  fairly  well  adapted 
for  the  purpose,  and  will  prove  very  valuable  as  checks.  Each 
of  these,  however,  has  a  small  companion,  and  it  is  necessary 
to  know  the  effect  of  this  in  altering  the  phase  of  the  inter- 
ference-bands. 

If  (f)  be  the  fraction  of  a  wave  by  which  the  position  of  a 
minimum  is  shifted  on  account  of  the  presence  of  the  com- 
panion, a  the  number  of  "  periods  ^•'  in  the  difference  of  path, 
and  r  the  ratio  of  the  intensities,  then 

^,     ,              r  sin  27ra      * 
tan  ZTrd)  =  — x 

^  1+r  cos  ZTTtX. 

Thus,  if  r  =  l/4:,  ^  is  a  maximum  when  a  is  about  1/3  ;  and 
for  this  we  have,  approximately,  ^=—'04. 

This  is  the  largest  correction  to  be  applied,  and  is  negative 
if  the  brighter  line  has  the  greater  wave-length.  It  is  theo- 
retically possible,  by  this  means,  to  determine,  in  case  of  an 
unequal  double,  or  a  line  unsymmetrically  broadened,  whether 
the  brighter  side  is  toward  the  blue  or  the  red  end  of  the 
spectrum. 

III.  It  has  been  argued  that,  even  if  all  practical  diffi- 
culties in  making  large  gratings  could  be  removed,  nothing 

*  See  Phil.  Mag.  April  1801,  page  345.  (The  value  of  r  is  the  reci- 
procal of  that  here  used.) 
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further  could  be  gained  in  resolution  of  groups  of  spectral 
lines,  on  account  of  the  real  width  of  the  lines  themselves, 
caused  by  the  lack  of  homogeneity  in  the  radiations  which 
produce  them.  The  results  of  the  preceding  investigations 
show  that,  while  this  is  very  far  from  being  true  with  present 
gratings,  such  a  limit  undoubtedly  exists.  The  accordance 
between  the  measured  widths  of  eighteen  lines  shows,  further, 
that  this  broadening  of  lines  in  a  rare  gas  can  be  fully 
accounted  for  by  the  application  of  Diippler^s  principle  to  the 
motion  of  the  vibrating  atoms  in  the  line  of  sight,  and  indeed 
furnishes  what  may  be  considered  one  of  the  most  direct 
proofs  of  the  kinetic  theory  of  gases. 

The  form  of  the  ultimate  components  of  all  the  groups  of 
lines  thus  far  examined  is  found  to  agree  fairly  well  with  an 
exponential  curve,  <^{x)-=e~'''^',  which  shows  that  the  distri- 
bution of  velocities  cannot  vary  widely  from  that  demanded 
by  Maxwell's  theory. 

If  the  limit  above  mentioned  were  due  solely  to  the  motion 
of  the  molecule,  and  the  radiating  substance  could  be  rendered 
luminous  while  its  temperature  was  very  low,  it  might  be 
possible  to  observe  interference-phenomena  with  difference  of 
path  of  many  metres.  But  it  must  be  considered  that,  since 
every  vibrating  molecule  is  communicating  its  energy  to  the 
pether  in  the  form  of  light-waves,  its  vibrations  must  diminish 
in  amplitude ;  consequently  the  train  of  waves  is  no  longer 
homogeneous  even  though  the  vibrations  remain  absolutely 
isochronous,  and  the  result  is  a  broadening  of  the  line  and 
limitation  of  the  difference  of  path  at  wdiich  interference  is 
\dsible. 

XXXI.  Note  on  the  Level  of  No  Strain  in  a  Cooling  Homoge- 
neous Sphere.  By  M.  M.  P.  Rudski,  Privat  Docent  in  the 
University  of  Odessa  *. 

[This  note  relates  to  the  geological  theory  of  the  formation  of 
mountains  which  is  based  on  the  fact  that,  when  a  sphere  cools  and 
contracts,  the  stratum  which  contracts  most  rapidly  is  situated 
below  the  surface,  and  accordingly  the  superficial  layers  are  com- 
pressed and  crumpled.  This  theory  is  developed  in  a  paper  by 
Mr.  Davison  and  in  a  subsequent  note  bv  Professor  Darwin  in 
Phil.  Trans.  Eoy.  Soc.  vol.  clxxviii.  (1887)  A.  pp.  231-249.  It  has 
been  urged  against  this  theory  that  the  level  of  no  strain  lies  too 
near  the  surface  to  explain  the  formation  of  mountains.  But 
M.  Eudski  here  shows  that  if  the  initial  temperature  be  not  uni- 
form, the  level  of  no  strain  will  lie  deeper.     Such  an  hypothesis 

*  Communicati'd  by  Professor  G.  ?I.  Darwin. 
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appears  justifiable,  when  we  reflect  that  previous  to  consolidation 
some  cooling  of  the  molten  material  must  have  taken  place  by  con- 
vective  currents.  I  have  ventured  to  slightly  expand  the  beginning 
of  M.  E-udski's  note,  since  it  seemed  to  me  somewhat  too  brief. — 
G.  H.  D.] 

IF  V  denotes  the  temperature  in  the  cooling   sphere,   the 
equation  of  cooling  is,  in  Thomson's  notation, 

dt  ~     \dr^^  r  dr{ ^   ^ 

Now  it  may  be  shown  that  if  K  be  the  modulus  of  stretching 
in  any  stratum,  then 

—-  = 5^  I  r-^  - — T  dr.       ....      (2) 

dt  r-^J      drdt      '  ^   ' 

where  e  is  a  certain  constant,  and  where  the  integral  is  taken 
from  the  stratum  r  down  to  such  a  depth  that  there  is  no 
change  of  temperature*. 

If  (2)  be  integrated  by  parts,  then,  on  the  assumption  that 
at  the  centre  of  the  sphere  there  is  no  change  of  temperature, 
we  have  from  (1) 

<iK  _        dv      3e«  dv 
dt  dt         r    dr 

(1  dv      d'^v\  .,,. 

rdr-d?) ^^> 

Then  the  strata  are  compressed,  unstrained,  or  stretched 
according  as 

dv  :>  3k  dv 

dt  ^^  r   dr' 

To  show  the  influence  of  the  initial  distribution  of  tempe- 
rature, take  the  following  example: 

Let,  for  simplicity,  the  unit  of  length  be  so  chosen  that  the 
radius  of  the  sphere  is  equal  to  tt.  Let  the  temperature  of 
the  external  medium  be  equal  to  zero. 

(Suppose  that  the  initial  temperature  decreased  from  the 
centre  to  the  surface  according  to  the  simple  law 


siu  r 


then,  at  any  time  afterwards,  we  have  for  the  temperature  of 
*  Phil.  Trans.  Roy.  Soc.  vol.  clxxviii.  (1887)  A.  p.  244. 
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tiie  sphere  the  simple  expression 


sin  r 
r 


Substituting  tliis  in  (3)  wo  find  that  clK/dt  vanishes  when 

'6r 

tan  r=  ^ 5- 

This  equation  for  the  level  of  no  strain  is  satisfied  hy  r  =  l), 
the  next  positive  root  lies  between  |7r  and  2ir,  the  following 
one  between  :]7r  and  Stt,  and  so  on.  All  exeept  the  first  lie 
beyond  the  limits  of  the  radius  of  the  sphere. 

Now  from  0  to  tt  tan  r  is  greater  than  3/"/ (3  —  /--),  and 
dv/dt  is  greater  than  SKdo/rdr. 

Hence  the  level  of  no  strain  is  constant  in  position  and  is 
reduced  to  a  point  at  the  centre  of  the  s[)here.  All  the 
strata  are  compressed. 

The  assumetl  law  of  temperature  gives  a  very  great  grailient 
in  the  upper  strata,  so  that  it  is  not  applicable  to  the  case  of 
the  earth.  But  it  shows  that  generality  (anil  it  is  obvious 
itself)  the  level  of  no  strain  lies  deeper,  when  the  initial  tem- 
perature increases  from  the  surface  to  the  centre. 

I  wish  to  draw  the  attention  of  geologists  and  geophysicists 
to  this,  as  a  consideration  to  be  taken  into  account  in  deducing 
conclusions  on  the  contraction  of  the  earth  as  a  cause  of 
niountain-buildiiio;. 
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The  Principles  of  Chemistrij.  Bif  D,  MEl!JDELE£Fi\  Translated 
from  the  Russian  bi/  GBOnaE  Ka.men^sky  ;  edited  hy  A.  J. 
Green-away,  F.I.G.  Two  Vols.  Longmans,  Green,  &  Co.,  1891. 
T^NGLISH  chemists  have  had  long  to  wait  for  the  appearance  of 
-*-^  this  work  in  their  own  language,  but  tlie  delay  is  excusable 
when  we  cousider  the  difiiculty  ot  faithfully  rendering  the  ideas  of 
the  illustrious  Eussian  author,  expressed  originally  in  a  tongue 
which  is  strange  to  almost  every  chemist  in  this  country.  Both 
translator  and  editor  have,  however,  performed  their  respective  tasks 
in  a  highly  creditable  manner,  and  although  lingering  traces  of 
ambiguity  here  and  tliere  reveal  the  dilHculties  with  which  they 
have  had  to  contend,  the  book  as  a  whole  reads  with  remarlvable 
smoothness.  It  would  be  impossible  within  the  compass  of  this 
notice  to  give  any  adequate  notion  of  the  contents  of  the  two 
volumes  comprising  Meudeleeff's  work.  It  is  both  a  natural 
history  of  the  chemical  elements  and  their  compounds,  and  a 
philosophical  treatise  setting  forth  the  general  laws  and  principles 
which  underlie  chemical  transformations.  Not  the  least  im])or- 
tant  among  its  claims  to  ra'dc  as  one  of  the  classics  of  chemical 
Bhil.  Mag.  S.  5.  Vol.  34   No.  20«.  *SV7>/.  1<S<I2.  Y 
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literature  is  the  thoroughly  interesting  and  readable  character  of 
the  text.  Unlike  the  majority  of  text-books,  ^vhich  give  but  the 
dry  bones  of  the  science,  Mendeleeff's  '  Principles '  can  be  opened 
anywhere,  from  the  first  page  of  the  preface  to  the  last  page  of  the 
appendix,  and  the  reader,  even  if  he  has  but  a  spark  of  that  some- 
M'hat  rare  gift  in  this  country,  the  chemical  faculty,  will  find  his 
interest  arresled  by  the  Avealth  of  ideas  and  suggestions  abounding 
on  every  page.  To  quote  the  author's  OAvn  remarks  : — "  Thus  the 
desire  to  direct  those  thirsting  for  truth  to  the  pure  source  of  the 
science  of  the  forces  acting  throughout  nature  forms  the  first  and 
most  important  aim  of  this  book.  The  time  has  arrived  when  a 
knowledge  of  physits  and  chemistry  forms  as  important  a  part  of 
education  as  that  of  the  classics  did  two  centuries  ago.  In  those 
days  the  nations  ^^■hich  excelled  in  classical  learning  stood  foremost, 
just  as  now  the  most  advanced  are  those  M'hich  are  superior  in  the 
knowledge  of  natural  sciences." 

Before  giving  an  account  of  the  contents  of  the  two  volumes 
especial  attention  must  be  called  to  the  footnotes,  which  are  printed 
in  smaller  type  than  the  text  but  often  run  to  the  length  of  two  or 
more  pages.  The  author  modestly  suggests  in  the  preface  that  the 
study  of  these  notes  should  be  postponed  till  the  more  important 
matter  of  the  text  has  been  mastered.  So  far  as  the  elementary 
student  is  concerned  this  advice  is  sound,  but  we  do  not  imagine 
that  many  of  "those  who  are  commencing  to  study  chemistry" 
are  likely  to  begin  Avith  Mendeleeff's  'Principles.'  If  they  do 
adopt  this  work  at  the  beginning  of  their  studies — and  there  is 
certainly  no  better  course  open  to  them — they  will  find  it 
impo^;sible  to  avoid  the  fascination  of  these  notes,  ^\hich  often 
contam  some  of  the  most  suggestive  passages  in  the  work.  It  is  in 
these  notes,  in  fact,  that  the  author  most  frequently  gives  his  own 
views  on  the  many  important  questions  now  being  delated  in  the 
chemical  world.  Thus,  in  notes  occurring  in  the  Introduction 
there  are  discussed  such  questions  as  the  composite  nature  of  the 
elements,  the  chemical  origin  of  electricity,  tlie  value  of  thermo- 
chemical  data,  the  mechanical  nature  of  chemical  forces,  contact 
action,  and  many  other  topics  of  general  interest  and  importance. 
J.t  will  interest  those  who  have  followed  recent  speculations  as  to 
the  elements  being  eAolved  from  .'ome  primordial  form  of  matter, 
to  learn  Mendeleeff's  views: — "All  labour  in  this  direction  has 
as  yet  been  in  vain,  and  the  assurance  that  elementary  matter  is 
not  so  homogeneous  (single)  as  the  mind  would  desire  in  its  first 
transport  of  rapid  generalization  is  strengthened  from  year  to  year. 
At  all  events  there  are  as  yet  no  exjjerimental  or  theoi'etical 
evidences  of  the  compound  nature  of  our  elements.  With  the 
methods  and  evidence  now  at  our  disposal,  it  is  impossible  to  even 
imagine  the  possibility  of  a  method  by  which  the  different 
elements  could  be  formed  from  one  elementary  material  "  (Vol.  I. 
p.  20,  note  2G). 

The  first  chapter,  dealing  Mith  water  and  its  compounds, 
contains  all  that  is  known  about  water,  and  ser\es  to  introduce 
(in  the  form  of  notes)   all   that   the  chemical    student   may  le 
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expected  to  know  concerning  the  physics  of  tliis  compound. 
Hei'e,  for  example,  we  lind  notes  on  the  tension  of  aqueous 
vapour,  the  sources  of  the  water  found  in  nature,  the  nature  of 
distillation,  the  decimal  system,  specific  and  latent  heat,  crys- 
tallography, diffusion,  &c.,  together  \\ith  many  notes  on  the 
subject  of  solution.  In  view  of  this  question,  which  has  become 
so  prominent  of  late  years,  the  author  says : —  "  For  my  part,  I  thiiik 
that  the  study  of  the  physical  properties  of  solutions  (and  especially 
of  weak  ones)  which  now  reigns,  cannot  give  any  fundamental  and 
complete  solution  of  the  problem  whatever  (although  it  should  add 
much  to  both  the  provinces  of  physics  and  chemistry),  but  that, 
parallel  with  it,  should  be  undertaken  the  study  of  the  influence  of 
temperature,  and  especially  of  low  temperatures,  the  application  to 
solutions  of  the  mechanical  theory  of  heat,  and  the  comparative 
study  of  the  chemical  properties  of  solutions.  The  beginning  of 
all  this  is  already  estab.ished,  &c."  (Vol.  I.  p.  89,  note  45).  With 
respect  to  the  view  that  solutions  are  to  be  regarded  as  "  a 
particular  state  of  definite  compounds,"  i.  e.  the  "  hydrate  theory," 
he  says  : — "  I  repeat,  however,  that  for  the  present  the  theory  of 

solutions   cannot    be    considc;red   as    iirmly   established By 

submitting  solutions  to  the  Daltouic  conception  of  atomism,!  hope 
that  we  may  not  only  attain  to  a  general  iiarmonious  chemical 
doctrine,  but  also  that  new  motives  for  investigation  and  research 
will  appear  iu  the  problem  of  solutions,  \^hieh  must  either  confirm 
the  supposed  theory  or  replace  it  by  another  fuller  and  truer  one  " 
(Vol.  I.  p.  106,  note  70). 

The  second  chapter  deals  with  the  composition  of  water  and 
hydrogen,  the  third  chapter  with  oxygen  and  its  saline  combi- 
nations, the  fourth  with  ozone  and  hydrogen  peroxide  and 
Dalton's  law.  This  association  of  descriptive  matter  with 
theoretical  deductions  is  another  characteristic  feature  of  Men- 
deleeff's  treatmeut,  and  lifts  the  work  under  consideration  out  of 
the  cut  and  dried  method  with  which  our  text-books  have  so 
generally  familiarized  us.  Thus,  after  a  complete  description 
of  ozone  and  hydrogen  peroxide,  the  author  makes  use  of  these 
compounds  to  illustrate  unstable  chemical  equilibrium  (Vol.  I. 
p.  212),  and  then,  by  comparing  water  and  hydrogen  peroxide, 
he  proceeds  to  develop  Dalton's  law  of  multiple  proportions,  from 
which  flows  as  in  natural  sequence  a  prehuiinary  treatment  of  the 
atomic  theory.  The  comprehensiveness  of  the  author's  grasp  is 
well  seen  here  in  the  footnotes,  one  of  which,  occupying  about 
two  pages  of  small  print,  deals  with  the  vortex  theory  of  atoms  and 
the  (apparently  unconnected)  question  of  the  moon's  atmosphere. 

Chapters  V.  and  VI.  deal  with  nitrogen  and  air  and  the 
compounds  of  nitrogen  with  hydrogen  and  oxygen.  The  seventh 
chapter  is  theoretical,  being  devoted  to  atoms  and  molecules  and 
the  la^\•s  of  Boyle  and  Gay-Lussac  and  Avogadro-Gerliardt.  In 
note  29  to  this  chapter  the  author  discusses  osmotic  ])ressure  and 
expresses  his  views  concerning  the  dissociation  theory  of  solution  : — 

"  As  the  couce})lions  of  this  order  have  been  as  yet  but  very 
little  developed,  and  as  iu  regarding  solutions  from  this  poiut  of 
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view,  which  is  warmly  v<;upported  by  Ostwakl,  the  water  or  solvent 
in  general,  which  certainly  plays  an  important  part  in  solutions, 
and  especially  dilute  ones,  is  entirely  lost  sight  of,  I  consider  it 
premature  at  present  to  explain  the  theory  of  Arrhenius,  but  think 
that  it  contains  the  seeds  for  further  development  and  for  its  being 
merged  into  a  fuller  theory  of  solutions  "  (Vol.  1.  p.  323,  note  29). 
A  similor  caution  is  given  Avhen  considering  the  determination  of 
the  avidity  of  acids  by  the  methods  now  in  vogue  and  of  which 
according  to  Mendeleeff  the  results  are  questionable,  owing  to  the 
cii'cumstance  "  that  in  making  investigations  in  aqueous  solutions 
the  affinity  to  water  is  generally  left  out  of  sight"  (Vol.  I.  p.  377, 
note  14). 

Although  we  can  only  dip  here  and  there  into  the  two  bulky 
volumes,  enough  has  been  said  to  show  what  wealth  of  material 
the  author  has  given  to  chemists.  If  it  is  only  for  breaking 
through  the  threadbare  treatment  of  the  elements  and  their  com- 
])Ounds  arranged  under  the  headings  "occurrence,"  "preparation," 
and  "  reactions,"  which  has  hitherto  formed  the  mental  stock  in 
trade  of  the  average  chemical  student  in  this  country,  Mendeleeff 
has  earned  our  gratitude.  But  the  originality  of  the  treatment  is 
the  most  valuable  feature  of  the  \^ork,  and  strikes  the  reader  more 
and  more  forcibly  as  he  becomes  more  familiar  with  the  contents 
of  the  volumes.  Take  for  instance  Chapter  X.  of  the  first  volume, 
in  which,  after  treating  in  previous  chapters  of  the  four  typical 
elements — hydrogen,  oxygen,  nitrogen,  and  carbon,  the  author 
deals  with  sodium  chloride  as  a  type  of  salts  in  general.  Begin- 
ning with  a  short  reference  to  valency,  \a  liich  is  more  fully  discussed 
together  with  specific  heat  in  the  last  chapter  of  the  same  volume, 
the  natural  history  of  connnon  salt  is  given  in  detail,  its  tech- 
nology is  described  and  illustrated  and  then,  from  considering  the 
action  of  sulphuric  acid  on  the  compound,  we  are  led  to  a  remark- 
ably lucid  discussion  of  the  laws  of  Berthollet  and  their  extension 
by  Guldberg  and  AV^aage,  which  extends  over  nearly  20  pages. 
And  so  throughout  the  same  principle  is  observed ;  the  broad 
generalizations  are  not  dogmatically  set  forth  to  be  learnt  as  a 
schoolboy  learns  a  lesson,  but  are  led  up  to  through  observations 
or  facts  haAing  special  reference  to  the  generalization  about  to  be 
introduced  to  the  student's  notice.  This  method  may  in  many 
cases  lead  to  an  apparent  incoherence,  but  it  insures  the  reading 
of  the  book  ;  the  deduction  of  broad  principles  in  places  where  the 
student  has  not  hitherto  been  led  to  expect  them  is  in  itself  a 
good  mental  discipline,  and  serves  well  to  cement  the  heterogeneous 
groups  of  facts  with  which  chemical  science  has  to  deal  into  one 
coherent  whole. 

Although,  as  the  author  states  at  the  outset,  the  general  treat- 
ment is  made  to  centre  round  the  periodic  law,  it  is  not  till  the 
second  volume  that  this  law  is  set  forth  in  all  its  bearings.  The 
fifteenth  chapter  is  entitled  "The  Grouping  of  the  Elements 
and  the  Periodic  Law,"  and  this  is  followed  by  nine  chapters  deal- 
ing with  the  different  groups  of  elements,  Tlie  fundamental 
importance  of  the  law  of  periodicity  is  now   so  widely   recognized 
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tlijit  it  is  uiineces.sary  to  dwell  upon  tins  phase  of  Mentleleeff's 
tt-aching.  It  will  be  of  interest  locall  attention  to  the  fact  that  it 
was  in  the  preparation  of  the  early  editions  of  this  work  that  tlie 
law  in  question  was  first  discovered  and  elaborated  by  the  great 
chemist  ^^hose  name  is  generally  a>sociated  with  it.  At  the  same 
time  it  must  not  be  forgotten  that  our  own  countryman  NeAvlands 
was  the  first  to  point  ont  the  periodicity  in  the  atomic  weights  of 
the  elements  at  a  time  when  chemical  thought  \\as  in  this  country 
at  least  quite  nn prepared  for  the  doctrine. 

The  second  volume  concludes  with  two  appendixes,  one  being 
Mendeleeff's  Eoyal  Institution  lecture  given  in  1889  ("An  at- 
tempt to  ai'ply  to  Chemistry  one  of  the  principles  of  Newton'a 
Natural  Philosophy  "),  and  the  other  his  Faraday  Lecture  on  "  The 
Periodic  Law  of  the  Chemical  Elements,"  given  the  same  year  before 
the  Chemical  Society.     These  form  valuable  additions  to  the  work. 

It  has  been  impossible  to  do  full  justice  in  this  notice  to  the 
present  important  contribution  to  our  chemical  literature,  but  our 
readers  will  perceive  that  we  have  at  length  a  text-book  in  English 
which  presents  Chemistry  as  a  living  science.  It  is  a  book  written 
by  one  of  the  great  masters  of  the  subject,  and  no  chemist  who 
has  the  advancement  of  his  science  at  heart  can  afford  to  be 
without  it. 

XXXIII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  p.  140.] 

June  8th,  1892.— W.  H.  Hudleston,  Esq.,  M.A.,  F.K.S., 
President,  in  the  Chair. 
^PHE  following  communications  were  read: — 
-^      \.  "The    Tertiary    Microzoic    Formations  of  Trinidad,  West 
Indies."     liy  R.  J.  Lechmere  Guppy,  Esq. 

After  giving  an  account  of  the  general  geology  of  the  island,  and 
noticing  previous  memoirs  devoted  to  that  geology,  the  Author  de- 
scribes in  detail  the  characters  of  the  Kaparima  I3eds,  to  which  he 
assigns  an  Eocene  and  Miocene  age.  He  considers  that  the  Kariva 
Marls  are  not  inferior  to  but  above  the  Kapaiima  Eocene  Marls,  and 
arc  actually  of  Miocene  date. 

Details  are  given  of  the  composition  and  characters  of  the  '  argi- 
line,"  the  foraminiferal  marls  occasionally  containing  gypsum,  and 
the  diatomaccous  and  radiolarian  deposits  of  Naparima. 

The  Pointapier  section  is  then  described,  and  its  Cretaceous  beds 
considered,  reasons  being  given  for  inferring  that  there  was  no 
break  between  the  Cretaceous  and  Eocene  rocks  of  the  Parian  area. 

Detailed  lists  of  the  foraminiferal  faunas  of  the  marls  are  given, 
with  notes. 

The  Author  observes  that  the  Eocene  mollueean  fauna  of  Trinidad 
shows  no  near  alliances  with  other  known  faunas,  thus  differing 
from  the  well-known  Miocene  fauna  of  Haiti,  Jamaica,  Cuba,  Trin- 
idad, and  other  localities.  Only  one  mollusc  is  common  to  the 
Eocene  and  Miocene  of  the  West  Indies.     The  shallow-watir  fora- 
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ininifera  are  found  in  both  Eoceue  and  Miocene,  whilst  the  deep- 
water  forarainifera  are  nearly  all  of  existing  species. 

It  would  appear  that  during  the  Cretaceous  and  Eocene  periods  a 
sea  of  variable  depth  (up  to  1000  fathoms)  occupied  the  region  now 
containing  the  microzoic  rocks  of  Trinidad,  whilst  a  mountain-range 
(which  may  be  termed  the  Parian  range)  extended  continuously  from 
the  north  of  Trinidad  to  the  littoral  Cordillera  of  Venezuela,  forming 
the  southern  boundary  of  the  Caribbean  continent,  and  possessing 
no  large  streams  to  transport  mechanical  sediment  into  the  Cretaceo- 
Eocene  sea  which  opened  eastward  into  the  Atlantic. 

An  Appendix  by  Mr.  J.  W.  Gregory  deals  with  the  microscopic 
structure  of  the  rocks. 

2.  "  The  Bagshot  Beds  of  Bagshot  Heath  (a  llejoinder)."  By  the 
Eev.  A.  Irving,  D.Sc,  F.G.S. 

The  Author  maintains  that  the  northerly  attenuation  of  the  Lower 
Sands  and  of  the  '  green-earth  series  '  between  the  two  principal 
brick-clays  of  the  district  is  an  established  fact.  He  insists  on  the 
value  of  the  Wellington  College  well-section  as  a  vertical  datum - 
line,  on  account  of  its  proximity  to  the  northern  outcrop  (which  is 
not  the  case  with  the  (Joldsworthy  section).  But  it  does  not  stand 
alone,  for  the  well-section  at  the  Bagshot  Orphan  Asylum  gives 
practically  the  same  sequence,  and  affords  strong  evidence  of  the 
thinning  northward  of  the  above-named  deposits.  (Other  instances 
cited  by  the  Author  in  '  Recent  Contributions,'  »S:c.  corroborate  the 
reading  he  has  adopted.)  The  Goldswortby  section  itself  lends 
strong  corroborative  evidence  as  to  the  value  of  the  College  well- 
section.  The  evidence  of  attenuation  in  the  direction  of  Bracknell 
the  Author  reserves  for  the  present.  In  his  paper  published  in  the 
February  number  of  the  Society's  Journal  for  the  current  year,  Mr. 
Monckton  ignores  the  determinative  value  of  stratigraphical  align- 
ment of  the  clays  claimed  as  the  basal  clays  of  the  Middle  group 
with  clays  of  the  same  character  seen  cropping  out  from  below  the 
'  green-earth  series  '  at  no  great  distance.  This  evidence  of  strati- 
graphical  alignment  must  be  allowed  due  weight  when  set  against 
evidence  derived  from  such  lithological  characters  as  the  presence  of 
pipe-clay,  mica,  and  false-bedding.  The  Author  considers  that  the 
argument  as  to  the  fossil  evidence  is  over-stated  in  the  above- 
mentioned  paper. 

After  criticizing  some  of  the  remarks  in  Mr.  Monckton's  paper, 
the  Author  adds  some  notes  on  the  sections  at  Farley  Hill,  Bear- 
wood, and  Wokingham. 

3.  "  Notes  on  the  Geology  of  the  Nile  Valley."  By  E.  A.  Johnson 
Pasha  and  H.  Droop  Richmond,  Esq. 

The  rocks  on  either  side  of  the  Nile  are  chiefly  Eocene  (and 
Cretaceous  ?)  from  Cairo  to  Esneh  ;  south  of  this  is  sandstone,  which 
the  Authors  believe  to  be  Carboniferous  and  to  yield  possible  indi- 
cations of  coal,  reaching  to  near  Assouan,  where  it  meets  the  granite 
and  basalt  of  that  region  ;  a  few  miles  south  the  sandstone  begins 
again  and  continues  to  Wady  Haifa,  broken  only  by  granite  dykes. 

The  granite  is  intrusive  into  and  alters  the  sandstone,  whilst  the 
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lattor  reposes  xipon  the  basalt  and  in  some  cases  was  deposited 
against  upstanding  basaltic  masses.  Unmistakable  lavas  occur  near 
the  Nile  E.  of  Minieh  and  W.  of  Assiout. 

A  description  of  some  remarkable  faults  is  given,  and  various 
minerals  are  noticed  as  occurring  in  the  sedimentary  rocks  and  the 
bed  of  an  ancient  river. 

XXXIV.  Intelligence  and  Miscellaneons  Articles. 

ON  AX  APPARENT  RELATION  OF  ELECTROMOTIVE  FORCE  TO 
GRAVITY.  BY  DR.  G.  GORE,  F.R.S. 
TN  a  research  on  "  A  General  Relation  of  Electromotive  Force 
-*-  to  Equivalent  Volume  and  Molecular  Velocity  of  Substances  "' 
(Proc.  Birm.  Phil.  Soc.  1892,  vol.  viii.  pp.  63-138 ;  '  Electrical 
Eeview,'  vol.  xxx.  pp.  G93,  722,  755,  780)  I  have  demonstrated, 
by  means  of  a  large  number  and  variety  of  experimental  mea- 
surements, that  the  dihitioii  of  the  liquid  of  a  voltaic  cell  by 
means  of  water  or  alcohol,  the  solntion  of  either  the  positive  metal 
or  the  negative  one  by  means  of  mercury,  the  dilution  of  either  of 
these  anjalgams  by  means  of  mercury,  or  the  dilution  of  one  solid 
metal  by  means  of  another  in  an  alloy,  is  universally  attended  by 
an  increase  of  mean  electromotive  force  of  the  diluted  and  diluting 
substances  beyond  the  calculated  amount,  and  therefore  of  the 
aciiud  electromotive  force  of  the  diluted  one  (that  of  the  diluent 
being  \ery  little  affected),  provided  that  no  chemical  union  of 
the  diluted  and  diluting  substances  occurs.  If,  however,  chemical 
union  does  occur,  this  gain  of  electromotive  force  is  diminished,  or 
converted  into  a  loss  which  is  larger  in  proportion  as  the  union  is 
more  intimate. 

In  these  experiments,  by  the  act  of  solution  or  dilution,  the 
molecules  of  the  active  or  diluted  substance  are  separated  farther 
apart  by  those  of  the  neutral  or  diluting  one,  and  acquire  greater 
freedom  of  motion,  whilst  those  of  the  diluent  approach  only 
slightly  nearer  together  and  do  not  perceptibly  affect  the  result. 

It  is  generally  admitted  that  the  particles  of  all  bodies  are  in  an 
incessant  state  of  motion,  that  this  motion  is  the  vis  viva  or  energy 
contained  in  the  substance,  and  that  the  laws  of  motion  apply 
equally  to  the  smallest  as  to  the  largest  bodies.  If  now  we  regard 
each  molecule  of  the  active  substance  as  vibrating  like  a  pendulum, 
its  movements  must  obey  the  law  of  falling  bodies,  and  the  larger 
the  degree  of  freedom  of  motion  the  greater  the  arc  of  vibration, 
the  larger  the  fall,  and  the  greater  the  velocity  of  motion.  And  as 
in  the  above-mentioned  experiments  the  volta  electromotive  force 
of  substances  generally  has  been  proved  to  vary  directly  as  the 
degree  of  molecular  freedom,  it  must  also,  according  to  this  view, 
be  directly  related  to,  and  dependent  upon,  the  velocity  of  mole- 
cular motion  and  the  law  of  gravity  in  the  above  manner. 


ON  THE  MATHEMATICAL  THEORY  OF  FERROMAGNETISM. 
BY  H.  E.  J.  G.  DU  BOIS. 
ConspcpK'iit   upon  thi>  groat   strides  made  in   the   expoi-imental 
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part  of  tliis  subject  during  the  last  decade,  its  theoretical  basis  ought 
to  be  somewhat  i-evised  in  its  essential  points.  Contrary  to  Kirch- 
hoii's  and  Duhem's  analytical  treatment  of  the  question,  a  more 
geometrical  method  is  here  followed. 

I.  General  vector  distributions  are  first  discussed,  Lord  Kelvin's 
well-known  classification  being  followed.  The  conditions  are  given 
for  (rt^i  solenoidal,  (5)  lamellar,  (c)  complex  lamellar,  ((^)  lamellar- 
solenoidal  ("  Laplacian "),  (e)  complex  lamellar-soleaoidal  distri- 
butions.    General  propositi'  ns  : — 

(1)  If  a  vector  fulfil  any  of  the  above  conditions,  its  product 
into  a  constant  scalar  quantity  will  fulfil  it  as  well. 

(2)  The  superposition  of  two  solenoidal  or  lamellar  distributions 
gives  a  solenoidal  or  lam  41ar  resultant  respectively. 

II.  Ma'pietic  vector  distributions. — The  total  intensity  is  lamellar. 
In  the  general  case  of  variable  susceptibility  (homogeneous  isotropic 
ferromagnetic  medium  free  from  eleeti'ic  currents  and  liysteresis, 
numerical  or  directional)  the  lines  of  magnetization  must  still  coin- 
cide with  those  of  total  intensity ;  however,  the  magnetization  is 
proved  to  be  complex  lamellar  (not  Laplacian  as  in  the  old  theory); 
the  susceptibility  acts  as  a  scalar  "integrating  divisor."  The  fol- 
lowing theorem  holds : — (3)  Between  any  two  points  of  the 
boundai-y  between  a  ferromagnetic  and  an  "  interferric  "  the  self- 
induced  part  of  the  rise  of  magnetic  potential  in  the  latter  is 
numei'ically  equal  to  the  line-integral  of  the  self-demagnetizing 
intensity  in  the  former. 

The  total  induction  has  complex  laniellar-solenoidal  distribution. 

In  case  electric  currents  be  flowing  through  the  ferromagnetic, 
the  distribution  of  intensity  and  magnetization  is  no  more  capable 
of  any  particular  specification ;  however,  that  of  the  induction 
remains  solenoidal  in  this  case  also;  the  continuity  of  the  flux  of 
induction  thus  appears  to  be  a  perfectly  general  fundamental 
principle. 

Lord  ivelvin's  theorems  regarding  similar  electro:nagnetic  systems 
with  currents  proportional  to  the  linear  dimensions  remain  un- 
changed in  the  revised  theory. 

III.  Magnetic  Circuits. — The  case  of  the  split-ring  is  made 
amenable  to  sufficiently  rigorous  treatment  by  the  theory  developed; 
expressions  are  given  for  the  value  of  the  demagnet-ring  factor  and 
for  its  relation  to  the  coefficients  which  measure  leakage. 

IV.  Finite  Cylinder. — From  experimental  data  of  Ewing  and 
Tanakadate  a  table  is  calculated  giving  the  mean  demagnetizing 
factors  for  finite  cylinders  as  well  as  those  of  the  corresponding 
ovoids ;  for  a  given  dimensional  ratio  the  latter  are  always  greater 
than  the  former;  an  ovoid  behaving  like  a  cylinder  about  10  to  20 
per  cent,  shorter.  For  cylinders  of  length  exceeding  100  diameters 
the  demagnetizing  factor  becomes  inversely  proportional  to  the 
square  of  the  dimensional  ratio. 

For  all  details  of  mathematical  treatment  the  original  ( Wied.  Ann. 
xlvi.  p.  485,  1892)  must  be  referred  to. — Abslrad  communicated 
hy  the  Author. 


THE 
LONDON,  EDINBURGH,  and  DUBLIN 

PHILOSOPHICAL   MAGAZINE 

AND 

JOURNAL    OF    SCIENCE. 

[FIFTH  SERIES.] 


OCTOBER    1892. 


XXXV.  On  the  Intensity  of  Light  reflected  from  Water  and 
Mercury  at  nearly  Perpendicxdar  Incidence.  By  Lord 
Rayleigh,  Sec.  R.S."^ 

[Plate  X.] 

IN  a  former  paper  f  I  gave  an  account  of  some  experiments 
upon  the  reflexion  from  glass  surfaces  tending  to  show 
that  "  recently  polished  glass  surfaces  have  a  reflecting-power 
differing  not  more  than  1  or  2  per  cent,  from  that  given  by 
Fresnel's  formula  ;  but  that  after  some  months  or  years  the 
reflexion  may  fall  off  from  10  to  30  per  cent.,  and  that  with- 
out any  apparent  tarnish."  Results  in  the  main  confirmatory 
have  been  published  by  Sir  John  Conroy|. 

The  accurate  comparison  of  Fresnel's  formula  with  observa- 
tion is  a  matter  of  great  interest  from  the  point  of  view  of 
optical  theory,  but  it  seems  scarcely  possible  to  advance  the 
matter  much  further  in  the  case  of  solids.  Apart  from  con- 
tamination with  foreign  bodies  of  a  greasy  nature,  and  disinte- 
gration under  atmospheric  influences,  we  can  never  be  sure  that 
the  results  are  unaffected  by  the  polishing-powder  which  it  is 
necessary  to  employ.  For  these  reasons  I  have  long  thought 
it  desirable  to  institute  experiments  with  liquids,  of  which 
the  surfaces  are  easily  renewed  ;  and  the  more  since  I  suc- 
ceeded in  proving  that  (in  the  case  of  water  at  any  rate)  the 
deviation  from   Fresnel's    formula   found    by  Jamin  in  the 

*  Communicated  by  the  Author. 
t  Proc.  Roy.  Soc,  November  1886. 
t  Phil.  Trans.  1889  A,  p.  245. 
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neighbourhood  of  the  polarizing  angle  is  due  to  greasy  con- 
tamination. The  very  close  verification  of  the  theoretical 
formula  in  this  critical  case  seemed  to  render  its  applicability 
to  (perpendicular  incidence  in  a  high  degree  probable.  I  was 
thus  induced  to  attack  the  somewhat  troublesome  problem  of 
rdesigiiing  a  photometric  method  capable  of  dealing  with  the 
reflexion  from  a  horizontal  surface.  The  details  of  the  appa- 
ratus and  of  the  measures  will  be  given  presently  ;  but  in  the 
meantime  it  may  be  well  to  consider  rather  closely  what  is  to 
be  expected  upon  the  supposition  that  Fresnel's  formuljB  are 
really  applicable.  Fresnel's  formulae  are  spoken  of,  because 
although  at  strictly  perpendicular  incidence  we  should  have 
to  do  only  with  Young's  expression  (/t*— l)7(/i  +  l)^,  in 
practice  we  are  forced  to  work  at  finite  angles  of  incidence. 
It  is  thus  important  to  examine  the  march  of  Fresnel's  ex- 
pressions, when  the  angle  of  incidence  {6)  is  small. 
Writing 

^_sin(^-^i)         ^_  tan  (^-^i) 
~  sin  {d  +  d^)"  tan  {d  +  d^f 


where 
we  find 


sin  ^i  =  sin  6/^, 

Thus  S^  and  T^  differ  from  the  value  appropriate  to  ^=0  in 
opposite  directions  and  by  quantities  of  the  order  6^.  But  on 
addition  we  get 

S=  +  T-2(^}y{l-|l,(l-4f.+^^)},     .     (3) 

differing  from  the  value  appropriate  to  ^  =  0  by  a  quantity  of 
the  fourth  order  only  in  6.  When  therefore  the  circumstances 
are  such  that  it  is  unnecessary  to  distinguish  the  two  polarized 
components,  the  intensity  of  reflexion  at  small  incidences  is 
in  a  high  degree  independent  of  the  precise  angle.  If  fi  is 
nearly  equal  to  unity,  we  have 

S2  +  T2=2('^J{1  +  ^*}       ....     (4) 

....         4 
simpiy.     Again,  it  /"-=  ^j 


S' 


+  P=2x^{l  +  ^^}.     ...    (5) 
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A  few  calculations  from  the  original  expressions  will  servo 
to  indicate  the  field  of  these  approximations. 

^=|,      ^=10^,     6>i  =  7°29', 

S2=  ^  X  1-0467,  T2=  i-  X  -9541, 

49  '  49  ' 

S2  +  T2=2x  ^^  X  1-0004. 
49 

From  (5)  we  get  as  the  last  factor  1-00050. 

a=|,     ^  =  20°,    6?i=14°51'-8, 
o 

S^=^^gX  1-2021,  T^=^x-8158, 

S2+r  =  2x-^x  1-0090. 

By  (5)  the  last  factor  is  1-0080. 
Again, 

/i=l,     6'  =  30°,     6',  =  22°r-4, 
6 

S2= JL  X  1-5189,         T2=  ^  X  -58(56, 

S2  +  T2=2x-^x  10527. 
49 

According  to  (5)  the  last  factor  is  here  1-0405. 

It  appears  that  in  the  case  of  water  the  aggregate  reflexion 
scarcely  begins  to  vary  sensibly  from  its  value  for  ^  =  0  until 
^  =  20°,  a  property  of  some  importance  for  our  present 
purpose,  as  it  absolves  us  from  the  necessity  of  striving  after 
very  small  angles  of  incidence. 

I  will  now  describe  the  actual  arrangement  adopted  for  the 
experiments.  The  source  of  light  at  A,  (fig.  1,  PI.  X.),  is  a 
small  incandescent  lamp,  the  current  through  which  is  con- 
trolled with  the  aid  of  a  galvanometer.  It  is  so  mounted 
that  its  equatorial  plane  coincides  with  the  (vertical)  plane  of 
the  diagram.  Underneath,  upon  the  floor,  is  placed  the 
liquid  (B)  whose  reflecting  power  is  to  be  examined.  At  C,  just 
under  the  roof,  the  direct  ray  AC  and  the  reflected  ray  BO 
are  turned  into  the  same  horizontal  direction  by  two  mirrors 
silvered  in  front  and  meeting  one  another  at  C  under  a  small 

Z2 
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angle.  Tlie  eye  situated  opposite  to  the  edge  C  and  looking 
into  the  double  mirror  thus  sees  the  direct  and  reflected  images- 
superposed,  so  far  as  the  different  apparent  magnitudes  allow. 
D  represents  a  diaphragTn  and  E  a  photographic  portrait-lens 
of  about  3  inches  aperture  which  forms  an  image  of  A  and  A' 
on  or  near  the  plane  F,  At  F  is  placed  a  screen  perforated 
with  a  hole  sufficiently  large  to  make  sure  of  including  all 
the  rays  from  A,  A'  which  pass  D.  To  determine  this  point 
an  eye-piece  is  focused  upon  F,  so  that  the  images  of  A,  A' 
are  seen  nearly  in  focus.  Some  margin  is  necessary  because 
the  images  of  A,  A'  cannot  (both)  be  accurately  in  focus  at  F. 

These  adjustments  being  made,  an  eye  placed  behind  F 
and  focused  upon  C  sees  the  upper  mirror  illuminated  by  the 
direct  light  (from  A),  and  the  lower  illuminated  by  the 
reflected  light  (from  A').  And  if  the  aperture  at  F  is  less 
than  that  of  the  pupil  of  the  eye,  the  apparent  brightnesses 
of  the  two  parts  of  the  field  are  in  the  same  proportion  as 
would  be  the  illuminations  on  a  diffusing  screen  at  C  due  to 
the  two  sources.  The  advantage  of  the  present  arrangement^ 
as  compared  for  example  Avith  the  double-shadow  method,  lies 
in  the  immense  saving  of  light.  In  the  case  of  water  there 
is  a  great  disproportion  (of  about  50  to  1)  in  the  illumina- 
tions as  seen  from  F.  In  order  to  reduce  the  direct  light  to 
at  least  approximate  equality  with  the  reflected,  Talbot's 
device*  of  a  revolving  disk  was  employed.  This  is  shown  in 
section  at  I,  and  in  plan  at  I'.  The  angular  opening  may  be 
chosen  so  as  to  allow  for  the  loss  in  reflexion,  and  for  the 
further  disadvantage  under  which  the  reflected  light  acts  in 
respect  of  distance.  The  disk  finally  employed  was  of  zinc, 
stiffened  with  wood,  and  covered  on  both  faces  with  black  velvet. 

It  was  at  first  proposed  to  work  as  above  described  by  eye 
estimations  ;  but  the  necessity  for  a  ready  adjustment  capable 
of  introducing  small  relative  changes  of  brightness  leads  to 
further  complications.  Moreover,  the  large  disk  which  it  is 
advisable  to  use  for  the  sake  of  accurate  measurement  of  the 
angular  opening,  cannot  well  be  rotated  at  the  necessary  speed 
of  20  or  25  revolutions  per  second.  For  this  reason,  and  also 
for  the  sake  of  obtaining  a  record  capable  of  being  examined 
at  leisure,  it  was  decided  to  work  by  photography.  This  in- 
volves no  change  of  principle.  The  photographic  plate  H 
simply  takes  the  place  of  the  retina  of  the  eye.  But  now 
the  integration  of  the  effect  over  a  somewhat  prolonged  ex- 
posure (of  several  minutes)  dispenses  with  the  necessity  for  a 
rapid  rotation  of  the  Talbot  disk,  and  allows  us  to  obtain  at 

*  Phil.  Mag.  vol.  v.  p.  327  (1834). 
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will  a  fine  adjustment  by  screening  one  or  the  other  light 
from  the  plate  for  a  measured  interval  of  time.  In  practice 
the  dire'Ct  light  was  thus  partially  cut  off,  a  mechanically  held 
screen  being  advanced  a  little  above  the  plane  of  the  revolving 
disk.  The  reader  will  not  fail  to  observe  that  the  incomplete 
coincidence  of  the  times  of  exposure  has  the  disadvantage  of 
rendering  the  calculation  dependent  upon  the  assumption  that 
the  light  is  uniform  over  the  duration  of  an  experiment. 
Error  that  might  otherwise  enter  is,  however,  in  great  degree 
obviated  by  the  precaution  of  choosing  the  middle  of  the 
total  period  of  exposure  as  the  time  for  screening. 

The  above  is  a  sufficient  explanation  of  the  general  scheme, 
but  there  are  many  points  of  importance  still  to  be  described. 
With  respect  to  the  source  of  light,  it  was  at  first  supposed 
that  even  if  the  radiation  upwards  and  downwards  could  not  be 
assumed  to  be  equal,  at  any  rate  a  reversal  by  rotation  of  the 
lamp  through  lbO°  in  the  plane  of  the  diagram  would  suffice 
to  eliminate  error.  On  examination,  however,  it  appeared 
that  owiuo-  to  veins  in  the  glass  bulb  the  radiation  in  various 
directions  was  very  irregular,  so  much  so  that  it  was  feared 
that  mere  reversal  might  prove  an  insufficient  precaution. 
The  difficulty  thus  arising  was  met  by  covering  the  bulb, 
or  at  least  an  equatorial  belt  of  sufficient  width,  with  thin 
tissue-paper,  by  wliich  anything  like  sudden  variations  of 
radiation  with  direction  would  be  prevented,  and  by  causing 
the  lamp  to  revolve  slowly  about  its  axis  during  the  whole 
time  of  exposure.  The  diameter  of  the  bulb  was  about  1;^ 
inch,  and  the  illuminating-power  rather  less  than  that  of  one 
candle. 

Another  point  of  great  importance  is  to  secure  that  the 
light  regularly  reflected  from  the  upper  surface  of  the  liquid, 
which  we  wish  to  measure,  shall  be  free  from  admixture.  It  must 
be  remembered  that  by  far  the  greater  part  of  the  light  inci- 
dent upon  the  liquid  penetrates  into  the  interior,  and  must  be 
annulled  or  at  any  rate  diverted  into  a  harmless  direction. 
To  this  end  it  is  necessary  that  the  liquid  be  free  from  tur- 
bidity and  that  proper  provision  be  made  for  the  disposal  of 
the  light  after  its  passage.  It  is  not  sufficient  merely  to 
blacken  the  bottom  of  the  dish  in  which  the  water  is  con- 
tained. But  the  desired  object  is  attained  by  the  insertion 
into  the  water  of  a  piece  of  opaque  glass,  held  at  such  a 
slight  inclination  to  the  horizon  that  the  light  from  the 
lamp  regularly  reflected  at  its  upper  surface  is  thrown  to  one 
side.  As  additional  precautions  the  disk  and  its  mountings 
were  blackened,  as  were  also  the  walls  and  ceiling  of  the  room 
in  which  the  experiments  were  made. 
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The  surface  of  water  must  be  large  enough  to  avoid  curva- 
ture due  to  capillarity.  Shortly  before  an  experiment  it  is 
cleansed  with  the  aid  of  a  hoop  of  thin  sheet-brass  about 
2  inches  wide.  The  hoop  is  deposited  upon  the  water  so 
doubled  up  that  it  includes  but  an  insensible  area,  and  is  then 
opened  out  into  a  circle.  In  this  way  not  only  is  the  greasy 
film  usually  present  upon  the  surface  greatly  attenuated,  but 
also  dust  is  swept  away.  The  avoidance  of  dust,  especially 
of  a  fibrous  character,  is  important.  Otherwise  the  resulting 
deformation  of  the  surface  causes  the  field  of  the  reflected 
light  to  become  patchy  and  irregular. 

We  come  now  to  the  silvered  glass  reflectors,  which  are 
assumed  to  reflect  the  direct  and  reflected  lights  equally  well. 
It  seems  safe  to  suppose  that  no  appreciable  error  can  enter 
depending  upon  the  slightly  differing  angles  at  which  the 
reflexion  takes  place  in  the  two  cases.  But  the  mirrors  are 
liable  to  tarnish,  and,  indeed,  in  the  earlier  experiments  soon 
showed  signs  of  being  affected.  The  influence  of  this  tarnish 
would  be  much  greater  in  photographs  done  upon  ordinary 
plates,  sensitive  principally  to  blue  light,  than  in  the  estimation 
of  the  eye  ;  and  it  was  thought  desirable  to  eliminate  once  for 
all  any  question  of  the  eff'ect  of  differential  tarnishing  by 
interchanging  the  mirrors  in  the  middle  of  each  exposure. 
For  this  pui*pose  a  somewhat  elaborate  mounting  had  to  be 
contrived.  It  was  executed  by  Mr.  Gordon  and  answered  its 
purpose  extremely  well. 

The  mirrors  are  carried  by  a  brass  tube  B  (fig.  2),  which 
revolves  in  an  external  tube  A  A  rigidly  attached  to  the 
stand  of  the  apparatus.  A  lateral  arm  0,  some  inches  in 
length,  projects  from  B,  and  near  its  extremity  bears  against 
one  or  other  of  two  screw-stops  D.  The  lower  end  of  B 
carries  perpendicular  to  itself  a  brass  plate  EE  (fig.  3).  The 
mirrors  GGr  are  of  plate-glass  and  are  fixed  by  cement  to  two 
brass  plates  FF.  The  latter  plates  are  attached  by  friction 
only  to  EE,  being  on  the  one  hand  pushed  away  by  adjusting- 
screws  HH,  and  on  the  other  held  up  by  four  steel  springs  I. 
The  edges  of  the  reflecting  surfaces  meet  accurately  in  a  line 
passing  through  the  axis  of  rotation,  and  the  stops  D  are  so 
adjusted  that  the  transition  from  the  one  bearing  to  the  other 
corresponds  to  a  rotation  through  precisely  180°,  so  that  on 
reversal  the  common  edge  of  the  reflectors  recovers  its 
position.  The  two  mirrors  were  originally  silvered  in  one 
piece,  and  the  common  edge  corresponds  to  the  division  made 
by  a  diamond-cut  at  the  back.  These  arrangements  were  so 
successful  that  in  spite  of  the  reversal  between  the  two  parts 
of  the  exposure  the  division  line  appears  sharp  in  the  photo- 
graphs and  exhibits  no  appearance  of  duplicity. 
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When  not  in  use  the  reflecting-surfaces  are  protected  by 
a  sort  of  cap  of  tin-plate,  which  fits  loosely  over  them.  The 
improvement  thus  obtained  was  very  remarkable,  the  mirrors 
not  suffering  so  much  in  a  month  as  they  formerly  did  in  a 
day  before  the  protection  was  provided. 

The  following  are  the  measures  of  distances  required  for 
the  calculation. 

From  the  division-line  C  to  the  axis  of  rotation  of  the  lamp 

A(fig.  1), 

AC  =  82-21  inches; 

AB  =  ll-28,    BC  =  93-15, 
so  that 

AB  +  BC  =  104-43. 

The  factor  expressing  the  ratio  of  the  squares  of  the  distances 
is  thus  1-6137. 

The  angle  of  incidence  is  best  obtained  from  a  measurement 
of  the  horizontal  distance  between  C  and  A.  This  proved  to 
be  11^  inches  ;  so  that 


and 


^^"^=W3='^^' 


e=^°. 


This  applies  to  all  the  experiments  referred  to  in  the  present 
paper. 

The  estimation  of  the  angular  opening  in  the  disk  used  for 
the  water  experiments  depended  upon  measurements  of  corre- 
sponding chord  and  diameter.  The  chord,  measured  by  means 
of  the  screw  of  a  travelling-microscope,  was '7574  inch.  The 
radius,  expressed  in  terms  of  the  same  unit,  was  found  to  be 
7*79.     Hence,  if  a  be  the  angular  opening, 

2smta=  -7:79-' 

ori«  =  2°47'  =  167^ 

The  ratio  in  which  the  direct  light  is  reduced  is  thus 

167  167 


180  X  60  ~  10800 


=  •01546. 


It  will  now  be  necessary  to  give  some  details  with  respect  to 
the  actual  matches  as  determined  photographically.  At  first 
the  intention  was  to  employ  ordinary  plates  (Ilford),  which 
worked  very  satisfactorily.  But  when  the  attempt  was  made 
to  compare  the  result  with  theory,  the  comparison  was  found 


316    Lord  Rayleigh  on  the  Intensity  of  Light  reflected  from 

to  be  embarrassed  by  uncertainty  as  to  the  effective  wave- 
length of  the  hght  in  operation.  Moreover,  as  these  plates 
are  scarcely  sensitive  to  yellow  and  green  light,  the  effective 
wave-length  is  liable  to  considerable  variation  with  the  current 
used  to  ignite  the  lamp.  Photographs  were  indeed  tiiken  of 
the  spectrum  of  the  lamp  as  actually  employed,  but  the  un- 
symmetrical  character  of  the  falling  off  at  the  two  ends  made 
it  difficult  to  fix  upon  the  centre  of  activity.  Recourse  was 
then  had  to  Edwards'  "  isochromatic  "  plates.  The  spectrum 
of  the  lamp,  as  photographed  upon  these  plates  after  passing 
through  a  pale  yellow  glass,  was  very  well  defined,  lying  with 
almost  perfect  symmetry  between  the  sodium  and  the  thallium 
lines.  It  was,  therefore,  determined  to  use  these  plates  and 
the  same  yellow  glass  in  the  actual  experiments,  so  that 

X  =  ^  (5892 +  5349)  =  5620 

could  be  taken  as  the  representative  wave-length. 

The  only  disadvantage  arising  from  this  change  was  in  the 
necessary  prolongation  of  the  exposure,  which  became  some- 
what tedious.  Although  no  dense  image  is  required  or  indeed 
desirable,  the  exposure  should  be  such  that  the  development 
does  not  need  to  be  forced.  Two  photographs,  with  different 
times  of  screening,  were  usually  taken  upon  the  same  plate, 
the  object  being  to  obtain  a  reversal  of  relative  intensity,  so 
that  in  one  image  the  semicircle  representing  the  direct  light 
should  be  more  intense  and  in  the  other  image  the  semicircle 
representing  the  reflected  hght.  The  best  way  of  examining 
the  pictures  depended  somewhat  upon  circumstances.  When 
the  exposure  and  development  had  been  suitable,  the  most 
effective  view  for  the  detection  of  a  feeble  difference  was 
obtained  by  placing  the  dry  picture,  film  downwards,  upon  a 
piece  of  opal  glass.  The  light  returned  to  the  eye  had  then 
for  the  most  part  traversed  the  film  tivice,  with  the  effect  of 
doubling  any  feeble  difference  which  would  occur  on  simple 
transmission.  Under  favourable  circumstances  it  was  possible 
to  detect  a  reversal  between  the  two  images  M'hen  the  difference 
amounted  to  3^  per  cent.  A  few  such  experiments  might 
therefore  be  expected  to  give  the  required  result  accurate  to 
less  than  one  per  cent. 

With  the  Edwards'  plates  an  exposure  of  12  minutes  was 
found  to  be  necessary.  This  was  divided  into  two  parts  of 
6  minutes  each,  with  an  interval  of  one  minute  during  which 
the  mirrors  were  reversed.  About  the  middle  of  each  period 
of  6  minutes  the  direct  light  was  screened  off  for  a  time  which 
varied  from  picture  to  picture.  For  exanij)le,  on  June  6,  the 
time  of  screening  for  one  picture  was  71  seconds,  and  for  the 
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second  picture  48  seconds.  This  means  that  while  in  both 
pictures  the  exposure  for  the  reflected  light  was  12  minutes 
or  720  seconds,  the  exposures  for  the  direct  light  were  re- 
spectively 720  — 2  X  71  =  578  seconds,  and  720  — 2  x  48  =  624 
seconds.  The  water  was  distilled,  and  its  temperature  was 
17°' 7  C.  The  examination  of  the  finished  pictures  showed 
that  the  contrast  was  reversed,  so  that  the  total  exposure  (to 
the  direct  light)  required  for  a  balance  was  intermediate  be- 
tween 578  and  024,  and,  further,  that  the  first  mentioned  was 
the  nearer  to  the  mark. 

The  general  conclusion  derived  from  a  large  number  of 
photographs  was  that  the  balance  corresponded  to  a  total 
screening  of  121  seconds,  viz.,  to  an  exposure  of  720  —  121 
=  599  seconds.  This  is  for  the  direct  light,  the  exposure  to 
the  reflected  light  being  always  720  seconds.  The  ratio  of 
exposures  required  for  a  balance  is  thus 

599  :  720  ; 

and  this  may  be  considered  to  correspond  to  a  temperature 
ofl8°C. 

We  can  now  calculate  the  observed  reflexion  for  6^°  inci- 
dence, reckoned  as  a  fraction  of  the  incident  light.     We  have 

599     J^    /lQ4'4aY_  ...,^,. 
720  '  10800  A  82-21  >>  "  ^^^'^• 

The  above  relates  to  the  impression  upon  Edwards'  plates 
after  the  light  had  been  transmitted  through  a  yellow  glass. 
When  Ilford  plates  were  substituted  and  the  yellow  glass 
omitted,  the  reflexion  appeared  decidedly  more  powerful,  and 
the  ratio  of  exposures  necessary  for  a  balance  was  about 
425  :  480,  or  637  :  720.  It  appears,  therefore,  that  the  re- 
flexion of  the  light  operative  in  this  case  is  some  6  per  cent, 
more  than  before,  or  about  '0220  of  the  incident  light.  As  to 
a  large  increase  of  reflexion  there  was  no  doubt ;  but,  owing 
perhaps  to  variations  in  the  quality  of  the  light,  the  agree- 
ment between  individual  results  was  not  so  good  as  before. 

It  now  remains  to  calculate  the  reflexion  as  given  by 
Fresnel's  formula3  ;  and  it  appears  from  the  discussion  at  the 
commencement  of  this  paper  that  we  may  ignore  the  small 
angle  of  incidence  (6^°)  and  take  the  formula  in  the  simple 
form  given  by  Young,  viz. : — 

R=(;^-l)7(/.+  l)2. 
As  to  the  value  of  /u-  for  water,  Wiillncr  *  gives 

fi^  =  1-326067  -  -000099 1  +  -30531\-^, 

*  I'og^j.  Ann.  Bd.  cxxxiii. 
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t  denoting  the  temperature  in  Centigrade  degrees.  Applied 
to  18°  and  to  X=5620,  this  gives 

/*=  1-333951, 
whence 

(ya-l)V(/^  +  l)-^  =  -02047. 

The  reflexion  actually  found  is  accordingly  about  1^  per 
cent,  greater  than  that  given  by  Fresnel's  formulte. 

In  order  to  estimate  the  effect,  according  to  the  formula,  of 
a  change  in  index,  we  may  use 

8R_    48At 
R  ~  fi^-V 
or,  in  the  case  of  water, 

SR/R  =  5S/i  nearly. 

To  cause  a  variation  of  1^  per  cent,  in  the  reflexion,  hjM  would 
have  to  be  "003,  and  to  cause  6  per  cent,  hfi  would  have  to  be 
•012.  The  latter  exceeds  the  variation  of  /*  in  passing  be- 
tween the  lines  D  and  H. 

The  agreement  with  FresneFs  formulae  is  thus  pretty  good, 
but  the  question  arises  whether  it  ought  not  to  be  better. 
Apart  from  a  priori  ideas  as  to  the  result  to  be  expected,  I 
should  have  estimated  the  errors  of  experiment  as  not  likely 
to  exceed  one  half  per  cent.,  and  certainly  no  straining  of 
judgment  in  respect  of  the  photometric  pictures  would  bring 
about  agreement.  On  the  other  hand,  it  must  be  remembered 
that  one  per  cent,  is  not  a  large  error  in  photometry,  and 
that  in  the  present  case  a  one  per  cent,  error  in  the  reflexion 
is  but  one  in  5000  reckoned  as  a  fraction  of  the  incident  light. 
While,  therefore,  the  disagreement  may  be  real,  it  is  too 
small  a  foundation  upon  which  to  build  with  any  confidence. 

It  only  remains  to  record  the  results  of  some  observations 
upon  the  reflexion  from  mercury.  In  these  experiments  the 
revolving  disk  was  dispensed  with,  and  the  photographs  were 
taken  upon  Edwards'  plates  through  yellow  glass.  The  angle 
of  incidence  and  all  the  other  arrangements  remained  as 
before.  In  order  to  obtain  a  balance  it  appeared  that  the 
direct  light  required  to  be  screened  for  61  seconds  out  of 
120  seconds.  The  reflexion  is  accordingly 
56  / 104-43 V  _  __ 

r2oV"82^;  -  ^^'^' 

The  mercury  was  of  good  quality,  and  was  filtered  into  a 
glass  vessel  just  before  use.  The  level  was  adjusted  to  be  the 
same  as  that  adopted  for  the  observations  upon  water.     A 


Watei'  and  Mercury  at  nearly  Perpendicular  Incidence.  319 

surface  thus  obtained  would  not  be  free  from  a  greasy  layer, 
but  it  is  not  probable  that  this  would  sensibly  influence  the 
reflexion. 


Appendix. 

The  calculation  of  the  reflexion  depends  upon  the  assump- 
tion that  the  reflecting  surface  is  plane  ;  and  a  very  moderate 
concavity  would  suffice  to  explain  the  small  excess  in  the 
observed  number  for  water  over  that  calculated  from  Fresnel's 
formulae.  It  is  thus  of  importance  to  assure  ourselves  that 
the  concavity  due  to  capillarity  is  really  small  enough  to  be 
neglected.  For  this  purpose  an  estimate  founded  upon  the 
capillary  surface  applicable  in  two  dimensions  will  suttice. 

If  6  be  the  inclination  to  the  horizon  at  any  point,  x  the 
horizontal  and  y  the  vertical  coordinate,  the  equations  to  the 
surface  are : — 

X  =  ^a  cos  \d  +  a  log  cot  ^6,    y  =  2c6  sin  \d^ 
where 

At  a  great  distance  from  the  edge, 

^=0,  y  =  0,   x  =  ^. 
At  the  vertical  edge  of  a  wetted  vessel^ 

The  origin  of  x  corresponds  to 

6=.'ir,   y=-''2a. 

In  the  case  of  water  T  =  74,  /3=1,  and  </  =  981  C.G.fS.  ;  so 
that 

a  =  *274  centim. 

In  the  experiments  upon  reflexion  the  part  of  the  surface  in 
action   was  about  11  centim.  away  from  the  boundary,   so 
that  .(■/a  =  40,  and  d  is  very  small. 
For  the  curvature 

\jp—yj(j?-=-''l  sin  \Q .ja  ; 

or  for  our  present  purpose 

l/p  =  ^/a. 

To  find  Q  we  have  approximately, 

Qdi\e  =  c-^,  or  6'  =  4t'-38. 
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Accordingly 

1  4 


p     .•274xe38* 

This  may  be  multiplied  by  4  to  represent  the  increase  of 
effect  in  the  actual  circumstances  as  compared  with  what  is 
supposed  in  the  two-dimensional  problem  ;  but  it  remains 
absolutely  insensible  in  comparison  with  the  other  curvatures 
involved. 

XXXVI.    On  Joints  in  Magnetic  Circuits. 
By  Professor  Ewing,  M.A.,  F.R.S* 

IN  the  ^  Philosophical  Magazine '  for  September  1888  an 
account  was  given  by  Mr.  William  Low  and  myself  of 
experiments  we  had  made  to  examine  the  influence  of  a  plane 
of  transverse  section  in  an  iron  bar  which  formed  part  of  a 
magnetic  circuit.  It  was  found  that  a  transverse  cut  intro- 
duced what  is  now  frequently  spoken  of  as  magnetic  resist- 
ance, even  when  the  faces  at  the  cut  were  scraped  up  to  be 
as  nearly  as  possible  true  planes,  and  were  brought  into  ex- 
cellent mechanical  contact.  Only  when  a  very  considerable 
force  was  applied  to  press  them  together  did  the  resistance 
of  the  joint  appear  to  vanish  ;  except  in  this  case  it  required 
a  stronger  magnetomotive  force — a  greater  number  of  ampere- 
turns  in  the  magnetizing  coil — to  bring  the  magnetic  induc- 
tion up  to  any  assigned  value  when  the  bar  was  cut  than  it 
had  required  when  uncut.  In  this  respect  the  joint  is  equi- 
valent to  a  narrow  crevasse  of  air  or  other  non-magnetic 
material.  We  proceeded  to  calculate  the  width  of  the  air- 
gap  which  should  be  equivalent,  in  magnetic  resistance,  to 
the  joint,  and  obtained  values  which  made  it  appear  that  the 
M'idth  of  this  equivalent  air-gap  became  reduced  when  the 
magnetization  was  forced  up  to  high  values. 

Having  occasion  recently  to  revise  these  results  I  found 
that  an  incorrect  procedure  had  been  followed  in  calculating, 
from  the  experimental  data,  the  width  of  the  equivalent  air- 
gap.  When  the  necessary  correction  is  made  it  appears  that 
this  width  remains  constant,  or  nearly  constant,  whether  the 
magnetization  be  weak  or  strong.  The  object  of  this  note  is 
to  point  out  the  error  in  the  former  calculation,  and  to  state 
the  corrected  values. 

Suppose  we  have  to  deal  with  the  magnetization  of  a  com- 
plete iron  circuit,  of  uniform  cross  section,  and  of  length  /. 
Let  the  permeability  of  the  iron  be  /a,  for  any  induction  33.  The 

*  Cominuuicated  by  the  Author. 
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line-integral  of  magnetic  force  producing  this  induction  is 
— ,  when  there  is  no  joint. 

Next  suppose  a  joint  to  be  introduced  and  to  be  equivalent 
in  magnetic  resistance  to  an  air-gap  of  width  x.  The  line- 
integral  of  magnetic  force  is  then 

Distinguish  by  dashes  the  values  of  S3  and  /a  in  this  case 
from  their  values  when  there  was  no  joint.  Then,  taking  the 
same  number  of  ampere-turns  in  the  magnetizing  coil  in 
both  cases,  we  have 


from  which 


In  the  paper  referred  to  we  omitted  to  take  account  of  the 
variation  which  the  permeability  of  the  iron  undergoes  when 
33  is  changed  to  '$>'.  It  is,  however,  essential  to  distinguish 
between  /i'  and  /i  if  the  plan  is  followed  of  finding  x  by  com- 
paring the  inductions  reached  in  the  two  cases  under  equal 
values  of  the  magnetomotive  force. 

A  better  way,  however,  is  to  draw  the  curve  of  magneti- 
zation in  relation  to  magnetomotive  force  for  each  of  the  two 
cases,  and  then  find,  by  measurement  from  the  curves,  what 
is  the  difference  in  magnetomotive  force  for  one  and  the 
same  value  of  the  induction.  This  simplifies  matters  by 
securing  that  ^  shall  be  the  same  when  there  is  a  joint  as 
when  there  is  none.  If  we  write  ^  for  the  magnetic  force 
when  there  is  no  joint,  and  .i^'  for  the  mean  magnetic  force 
required  to  produce  the  same  induction  33  when  there  is  a 
joint,  we  have 


and 

from  which 


-.1 


V     33    J' 


Thus,  let  a  curve   giving  S3   and   ^   be  drawn,  and  another 
curve,  with  the  same  axes,  giving  33  and  «^',  then  the  distance 
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between  the  curves  measured  parallel  to  the  axis  of  .1^,  when 
divided  by  the  corresponding  value  of  53,  is  proportional  to 
the  width  of  the  equivalent  gap.  When  this  method  is  ap- 
plied to  the  experimental  results  which  were  published  in 
the  paper  referred  to  it  will  be  found  that,  for  any  given 
joint,  the  values  of  «^'  — «^  are  nearly  proportional  to  S3.  In 
other  words,  cc  remains  nearly  constant  instead  of  becoming 
diminished  as  the  magnetism  is  pushed  towards  saturation. 
One  or  two  instances  may  be  quoted. 

Fio-.  1. 


BB" 

JJJJ^— ^JPM 

15000 

iBm 

^^^^WMB^^BBSdi 

14000 

^^^H 

j^H^BJBa^^BIB 

13000 

HHBB 

BjB^^IbmHBBjj 

12000 

BbHB 

^^m^bHwbbihhH 

11000 

^^^bI 

B^bUhhi^^^I 

en    10000 

c 

•|     9000 

3 

£      8000 
c     7000 

MmBB 

H9H^^^^H^^^^B 

^^^En 

H^SB^^i^^jUJ 

BJBMM 

jfiB^^^M^Hg^B^ 

he      i^^^ 

a) 

6000 
5000 
4000 

HHRh 

^^^^^B^^^^wB 

B^^HJ 

BB^^BBBBBbb 

HHm| 

BjiBBHBmB^^^B 

3000 
2000 

^H^H 

■^^^^pBBBjBj 

^H^H 

jjjjjjjBjBJM 

BBB|| 

bbiBB^^jbBB 

1000 

MMBH 

■MjjmIiiiiw^mBHH 

10        12       li        16       18        20 
Magnetizing  Force  due  to  Solenoid. 
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In  Table  I.  experimentally  found  values  of  the  magnetic 
force  due  to  the  magnetizing  solenoid  are  given,  along  with 
the  inductions  observed  when  there  was  no  joint  and  when 
there  was  a  joint.  The  joint  in  this  case  was  between  care- 
fully finished   surfaces,  approaching  the   condition   of   true 
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planes.     No  externally  applied  mechanical  force  was  used  to 
tbrce  the  surfaces  together. 

Table  I. 

Influence  of  a  smooth  joint  in  an  iron  bar. 


Magnetizing  Force 
due  to  solenoid. 

Magnetic  Induction  5}. 

Without  joint. 

With  joint. 

4 

3950 

3000 

6 

6900 

5300 

8 

9250 

7400 

10 

10900 

9150 

15 

13250 

12000 

20 

14300 

13500 

30 

15200 

14900 

In  fig.  1  these  results  are  sho^yn  by  curves,  and  a  third 
curve  (the  dotted  line)  is  added  to  show  the  values  of  •^'  —  •iQ 
in  terms  of  33.  It  will  be  seen  that  this  curve  is  nearly  a 
straight  line  :  it  should  be  straight  if  the  magnetic  resistance 
of  the  joint  were  strictly  constant.  Table  II.  gives  values  of 
the  width  of  air-gap  equivalent  in  magnetic  resistance  to  the 
joint,  as  determined  from  this  experiment. 

Table  II. 


s. 

Width  of  air-gap  equivalent 

to  the  joint,  in  centimetres. 

4000 

00026 

6000 

00030 

8000 

00031 

10000 

00031 

12000 

0-0035 

14000 

00037 

Data  relating  to  a  second  experiment  in  which  a  cut  with 
true-plane  surfaces  was  introduced  in  another  iron  bar  will 
be  found  in  the  former  ])aper.  Fig.  2  shows  the  graphic 
treatment  of  this  example,  and  it  will  be  seen  that  the  dotted 
curve  which  exhibits  <i^'  — <^  is  in  this  case  slightly  concave 
towards  the  axis  of  33,  whereas  in  the  former  example  it  was 
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slightly  convex.  The  deviations  from  straightness  are  in 
neither  case  more  than  may  well  be  set  down  to  uncer- 
tainty in  the  experimental  data  ;  and  taking  the  two  examples 
together  it  seems  very  probable  that  the  joint  is  equivalent 
to  an  air-gap  of  sensibly  constant  magnetic  resistance.     In 


Fier.  2. 


14000 


*      4000 


2  4  6  8         10         12         14         16 

Magnetizing  Force  due  to  Solenoid. 

the  first  example  the  width  of  the  equivalent  gap  was  about 
0'0033  cm.:  in  this  case  its  mean  value  is  about  0'0036  cm. 

Small  as  these  gaps  are,  it  is  difficult  to  believe  that  the 
metallic  surfaces  were  actually  separated  so  far,  and  it  seems 
more  probable  that  the  magnetic  resistance  of  a  joint  is  due 
in  part  to  a  reduction  of  permeability  in  the  metal  itself  at 
and  close  to  each  surface,  as  a  result  of  the  influence  of 
surface  conditions  in  affecting  the  grouping  of  the  molecular 
magnets. 

Since  the  joint  is  equivalent  to  an  air-gap  of  sensibly  con- 
stant width  it  is  easy  to  apply  a  graphic  construction,  like 
that  used  by  Lord  Rayleigh  in  the  case  of  ellipsoids*,  to  de- 
termine the  influence  which  the  joint  must  exert  in  any  cyclic 
or  other  magnetizing  process  ;  or,  conversely,  to  determine 
from  experiments  made  on  a  circuit  in  which  there  is  a  joint 
the  form  which  the  magnetization  curve  would  assume  if  the 
joint  were  not  there.  The  effect  of  a  gap  or  of  a  joint  is  to 
make  the  true  magnetic  force  less  than  the  apparent  mag- 
netic force  (namely,  the  force  due  to  the  magnetizing  sole- 
noid) by  an  amount  which  is  proportional  to  the  magnetiza- 

tion.     We  have  «^  =  «^' t-«      Thus  a  curve   giving  the 

relation  of  33  to  the  magnetizing  force  in  a  ring  without  a 

*  Phil.  Mag.  August  1886,  p.  180. 


in  Magnetic  Circuits.  325 

joint  will  serve  to  show  the  relation  of  ^B  to  the  externally 
applied  magnetic  force  on  a  ring  with  a  joint  if  we  re-draw  it, 
merely  shearing  it  over  by  inclining  the  axis  along  which  23 
is  represented  through  an  angle  the  tangent  of  which  (inter- 
preted upon   the  proper  scale  of  S3  and  of  ^)   is  equal  to 

'-.     To  take  a  practical  instance,  suppose  we  have  a  ring  of 

soft  iron  forming  a  magnetic  circuit  say  30  cm,  long.  Sup- 
pose the  ring,  when  tested  in  the  solid  state,  to  give  the 
curves   of  23  and  ^  shown  in  fig.  3,  which  are  actual  curves 


for  a  soft  wrought-iron  ring.  Let  it  be  required  to  deduce 
from  these  curves  the  relation  which  the  magnetism  would 
have  to  the  externally  applied  magnetizing  force  if  the  ring, 
instead  of  being  solid,  were  cut  into  two  half  rings,  with 
carefully  faced  ends  placed  in  the  best  possible  contact.  Each 
cut,  as  we  have  seen,  is  equivalent  to  a  gap  j/j^,  cm.  wide. 
The  two  together  make  x  equal  to  -475'vy^  of  the  h'ugth  of  the 
ring.  Hence,  if  wo  draw  a  line  OPQ  in  the  figure  incliiKul 
so  that  ^  is  —  1  when  ^  is  4500,  the  intercejits  between  it 
Phil.  Mag,  S.  5.  Vol.  34.  No.  209.  Oct.  181)2.         2  A 
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and  the  axis  of  33  represent  the  self-demagnetizing  forces  due 
to  the  cuts  at  all  stages  of  the  magnetizing  process.  Curves 
giving  the  applied  force  ^'  in  relation  to  S  for  the  cut  ring 
may  then  be  drawn  by  using  as  abscissae  the  distances  of 
points  on  the  original  curves  from  the  line  OPQ,  measured 
parallel  to  the  axis  of  ^.  The  reverse  of  this  construction 
will  of  course  serve  to  deduce  true  magnetization  curves  (for 
uncut  metal)  from  experiments  made  with  a  magnetic  circuit 
which  contains  a  joint  or  a  gap. 

The  figure  is  drawn  to  scale  for  an  actual  case,  and  serves 
to  show  that  the  division  of  a  ring  30  cm.  long  into  two  half 
rings  abutting  against  each  other  with  the  smoothest  possible 
joints  has  the  effect  of  reducing  the  residual  magnetism  from 
9000  to  6000,  which  is  the  height  of  the  point  P.  A  similar 
shearing  over  of  the  curves,  with  consequent  reduction  of  the 
residual  magnetism  occurs,  to  a  greater  or  less  extent,  in 
magnetic  tests  of  bars  when  these  are  made  to  form  part  of  a 
complete  magnetic  circuit  by  the  addition  of  a  massive  iron 
yoke. 

XXXVII.  On  the  Electrical  Resistance  of  Pure  Metals,  Alloys, 
and  Non-metals  at  the  Boiling-point  of  Oxygen.  By  James 
Dewae,  LL.D.,  F.R.S.,  Professor  of  Chemistry  in  the  Royal 
Institution,  c^'c,  cmd  J.  A.  Fleming,  M.A.,  D.Sc,  F.R.S., 
Professor  of  Electrical  Technology  in  University  College, 
London,  8fQ%* 

§  1.  OEVERAL  observers  have  studied  the  behaviour  of 
kJ  metals  as  regards  electrical  conductivity  at  low 
temperatures.  In  particular  MM.  Cailletet  and  Bouty 
{Joiirn.  de  Physique,  July  1885)  have  made  observations  of 
the  resistance  and  resistance-change  with  temperature  of 
various  metals  at  —100°  0.  by  the  employment  of  liquid 
ethylene  as  a  cooling  agent.  Wroblewski  (Coniptes  Rendus, 
1885,  vol.  ci.  p.  161)  measured  the  electrical  resistances  of 
wires  of  electrolvtic  copper  at  various  temperatures,  100°  C, 
20°  C,  0°  C,  -100°  a,  and  gives  also  figures  for  the  com- 
parative resistance  of  the  same  wires  at  the  critical  point  of 
nitrogen,  the  boiling-point  of  nitrogen,  and  the  temperature 
of  the  solidification  of  nitrogen.  The  possession  of  means  for 
producing  very  considerable  quantities  of  liquid  oxygen  as 
well  as  liquid  ethylene  has  placed  at  our  disposal  an  opportu- 
nity of  carrying  out  some  investigations  on  the  comparative 
electrical  resistance  of  a  number  of  pure  metals,  alloys,  and 

*  Coniiimnieated  by  the  Authors. 
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non-metals  at  the  low  tem]ieratures  obtainable  by  the  evapora- 
tion of  liquid  oxygen  at  ordinary  barometric  pressures  and  the 
ebullition  of  liquid  oxygon  under  reduced  pressures  of  about 
25  or  30  millim.  Since  liquid  oxygen,  as  already  pointed  out 
by  one  of  us,  is  a  very  perfect  insulating  fluid,  it  is  quite  a 
simple  matter,  if  once  sufficient  of  the  liquid  gas  is  ob- 
tained, to  measure  the  electrical  resistance  of  a  wire  or  small 
rod  of  the  metal  when  immersed  in  liquid  oxygen,  and 
thus  entirely  at  the  same  temperature  as  the  evaporating 
liquid.  A  series  of  observations  has  accordingly  been  made 
by  us  on  the  specific  electrical  resistances  of  various  metals, 
non-metals,  and  alloys  over  a  range  of  temperature  varying 
from  +100°  C.  to  nearly  -200°  C,  and  although  these  in- 
vestigations are  as  yet  incomplete,  the  observations  already 
made  seem  to  be  of  sufficient  interest  to  render  it  worth  while 
to  place  them  on  record. 

§  2.  A  number  of  small  resistance-coils  were  prepared  of 
wires  of  different  metals  and  alloys  in  the  following  way.  A 
thin  rectangular  sheet  of  mica,  about  5  centim.  long  and  1  or 
2  centim.  in  width,  had  a  number  of  nicks  cut  in  the  edges, 
and  round  this  was  wound  loosely  the  wire  whose  resistance 
was  to  be  determined.  The  ends  of  the  wire  were  brought 
out  through  two  holes  in  the  mica  and  soldered  to  two  stout 
copper  terminal  wires  formed  of  high-conductivity  copper 
M'ire  well  insulated  with  indiarubber.  The  ends  of  these 
terminal  wires  were  bent  over  so  as  to  dip  into  mercury  cups 
(see  fig.  1).  The  small  resistance-coil  so  formed  could  then 
be  lowered  into  a  test-tube  full  of  the  liquid  gas  or  other  fluid, 
by  means  of  which  the  temperature  of  the  wire  was  deter- 
mined. The  majority  of  the  wires  used  had  a  length  of  50 
or  100  centim.  and  a  diameter  of  '003  of  an  inch  (3  mils). 
The  electrical  resistance  of  these  small  coils  of  wire  was 
measured  by  a  Wheatstone's  bridge,  kindly  lent  for  the 
purpose  by  Messrs.  Elliott  Bros.  The  coils  of  this  bridge  were 
of  platinum-silver,  and  adjusted  to  read  in  B.A.  units  at  15°'5 
Cent.  The  balance  was  determined  by  the  use  of  a  highly 
sensitive  mirror- galvanometer,  using  the  current  from  a  single 
Helsen's  dry  cell.  The  experiments  were  carried  out  in  the 
lloyal  Institution  laboratories,  in  a  room  which  remained 
approximately  at  about  20°  C  during  the  whole  time.  A 
series  of  wires  of  pure  metals  was  obtained,  and  also  others  of 
known  alloys.  Mr.  J.  S.  Sellon  and  Mr.  G.  Matthey,  of 
Messrs.  Johnson  and  Matthey  of  Hatton  Garden,  kindly 
provided  for  us  carefully  drawn  wires  of  absolutely  pure 
annealed  platinum,  pure  gold  (999"1)  degrees  of  fineness), 
pure   silver,   aluminium,   ;ind   tin.     Also   wires   of  alloys   of 
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platinum-silver,    iridinm-platinum,  rhodium-platinmn,  palla- 
dium-silver,  as  well  as   wires    of   palladium,  and   of  nickel. 

Fiff.  1. 


Eesistauce-Coil  used  in  taking  resistance  of  Wires  in  Liquid  Gases. 

(a)  Mica  rectangle  wound  round  with  the  wire  to  be  measured. 

(b)  Stout  insulated  Copper-rod  Connexions. 

From  the  London  Electric  Wire  Company  was  procured  some 
electrolytic  copper  wire  of  the  highest  conductivity  obtainable, 
and  also  from  Messrs.  Griffin  &  Co.  some  pure  annealed  iron 
wire.  Other  wires  of  commercial  materials,  e.  g.,  German- 
silver,  platinoid,  tinned  copper,  tinned  iron  wire,  and  com- 
mercial tin,  were  also  mounted. 

The  mean  diameter  of  all  these  wires  was  measured  with 
the  microscope-micrometer  to  the  nearest  ten-thousandth  of 
an  inch,  and  the  length  also  carefully  ascertained.  The  elec- 
trical resistance  of  each  of  these  small  resistance-coils  was  then 
taken  at  six  or  seven  fixed  temperatures,  as  follows  : — 

(1)  At  about  100°  C.  when  immersed  in  a  paraffin-oil  or 
glycerine  bath  heated  with  boiling  water. 
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(2)  At  about  20°  C.  when  immersed  in  a  paraffin  or  alcohol 

bath  at  normal  temperatures. 

(3)  At  about  0°  C.  when  in  a  paraffin-oil  or  alcohol  bath 

cooled  by  melting  ice. 

(4)  At  —80°  C.  when  immersed  in  a  bath  of  ether  and  solid 
carbonic  acid. 

(5)  At  — 100°  C  when  immersed  in  a  test-tube  full  of  liquid 

ethylene  boiling  freely  under  atmospheric  pressure. 
(G)   At  —182°  C.  when  immersed  in  a  test-tube  full  of  liquid 

oxygen  boiHng  freely  under  atmospheric  pressure. 
(7)  At  —197°  C.  when  immersed  in  a  closed  tube  containing 

liquid  oxygen  boiling  under  a  reduced  pressure  of  about 

25  or  30  mm.  of  mercury. 
§  3.  In  the  case  of  the  measurements  in  liquid  oxygen  and 
ethylene,  the  liquid  gases  were  contained  in  double  test-tubes 
holding  about  200  cub.  centini.,  which  were  kept  filled  up 
as  fast  as  the  liquid  boiled  away,  in  order  that  the  resistance- 
coil  might  always  be  fully  covered.  Each  measurement  of 
resistance  was  repeated  several  times.  We  thus  obtained  a 
mean  observed  7'esistancc,  which  is  the  mean  resistance  as 
measured  on  the  bridge.  This  had  then  to  be  corrected  by 
deducting  the  resistance  of  the  leads  up  to  and  including  that 
of  the  mercury  cups  in  which  the  resistance-coil  terminals  were 
dipped.  This  correction  was  found  to  be  equal  to  "025  B.A.U. 
at  20°  C.  The  corrected  resistance  is  the  resistance  of  the 
coil  after  this  deduction.  A  further  correction  was  then 
applied  for  the  temperature  of  the  Bridge  coils,  which  were 
used  at  a  temperature  of  about  19°*5  C,  or  4°  C.  above  the 
temperature  at  which  they  were  correct ;  and  also  a  reduction 
to  true  ohms,  effected  by  the  use  of  the  factor  '9866  recom- 
mended by  the  Board  of  Trade  Electrical  Committee  (1  B.A. 
unit  =  •9866  true  ohm). 

If  R  is  the  corrected  resistance  in  B.A.  units  of  any  coil  of 
wire,  the  length  of  which  is  /  centimetres  and  the  mean  dia- 
meter d  mils  (1  mil  =  *001  inch),  and  if /o  is  the  resistance  of 
one  cubic  centimetre  of  the  metal  between  opposed  faces,  in 
absolute  electromagnetic  units,  then  it  was  found  that  p  and  R 
were  related  by  the  equation 

p  =  5000yR; 

in  which  the  numerical  constant  embodies  all  the  above  cor- 
rections. In  this  reduction  no  correction  has  been  applied  for 
the  change  in  volume  which  the  wire  undergoes  when  raised  or 
lowered  in  temperature.  Hence  the  values  of  p  thus  obtained 
for  various  temperatures  are  not  the  true  eqiii-volume  specific 
resistances,  or  resistances  across  ojiposed  faces  of  one  true 
centimetre  of  the  metal  whatever  its  temperature  ;   but  the 


330       Profs.  Dewar  and  Fleming  on  Electrical  Resistance 

values  of  p  are  the  relative  resistances  at  the  different  tempe- 
ratures of  one  cubic  centimetre  of  the  metal  taken  at  the 
atmospheric  temperature  and  allowed  to  shrink  or  expand 
with  the  temperature.  They  are  therefore  the  relative  specific 
resistances  for  constant  mass  and  not  for  constant  volume. 
These  latter  cannot  be  obtained  until  we  know  the  true  mean 
coefhcient  of  cubical  or  linear  expansion  of  the  various  metals 
and  alloys  between  0°  C.  and  -100°  C.  and  -200°  C. ;  but 
in  any  case,  even  for  the  most  expansible  metal,  the  correction 
would  probably  not  amount  to  one-half  of  a  per  cent.,  or  to 
less  than  the  error  created  in  the  measurement  of  the  resist- 
ance by  an  uncertainty  in  the  temperature  to  the  extent  of 
one  degree  Centigrade. 

§  4.  The  following  Tables  give  these  specific  resistances 
for  constant  mass  (p)  at  the  various  temperatures  (^°)  of  the 
different  pure  metals,  alloys,  and  impure  metals  employed. 
The  mean  value  of  the  various  results  is  given,  and  the 
temperature  in  degrees  Centigrade  placed  over  the  number  de- 
noting the  specific  resistance  in  absolute  electromagnetic  units. 
?-  If  these  specific  resistances  are  plotted  out  in  a  series  of 
curves,  taking  the  ahsolute  temperature  as  abscissae,  we  find 
that  all  the  lines  of  resistance  are  more  or  less  curved  lines 
which  tend  downwards  in  such  a  way  as  to  show  that  if  pro- 
longed beyond  —200°  C.  they  would  probably  pass  through 
or  near  the  origin  or  absolute  zero.  These  curves  of  resist- 
ance can  be  divided  into  three  classes  : — (i.)  those  of  metals 
such  as  iron,  nickel,  tin,  and  perhaps  copper,  which  are  con- 
cave upwards ;  (ii.)  those  of  metals  such  as  gold,  platiiium,  and 
palladium,  and  probably  silver,  which  are  concave  downwards 
towards  the  axis  of  temperature  ;  and  (iii.)  those  of  metals 
such  as  aluminium,  which  are  apparently  nearly  straight  lines. 

In  the  case  of  a  metal  of  the  first  class,  such  as  iron,  the 
resistance  changes  with  the  temperature  in  such  a  way  that 
the  rate  of  change  of  resistance  with  temperature  increases  as 
the  temperature  increases.  In  other  words,  the  second  dif- 
ferential of  resistance  with  respect  to  temperature  is  j^ositive. 
In  the  case  of  a  metal  of  the  second  class,  such  as  platinum, 
the  second  differential  of  resistance  with  temperature  is  nega- 
tive ;  that  is,  as  the  temperature  increases  the  rate  of  change 
of  resistance  with  temperature  decreases. 

This  distinction  between  such  metals  as  platinum  and  nickel, 
in  respect  of  their  variation  of  resistance  with  temperature, 
has  been  noted  by  Professor  Cargill  G.  Knott  (Proc.  Roy. 
Soc.  Edin.  vol.  xxxiii.  1888,  p.  187),  in  a  memoir  on  the 
Electrical  Eesistance  of  Nickel  at  High  Temperatures.  Prof. 
Knott's  observations  on  the  resistance  of  nickel  were  made 
between  0°  and  300°  C.     Our  own  were  between  + 100°  and 


of  I* lire  Metals  Sfc.  at  the  Boiling-point  of  Oxygen.         331 


P  i 


o 
O 


P  I         P 

I 


II        II    II    !    II    II 


Q 


O 


?  I 


w  CD  I  to  H-" 

00  CO  I  ►—  o 

CO    o  I  02  o 

i-,v  I  o    o 


i  2.  5 


-J  to  I    W    o|    owi    coo 


as    B 


!  fis 


Oi  1— '   I  O        1— ' 


giox 


B  ^ 

=1  A 


g  S.^ 


^2 

5.3 


lO  hJ 


0^  I-' 
—MX 
bO  to 


o  o 
^  o 


21 


-  1^ 


O  CO    I 

*-  to  I 


to  I 


2.  ^1^ 


<^  E;^ 


;■  o-o  ft 

I  2..i5  3 

',  a  CO  ■ 

;cn5  »  o 


W 


-a 

2. 
5^ 


CD 


a 


O 

3 


o' 


SS 


3 


332       Profs.  Dewar  and  Fleming  on  Electrical  Resistance 

—  200°  C.  Accordingly  the  distinction  between  these  two 
metals,  in  this  respect,  extends  over  a  very  large  range  of 
temperature. 

The  most  interesting  fact  which  these  experiments  have 
brought  out  is  the  enormous  decrease  in  specific  resistance 
experienced  by  the  perfectly  pure  metals  when  cooled  to  these 
low  temperatures.  Thus  the  electrical  resistance  of  a  given 
pure  iron  wire  at  —197°  C.  is  only  one  twenty-third  part  of 
that  which  it  is  at  + 100°  C.  In  the  case  of  pure  copper 
the  ratio  of  resistance  is  about  one  to  eleven  for  the  same 
change  of  temperature.  The  very  smallest  impurity  greatly 
aftects  this  decrease.  In  the  case  of  some  nickel  wire  sup- 
posed to  be  pure  we  found  that  the  specific  resistance  at 
zero  Centigrade  was  13387  electromagnetic  units,  and  that 
the  specific  resistance  at  —182°  0.  was  G737.  On  repeating 
the  measurement,  however,  with  some  absolutely  pure  nickel, 
obtained  by  Mr.  Ludwig  Mond's  process  of  depositing  the 
metal  on  glass  by  heating  the  gaseous  compound  of  nickel 
and  carbonic  oxide,  we  found  a  very  different  result.  In 
this  last  case,  although  the  specific  resistance  at  zero  Centi- 
grade was  not  very  different,  viz.  about  12000  units,  the 
specific  resistance  at  —182°  C.  was  only  1900,  showing  a 
far  greater  decrease.  For  the  perfectly  pure  metals,  there- 
fore, it  seems  probable  that  as  the  temperature  is  lowered 
towards  the  absolute  zero  the  specific  electrical  resistance 
decreases  so  that  it  either  vanishes  at  the  absolute  zero  or 
reaches  a  very  small  residual  value.  Clausius  made  the  sug- 
gestion in  1858  (Fogg.  Ann.  vol.  civ.  p.  650)  that  the  elec- 
trical resistance  of  all  pure  metals  is  proportional  to  the 
absolute  temperature.  Owing  to  the  marked  curvature  of  the 
resistance-temperature  lines  this  statement  is  only  very  ap- 
proximately true  for  a  few  metals,  and  not  at  all  for  others, 
but  it  yet  remains  not  improbable  that  the  electrical  resist- 
ance of  all  pure  metals  would  at  the  absolute  zero  be  either 
null  or  exceedingly  small. 

§  5.  In  the  course  of  our  experiments  we  found  that  the 
trend  of  the  curve  of  specific  resistance  drawn  with  absolute 
temperatures  as  abscissae  seemed  to  give  a  very  good  indication 
of  the  chemical  purity  of  the  metal.  If  that  curve  tended 
downward  so  as  to  indicate  that  if  prolonged  it  would  pro- 
bably pass  through  the  absolute  zero^  the  metal  was  indicated 
as  pure.  If,  however,  as  in  the  case  of  the  palladium  wire  and 
the  first  nickel  wire  used,  it  did  not  so  tend,  then  impurity 
was  probably  in  some  way  present. 

We  next  directed  our  attention  tO  alloys,  and  the  following 
is  a  Table  of  the  results  obtained  for  them,  treated  in  the  same 
manner  as  regards  temperature  : — 
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On  charting  the  above  figures  for  the  alloys,  it  is  found  that 
the  resistance-lines  are  very  nearly  straight  lines  with  but 
little  slope,  not  one-tenth  that  of  the  pure  metals,  when  the 
constituent  metals  of  the  alloy  are  chemically  very  different. 
This  is  the  case  with  the  platinum-silver,  platinoid,  and 
German-silver  alloys.  When,  however,  the  constituents  of 
the  alloy  are  chemically  similar,  as  in  the  case  of  the 
])latinum-iridium  and  platinum-rhodium  alloys,  the  resistance- 
lines  plotted  in  terms  of  the  absolute  temperature  slope  down 
at  a  much  steeper  angle,  but  never,  as  in  the  case  of  the  pure 
metals,  in  such  manner  as  to  indicate  that  if  prolonged  they 
would  pass  through  the  absolute  zero.  In  a  similar  manner 
the  impure  metals  also  behave.  We  have  laid  down  on  such  a 
resistance-temperature  diagram  the  lines  representing  the 
change  of  specific  resistance  with  temperature  for  palladium 
not  known  to  be  pure,  for  nickel  not  pure,  for  commercial 
iron  wire,  for  ordinary  bismuth,  for  gold  not  pure,  and  other 
commercial  metals,  and  found  that  the  resistance-lines  of 
these  metals  do  not  slope  down  at  such  an  angle  as  to  indi- 
cate that  if  prolonged  they  would  pass  through  or  near  the 
origin  or  absolute  zero.  The  lines  for  these  impure  metals 
are  in  position  more  or  less  like  the  lines  for  alloys  formed 
of  similar  metals. 

§  6.  Another  fact  of  considerable  interest  has  been  ascer- 
tained. We  know  that  for  temperatures  above  zero  Centi- 
grade carbon  behaves  like  an  electrolyte  as  regards  change  of 
resistance  with  temperature,  that  is,  its  specific  resistance 
dea^eases  as  temperature  increases.  Hence  it  was  a  matter 
of  importance  to  examine  the  behaviour  of  carbon  as  regards 
electric  resistance  when  cooled  to  —182°  in  liquid  oxygen. 
For  this  purpose  we  employed  the  carbon  filaments  of  in- 
candescence lamps,  taking  the  treated  filaments  of  Edison- 
Swan  lamps  and  the  dense  adamantine  carbon  emplo^'ed  in 
the  Woodhouse  and  Rawson  incandescence  lamp.  In  both 
cases  we  found  that  when  cooled  to  this  low  temperature  the 
specific  resistance  of  the  carbon  continuously  increased  instead 
of  decreasing,  as  do  the  metals.  The  following  Table  III. 
gives  the  specific  resistance  (p)  in  electromagnetic  units  of 
these  carbons  at  various  temperatures. 

§  7.  We  have  not  yet  completed  the  examination  at  similar 
low  tempei'atures  which  we  propose  to  make  of  the  beha'vdour  in 
regard  to  electrical  resistance  of  such  non-metals  as  selenium 
and  sulphur,  and  such  metals  as  arsenic  and  antimony,  with 
marked  chemical  affinities  with  non-metals.  Also  the  be- 
haviour of  such  insulators  as  mica,  glass,  guttapercha,  india- 
rubber  remains  to  be  examined.  It  is  knovvn  that  the 
electrical  resistance  of  these   bodies  decreases  with  rise    of 
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temperature.  It  is  not  improbable  that  we  may  find  for  such 
bodies  a  maximum  electrical  resistance  at  the  lowest  attainable 
temperatures,  and  that  it  may  prove  to  be  the  case  that  pure 
non-metals  approach  a  maximum  specific  electrical  resistance 
and  pure  metals  a  minimum  specific  electrical  resistance  in 
proportion  as  the  absolute  zero  of  temperature  is  approached. 
In  any  case  it  is  a  matter  of  considerable  interest  to  complete 
the  examination  of  the  change  of  conductivity  with  diminished 
temperature  for  all  the  metals  in  a  state  of  the  greatest 
chemical  purity.  MM.  Cailletet  and  Bouty  expressed  the 
results  of  their  experiments  on  the  electrical  resistance  of 
metals  between  zero  Centigrade  and  — 100°  C.  by  giving  the 
value  of  the  mean  coefficient  of  resistance-change  as  fol- 
lows : — If  By  is  the  electrical  resistance  of  the  metal  at  t°  C, 
and  Bq  its  resistance  at  0^  C,  then  we  may  write 

R,  =  Ko(l±«0- 

"When  t  is  in  the  neighbourhood  of  —100°  C,  a  has  the 
following  values,  stated  below,  for  the  different  metals. 
We  give  in  one  column  the  results  of  the  experiments  of 
MM.  Cailletet  and  Bouty,  and  in  the  other  coefficients  for  the 
same  temperature  range  calculated  from  a  part  of  our  results 
in  Table  I. 

Table  IV.  ^J 


Metal. 

a.  —  mean  coefficient  of  resistance-change 
between  0°  and  -100°  C. 

Cailletet  and 
Bouty. 

Dewar  and 

Fleming. 

Silver 

•00385 
•00388 
•00423 
•00490 
•00340 
•00424 
•00390 
•00407 

•00384 
•00390 
•00410 
•00531 
•00354 
•00509 

•00500 

Aluminium   

Copper  

Platinum  

Tin 

Mercury    

Nickel    

From  these  values  of  the  coefficients  it  is  seen  that  nickel 
and  iron  have  pre-eminence  in  respect  of  rate  of  fall  of  resist- 
ance with  temperature.  At  ordinary  temperatures  pure  iron 
has  a  specific  electrical  resistance  of  about  seven  times  that  of 
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pure  copper,  and  pure  nickel  has  about  ten  times  the  resist- 
ance ;  but  at  the  temperature  of  liquid  oxygen  boiling  at 
ordinary  atmospheric  pressure,  the  specific  resistance  of  iron 
is  only  two-thirds  of  that  of  pure  copper  at  the  ordinary  tem- 
perature, whilst  that  of  nickel  is  only  about  twice  as  great  as 
that  of  iron.  It  is  a  striking  illustration  of  the  effect  of  great 
cold  on  electrical  conductivity  to  realize  that  at  the  tem})era- 
ture  of  boiling  liquid  oxygen  pure  iron  conducts  electricity 
better  than  the  purest  electrolytic  copper  does  at  ordinary 
temperatures.  We  hope  before  long  to  extend  and  complete 
the  above  investigation. 

August  1892. 


XXXVIII.    On  Theories  to  account  for  Glacial  Submergence. 
By  Rev.  0.  Fisher,  M'.A.,  F.G.S.* 

GEOLOGISTS  who  have  made  glacial  epochs  their  special 
study  have  in  general  come  to  the  conclusion  that  the 
advent  of  an  ice-sheet  has  been  accompanied  by  a  considerable 
depression  of  the  earth's  surface  in  the  regions  covered  by  it. 
More  than  one  theory  has  been  advanced  to  account  for  this 
circumstance,  and  we  will  begin  by  examining  what  appears 
to  be  the  latest  conception  upon  the  subject,  but  one  which 
has  not  hitherto  been  submitted  to  the  test  of  numerical 
computation. 

It  is  easy  to  see  that  if  an  area  not  previously  within  the 
influence  of  perpetual  frost  becomes  newly  enveloped  in  ice, 
a  corresponding  cooling  of'  the  ground  must  be  the  conse- 
quence, and  a  depression  of  the  isogeotherms  accompanied  by 
a  contraction  of  the  rocks  must  follow.  The  idea  that  this 
contraction  may  possibly  account  for  much,  if  not  the  whole, 
of  the  depression  which  requires  to  be  explained,  appears  to 
have  presented  itself  to  some  glacialists.  The  following  cal- 
culation has  been  undertaken  with  the  view  of  testing  this 
hypothesis.  The  result  will  show  that  it  is  wholly  inadequate 
to  explain  the  phenomena. 

We  may  consider  that  before  the  ice-sheet  was  formed  the 
underground  temperature  increased  proportionally  to  the 
depth,  as,  for  instance,  one  degree  Fahr.  for  51  feet.  In 
that  case  the  temperature-curve  will  have  been  a  straight 
line,  and  may  be  expressed  by 

V  —  mx  +  b  ; 

where  v  is  the  temperature  at  the  depth  w,  m  the  rate  of  in- 

*  Communicated  by  the  Author. 
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crease  per  unit  depth,  and  b  the  mean  const.nnt  temperature 
at  the  surface.  For  convenience  we  will  take  the  temperature 
b  as  the  mean  above  the  freezing-point,  which  for  degrees  Fahr. 
will  make  b  =  20°,  supposing  the  mean  temperature  of  the 
surface  to  be  52°.  This  merely  implies  shifting  the  zero  of 
the  scale  up  through  32°. 

Let  us  then  suppose  that,  as  soon  as  the  ice-sheet  is  formed, 
the  surface  is  reduced  to  the  freezing  temperature  of  water, 
and  kept  at  that  temperature  as  long  as  glacial  conditions 
last.  These  hypotheses  will  deviate  from  the  truth  in  two 
respects :  first,  because  the  mean  temperature  of  the  surface 
will  be  not  suddenly  but  gradually  lowered  while  the  climate 
becomes  colder,  before  the  ice-sheet  is  permanently  established; 
and,  secondly,  because  the  temperature  of  the  surface  under 
the  ice  will,  on  account  of  the  pressure,  be  somewhat  lower 
than  the  melting-point  at  atmospheric  pressure.  Nevertheless 
our  result  will  give  a  general  idea  of  the  rate  and  extent  of 
the  refrigeration  of  the  crust  of  the  #arth  beneath  an  ice-sheet, 
and  of  the  order  of  magnitude  of  the  depression  of  the  surface 
which  it  may  be  expected  to  produce. 

Let  V  be  the  temperature  at  the  depth  ,r  when  the  surface 
of  the  ground  has  been  kept  at  zero  temperature  during  t  years. 

Let  K  be  the  conductivity  of  rock  expressed  in  terms  of  its 
own  capacity  for  heat,  the  units  used  being  one  foot  and  one 
year.     Then,  according  to  Lord  Kelvin,  «:  =  400. 

If  Y=f(.v,  t)  be  the  equation  sought,  then  it  must  fulfil  the 
following  conditions : — 

(1)  /{x,  t)  must  become  mx  +  b  when  ^  =  0. 

(2)  It  must  become  zero  when  .i'  =  0. 

(3)  Since  in  any  finite  time  the  cooling  will  not  have 
reached  to  an  infinite  depth,  f{cV,  f)  must  become  mx  +  b, 
when  t  is  finite  and  x  infinite. 

(4)  It  is  also  obvious  that  after  the  lapse  of  an  infinite 
time  the  temperature  for  all  finite  depths  must  become 
inx. 

(5)  The  condition  for  conduction  of  heat  must  be  satisfied, 

.     dY  _    d'V 
dt  ~~    da? 

It  will  be  found  that 


X        — jr- 


97)    C-^^    -^ 
=imx-i ^  '  ^  ■*"*'• 


X 

satisfies  all  the  conditions ;  for,  writmg  /^  for  — -=, 

V  4Kt 
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'  V  =  7nx  H 


ttJo 


2/>  v^TT 

v/tt        2 
=  mx  +  h. 

Hence  condition  (1)  is  satisfied. 
When  0^  =  0,  .„ 

V= e-i'iJfi  =  0. 

s/ttJo 
Hence  (2)  is  satisfied. 

When  X  is  infinite  and  t  finite,  the  result  is  the  same  as  for 
condition  (1).     Hence  (3)  is  satisfied. 
When  t  is  infinite  and  .^•  finite, 

■2b    f'>      .,  , 

=  mx. 

Hence  (4)  is  satisfied. 

We  have  now  to  show  that  the  condition  (5),  viz. 

clV  _    cfV 
dt  ""  dx'' 

is  satisfied. 

?^ince                  -jr            ,     26 
V  =mx-\ -^ 

V  TT 


Jo 


where  _     x 

,    dfjb  _      1      X 
dt  ~~~2  ^VI/c' 

Substituting  from  this,  and  differentiating  with  respect  to  f 

dY  2b    z£i        X 


dt  Vir  2V4:Ke 

Similarly  differentiating  jx  with  regard  to  x, 

dfJL_        1 

clY  2?>     =£1      1 

dx  v/tt  VAKt 
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whence 


or 


h 

1    z^ 
-  -  t  •*«' 

X 

V' 

TT  K 

VlKt' 

dW 

1  (7V 

dx' 

K  dt  ' 

dY 

d'Y 

dt 

=  ' 

''  da^ 

Hence  (5)  is  satisfied. 

The  temperature  at  the  depth  .7',  when  the  ice-sheet  has 
endured  for  t  years,  being  thus  shown  to  be  expressible  by 
the  formula 

r 

V  =  m.r+  — =  e-f'^dfi, 

Vttj  9 

where  zero  is  the  freezing  temperatui-e  ;  since  the  tempera- 
ture at  the  depth  x  before  tlie  ice-sheet  was  foruied  was 

V  =  nix  +  b, 

it  follows  that  the  coolinjr  has  been 


X 

TTjO 


The  values  of  the  definite  integral  have  been  tabulaied. 
Tliey  may  be  found  in  Oj)])olzer's  BaJniJiessthmnung  derKoineten 
nnd  Planeten,  Zweiter  Band,  1880,  table  X. 

Taking  h  as  20°  and  «  as  400,  as  already  exi)laine(l,  the 
cooling  has  been  calculated  from  the  above  expression  for 
various  durations  of  an  ice-sheet^  and  the  results  are  given 
in  the  subjoined  table.  It  has  been  thought  sufficient  to  stop 
at  depths  where  the  cooling  becomes  less  than  one  degree 
Fahr. 

It  appears  from  the  above  expression  that  the  amount  of 
cooling  is  independent  of  m,  the  temperature  gradient,  and 
that  it  is  proportional  to  }>,  the  mean  temperature  of  the  surface 
above  the  freezing-point  before  the  ice  was  formed.  Hence 
all  the  numerical  results  which  follow,  and  which  have  been 
calculated  for  a  temperature  of  20°  above  freezing,  can  readily 
be  adapted  to  any  other  l)y  a  simple  proportion. 
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Table  of  Cooling  in  degrees  Fahr. 


Time, 

in  years  ... 

lax). 

5000. 

10,000. 

15,000. 

^!   » 

20  0 

200 

200 

200 

1000 

4-5 

12-4 

14-5 

15-5 

"S 

2000 

0-3 

8-4 

06 

11-5 

•a   ^ 

3000 
1    4000 

O-l 

2-7 
10 

0-7 
4-0 

80 
51 

5000 

0-3 

1-5 

3-0 

6000 

06 

1-7 

^      TfXK) 



09 

In  order  to  estimate  what  amount  of  depression  of  the 
surface  may  be  expected  to  have  been  caused  by  the  cooling 
of  the  rocks,  we  observe  that  the  whole  contraction  will  be 
exhibited  in  the  vertical  direction,  and  that  accordingly  we 
must  make  use  of  E,  the  coefficient  of  voluminal  contraction. 
If,  then,  F  be  the  cooling  at  x,  the  depression  of  the  surface 
due  to  the  contraction  to  that  depth  will  be  correctly  given  by 

F  dx.     But  owing  to  the  form  of  the  function  this  cannot 


E 


Jo 


be  directly  integrated.  We  may,  however,  approximate  suffi- 
ciently closely  by  means  of  the  above  table,  taking  the  depths 
at  increments  of  1000  feet. 

Let  us  assume,  for  instance,  the  duration  of  the  ice-sheet  at 
15,000  years.  Then  the  contraction  down  to  7000  feet,  where 
the  fidl  of  temperature  becomes  less  than  one  degree,  will  be 


E 


20  +  1^1000+  i51+i^  1000 +  &C.} 
2  2  > 

=  E(10  + 46-2)  1000. 


Now  E,  according  to  Mallet's  experiments,  is  about 
0*00O0215*.  Adieus  t  and  Keade'sJ  estimates  are  rather  less. 
Using  this  value,  we  get  the  contraction  and  resulting  de- 
pression of  the  surface,  1-2  feet. 

One  further  example  may  suffice.  We  will  take  the  dura- 
tion of  the  ice-sheet  at  100,000  years,  and,  as  before,  calculate 
the  cooHng  at  intervals  of  1000  feet  down  to  the  depth  of 

*  Phil.  Trans.  Roy.  Soc.  vol.  clxiii.  p.  201. 
t  Trans.  Roy.  Soc.  Edinb.  vol.  xiii.  p.  370. 

X  'Origin  of  Mountain  Ranges,' p.  112.  See  also  the  author's  '  Physics 
of  the  Earth's  Crust,'  2nd  edit:  p.  102. 

Phil.  Mag.  S.  5.  Vol.  34.  No.  209.  Ort.  1892.         2  B 
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about  five  miles,  after  which  it  becomes  insensible.     We  find 
at  successive  thousands  of  feet  : — 

Depths...    0.  1.  2.  3.  4.  5.  6.  7.  8. 

Cooling...  20°      18°-2      16°-4      15°-3      13°-1      11°4      10°-2      9°-8      8°-8 


Deptlis.. 

.      9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

Cooling.. 

.  6° -3 

5° -3 

40.4 

3° -6 

3°0 

2° '4 

l°-9 

l°-5 

1°2 

Depths... 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

Cooling.. 

.  0°-9 

0°-7 

0°-6 

0°-4 

0°-3 

0°-2 

0°-2 

0°-2 

0^-1 

The  resulting  depression  of  the  surface,  even  with  the  pro- 
longed duration  of  an  ice-sheet  for  100,000  years,  would 
therefore  amount  to  no  more  than  3*1  feet. 

The  conclusion  to  be  drawn  from  our  investigation  is  in- 
evitable— that  no  appreciable  part  of  a  glacial  submergence, 
known  to  have  reached  several  hundred  feet,  can  be  accounted 
for  hy  the  cooling  of  the  rocks  by  the  ice-sheet.  The  reasons 
why  the  contraction  and  consequent  depression  of  the  surface 
would  be  so  small  are  to  be  found,  firstly,  in  the  extreme 
slowness  with  which,  if  we  may  be  permitted  so  to  express  it, 
the  cold  would  be  conducted  into  the  ground  ;  and,  secondly, 
the  very  small  contraction  which  rocks  undergo  owing  to 
change  of  temperature.  We  may  evidently  dismiss  this 
theory  of  glacial  submergence. 

Since,  however,  their  coincidence  renders  it  highly  prob- 
able that  the  connexion  between  glaciation  and  submergence 
has  not  been  fortuitous,  but  that  they  are  related  as  cause  and 
effect,  we  will  shortly  refer  to  two  other  theories  which  have 
been  proposed.  These  are,  (1)  a  depression  of  the  surface  of 
the  crust  by  the  weight  of  the  ice,  so  that  the  water  of  the 
ocean  should  overflow  the  depressed  area  ;  and  (2)  an  eleva- 
tion of  the  sea-level  in  the  neighbourhood  of  an  ice-sheet  by 
the  attraction  exercised  upon  the  water  by  the  mass  of  the 
ice.  We  cannot  form  au}^  opinion  upon  the  efficacy  of  these 
supposed  causes  of  submergence  without  making  a  preliminary 
supposition  regarding  the  condition  of  the  interior  of  the 
earth  ;  for,  unless  that  is  sufficiently  mobile  to  yield  freely  to 
the  weight  of  the  ice-sheet,  the  first  of  the  above  causes  could 
not  act ;  while,  on  the  other  hand,  unless  the  ice-sheet  is 
rigidly  supported,  the  second  cause  would  have  only  a  slight 
effect  upon  the  level  of  the  ocean. 

First,  then,  if  the  substratum,  upon  which  the  crust  of  the 
earth  rests,  yields  freely  to  any  increase  of  {)ressure,  so  that 
the  crust  is  continually  supported  in  hydrostatic  equilibrium, 
it  is  clear  that  any  additional  load  laid  upon  a  portion  of  the 
surface   would   displace   an  equal    mass    of  the    substratum. 
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Consequently,  if  I  be  the  volume  of  an  ice-sheet  and  fi  its 
density,  M  the  volume  of  the  magma  displaced  and  a  its 
density,  we  must  have 

The  amount  of  depression  of  the  crust  and  the  corresponding 
submergence  around  the  ice-covered  area  will  consequently 
depend  u])on  the  lateral  dimensions  of  the  displaced  magma. 
The  wider  these  are  the  less  will  be  the  submergence  at  the 
edge  of  the  depressed  area. 

As  the  most  favourable  case  theoretically  possible,  let  us 
suppose  the  lateral  dimensions  of  the  ice-sheet  and  of  the 
displaced  magma  to  be  the  same,  and  that  their  mean  thick- 
ness and  depth  are  x  and  z  respectively.  Then  the  volumes 
will  be  proportional  to  .v  and  z,  and  we  shall  have 

fjl,a;  =  <TZ. 

For  ice,  /4  =  0'9176,  and  we  may  put  the  density  of  the  magma 
of  the  substratum  at  2*9G.     Hence 

0-91 7H        ... 

that  is,  in  the  most  favourable  case  conceivable  the  submer- 
gence would  be  0'31  times  the  mean  height  of  the  ice-sheet. 
If  the  submergence  had  been  1000  feet,  the  least  possible 
height  of  the  ice-sheet  would  have  been  3226  feet.  On  the 
Avhole,  what  we  must  conclude  from  the  above  is  that,  on 
this  theory,  for  a  submergence  of  1000  feet  the  ice-sheet 
must  probably  have  considerably  exceeded  3226  feet  in  mean 
thickness. 

Such  a  thickness  for  the  ice  would  not  appear  to  be  exces- 
sive, and  points  to  the  theory  of  subsidence  through  the  weight 
of  the  ice  as  a  probable  explanation  of  the  phenomena.  At 
the  same  time  it  must  be  remembered  that  this  involves  the 
necessity  of  a  highly  plastic,  if  not  liquid,  substratum,  and 
affords  one  further  argument  towards  rendering  such  a  con- 
dition of  the  interior  probable*. 

We  will  now  consider  the  second  hypothesis,  namely  that 
the  submergence  has  been  caused  by  the  attraction  of  the  ice- 
sheet  upon  the  ocean,  thereby  raising  its  surface  in  a  slope 
towards  itself  and  causing  submergence  in  its  neighbourhood. 
Ui)on  the  hypothesis  of  solidity  of  the  interior,  the  ice-sheet 

*  See  a  paper  "  On  the  hypothesis  of  a  Liquid  condition  of  the  Earth's 
Interior  considered  in  connexion  with  Professor  Darwin's  theory  of  the 
(ieniisirt  of  the  Moon,"  by  the  author  (I'roc.  Cunib.  J'liil.  Soc.  vol.  vii. 
p.  •t-i^>,  iH\)-2),  wliorein  tliis  (question  is  dealt  with  in  relation  to  the  tides. 
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would  be  fully  supported,  so  that  its  altitude  above  the  mean 
ocean-level  would  correspond  exactly  with  its  thickness.  The 
subject  has  been  fully  discussed  by  Prof.  E,.  S.  Woodward,  of 
the  U.S.A.  Geological  Survey,  and  he  has  calculated  the 
amount  of  submergence  at  varying  distances  from  the  edge 
of  the  ice  for  various  dimensions  of  the  ice-sheet*.  He 
gives  a  table  showing  the  disturbance  of  the  sea-level  attri- 
butable to  an  ice-cap  of  38°  angular  radius  and  10,000  feet 
uniform  thickness,  and  of  the  variation  of  the  sea-level 
attributable  to  the  same  mass,  on  the  supi)osition  that  the 
north  and  south  poles  have  been  alternately  glaciated,  as  Dr. 
Croll's  theory  Avould  require  them  to  be.  It  appears  from  his 
figures  that  a  submergence  of  about  1000  feet  would  be  pro- 
duced at  the  margin  of  the  ice-cap  under  those  circumstances. 
It  will  be  observed  that  the  thickness  of  the  ice  assumed  is 
extremely  great,  and  that  this  cause  of  submergence  is  not 
nearly  so  effective  for  a  given  thickness  of  the  ice  as  that  of 
subsidence,  M^hich  we  have  just  considered.  At  the  same 
time  it  is  certain  that  such  an  ice-cap,  if  so  supported,  would 
produce  the  effect  described,  although  it  is  by  no  means 
certain  that  it  would  be  supported. 

It  may  be  asked  whether  these  two  theories  of  submergence 
are  necessarily  alternative.  Why  may  not  the  submergence 
be  partly  due  to  subsidence,  and  partly  to  the  attraction  of 
the  ice-sheet?  The  answer  seems  to  be,  that  these  two  causes 
of  submergence  cannot  exist  together,  because,  if  the  crust 
were  to  be  depressed  into  the  substratum  a  mass  of  heavy 
magma  beneath,  approximately  equal  to  that  of  the  ice,  would 
be  displaced,  and  distributed  through  the  general  spherical 
interior.  There  would  therefore  be  no  increase  of  mass  in  the 
immediate  region  of  the  ice-sheet  to  disturb  the  mean  level  of 
the  ocean. 


XXXIX.    Further   Experiments   on   the    Specific    Inductive 
Capacity  of  Electrolytes.     By  Edward  B.  Rosa,  Ph.D., 
Professor  in  Wesleyan  University^. 
[Plate  IX.] 

I.  TN  a  note  appended  to  an  article  on  the  "  Specific  Induc- 
JL     five    Capacity  of  Electrolytes,^'  in  the  Philosophical 
Magazine  for  March  1891,  I  referred  briefly  to  some  experi- 
ments then  under  Avay  on  the  behaviour  of  glass  in  a  non- 

*  "  On  the  Form  and  Position  of  the  Sea-level,''  Bulletin  of  the  United 
States  Geological  Survej-,  No.  48.     Washington,  1888. 
f  Communicated  by  the  Author. 
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uniform  electrical  field  in  different  liquids.  The  experiments 
Avere  undertaken  with  a  view  of  verifying  the  results  of 
previous  work,  which  indicated  that  water  and  alcohol  possess 
genuine  specific  inductive  capacities  much  larger  than  most 
other  liquids,  although  not  infinite  as  sometimes  stated. 
The  energy  of  an  electrical  system  is 


W=iOjKH^^ft,. 


Supposing  the  media  isotropic,  and  the  system  to  consist  of  a 
solid  dielectric  immersed  in  a  fluid,  we  mav  write 


^V=MH'*+|ilH.=*'. 


where  the  first  integral  is  to  be  taken  throughout  the  fluid 
and  the  second  throughout  the  solid.  If  Ki>K  the  force  in 
the  fluid  near  the  solid  is  increased,  while  within  the  solid  it 
is  decreased,  as  compared  with  the  forces  in  the  absence  of 
the  solid.  The  total  energy  is,  however,  increased  by  the 
presence  of  the  solid,  and  if  the  field  is  variable  the  solid  is 
acted  upon  by  a  resultant  force  which  urges  it  toward  the 
stronger  parts  of  the  field.  If,  however,  Ki<K  the  solid 
tends  to  move  toward  those  regions  where  the  electric  force 
is  less.  This  is  analogous  to  the  case  of  magTietic  and 
diamagnetic  bodies  in  a  magnetic  field. 

These  considerations  lead  one  to  expect  that  glass  (for 
example)  would  go  toward  the  stronger  parts  of  the  field  in 
air,  turpentine,  and  other  dielectrics  having  a  small  value  of 
K,  and  toward  the  weaker  regions  of  the  field  in  water  and 
alcohol.  Moi'eover,  since  K  for  water  and  alcohol  is  very 
large,  the  glass  would  experience  a  force  many  times  greater 
in  water  in  the  one  direction  than  in  air  in  the  other.  These 
anticipations  have  been  completely  realized. 

The  Electrical  Field. 

II.  In  order  to  obtain  an  electrical  field  in  which  the  in- 
tensity of  the  electric  force  varies  in  a  known  manner,  I  chose 
the  case  of  two  parallel  wires  oppositely  charged.  As  is  well 
known,  the  equipotential  surfaces  and  tubes  of  force  are  in 
this  case  circular  cylindei's  intersecting  orthogonally.  A 
section  perpendicular  to  the  two  parallel  wires  M,  N  is  shown 
in  fig.  1,  Plate  IX.  The  field  may  be  calculated  by  means  of 
conjugate  functions  in  two  dimensions.     Putting 

log  {.c  -\-fj/)=ia  +  i/3 
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we  have  the  case  of  a  single  charged  wire,  where  «  =  constant 
is  the  equation  of  the  equipotential  surfaces  and  /3  =  constant 
is  the  equation  of  the  Hnes  of  force.     Hence 

gives  the  ease  of  two  oppositely  charged  wires.  Transferring 
the  oi-igin  to  a  point  equidistant  from  the  wires  and  on  the 
line  joining  them,  we  find 

«=^log^,      ^  =  tan-i(-::^)  =  tan-^(-|^,). 


a  represents  the  equipotential  lines,  and  /3  the  lines  of  force  ; 
a  and  b  are  the  distances  from  the  points  M  and  N  respectively 
to  the  points  Ci,  Cg,  c^. ..  along  the  axis  of  X.  For  given 
values  of  a  and  b,  a  is  constant  and  so  also  is  R^,  the  radius  of 
the  equipotential  lines,  which  are  therefore  circles  with 
Ci,  C2,  (?3 . . .  as  centres.  A  is  the  constant  distance  ON.  B  is 
the  distance  from  0  to  the  points  S^,  S2,  S3 . . .  For  a  given 
value  of  B,  yS  is  constant  and  also  R^,  the  radius  of  the  corre- 
sponding line  of  force,  which  is  therefore  a  circle.  Tliese 
two  systems  of  circles  divide  up  the  plane  into  areas  which 
are  in  the  limit  squares,  and  the  figure  shows  how  the  force 
varies  from  point  to  point.     To  get  the  force  at  any  point 

da 
along  the   axis   of  X,  find  the  corresponding  value  of  -^  > 

7/  being  zero  ;  and  for  the  force  at  points  along  the  axis  of  Y 
(the  force  of  course  being  perpendicular  to  the  axis  of  Y), 

since  ^—  =  -7-,  find  the  corresponding  values  of  -f- ,  .r  being 
dx       dy  ^  ^  dy  ^  *^ 

zero.     Thus, 


da        da   db 


'  _  Arj^  _       4A^      -| 
;  ~  2  LR2        (A2-A-2)2j' 


dx       db'dx  ~  2  LR2        (A^ 

tl§___     2A 
dy  ~      /  +  A2- 

At  the  origin  A'=/y  =  0,  and  R^=x  ;  hence 
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du  2        iW 

forces  -J-  = r  =  -r 

^  dx  A       dy 

Tlie  force  increases  as  we  pass  either  way  from  the  origin 
along  the  axis  of  X,  and  decreases  along  the  axis  of  Y.  We 
may  replace  any  equipotential  surface,  as  ag,  by  a  conductor 
bearing  a  charge  equal  to  that  of  the  line  N,  and  then  re- 
moving N  from  the  sj'stem  the  space  within  «g  is  at  a  uniform 
potential,  and  the  field  without  is  entirely  unaltered.  Hence, 
instead  of  using  two  charged  lines  M,  N  to  produce  the 
electric  field,  two  circular  cylinders  of  considerable  diameter 
are  employed.  A  solid  dielectric  at  any  point  on  the  axis  of 
Y  will  approach  or  recede  from  the  origin  0  according  as  its 
specific  inductive  capacity  is  greater  or  less  than  that  of  the 
medium  surrounding  it.  When  the  liquid  medium  is  slightly 
conducting  the  case  is  not  so  simple  ;  for  then  surface  charges 
develop  on  the  solid,  and  the  lines  of  force,  which  are  now 
stream  lines,  go  round  the  solid.  The  distribution  of  energy 
is  modified,  and  we  cannot  say  at  once  that  the  ratio  of  the 
specific  inductive  capacities  is  the  sole  criterion  which  de- 
termines the  direction  of  the  resultant  force  on  the  solid. 

The  Apparatus. 

In  the  experiment  there  were  employed  two  pairs  of  elec- 
trodes, Mi,Ni  and  Mg,  Ng,  shown  in  section  in  fig.  2.  They 
were  of  platinum,  0"9  centim.  in  diameter,  5*0  centim.  long, 
and  their  centres  were  2*6  centim.  apart.  M^  and  M2  were 
joined  to  one  pole  of  a  battery  furnishing  any  desired  potential 
up  to  140  volts  ;  Nj  and  N2  were  joined  to  the  other  pole  ; 
and  a  rotating  commutator  served  to  give  alternations  of  50 
to  100  per  second.  Two  cylinders  S^,  Sg  of  glass,  mounted  on 
glass  stems,  were  carried  on  the  arms  of  a  torsion  balance,  d 
being  the  axis  of  rotation.  The  deflexion  was  measured  by  a 
telescope  and  scale,  and  the  force  determined  in  absolute 
measure.  The  cylinders  of  glass  were  subsequently  replaced 
by  cylinders  of  paraffin,  beeswax,  and  other  dielectrics,  and 
carbon  and  brass  among  conductors.  The  force  /  on  the 
cylinders  is  perpendicular  to  the  direction    of  the  lines  of 

d{W) 

electric  force. 


electric  force  and  is  proportional  to   -~ — -■>    where  H  is  the 


"  =  «A^' 
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where  C  depends  on  the  difference  of  potential  between  the 
electrodes.    /  has  a  maximum  value  at  a  point  P  where 

A 

that  is,  about  a  quarter  of  the  distance  between  the  axes  of 
the  cylinders  from  the  origin.  About  tliis  maxinmm  point 
the  force  varies  but  little  for  a  considerable  distance.  This 
is  then  a  particularly  favourable  place  to  put  the  solid  S, 
as  an  exact  knowledge  of  its  position  is  not  necessary.  A 
fairly  accurate  adjustment  was,  however,  always  made,  by  first 
brinffiny-    the  solid  iust    between   the    electrodes  where    the 

11  •!  'Ill 

resultant  force  is  zero,  and  then  turnnig  the  torsion-head,  by 
means  of  a  lever  reaching  to  the  telescope,  always  through 
the  same  angle.  The  resultant  force/  on  the  solid  is  inversely 
proportional  to  A"^,  and  directly  proportional  to  the  volume  of 
the  cylinder,  that  is  to  the  cube  of  its  linear  dimensions.  Thus 
changing  the  linear  dimensions  of  the  system  does  not  alter  the 
force  on  the  solid.  The  following  is  a  brief  statement  of  the 
results  observed  : — 

1.  Glass  cylinders  in  air,  petroleum  oils,  bisulphide  of 
carbon,  turpentine,  and  benzene  are  attracted ;  that  is, 
move  into  the  stronger  parts  of  the  field. 

2.  The  force  is  least  in  air  and  greatest  in  turpentine ;  in 
short  is  greater  in  those  media  having  a  greater  specific  in- 
ductive capacity,  all,  however,  being  considerably  less  than 
that  of  glass.  This  indicates  that  the  principal  change  of 
energy  is  in  the  fluid  medium. 

3.  In  water,  alcohol,  and  ether  (the  latter  containing  water 
and  alcohol  as  impurities)  glass  is  repelled,  the  forces  of 
repulsion  being  nearly  in  the  ratios  of  9:3:1  respectively. 
In  bisulphide  of  carbon  containing  about  20  per  cent,  of  the 
same  ether,  glass  is  attracted,  but  with  about  40  per  cent, 
it  is  repelled. 

4.  The  force  of  repulsion  on  glass  in  water  is  over  60  times 
as  great  as  the  attraction  in  air.  Since  this  is  approximately 
the  value  of  the  specific  inductive  capacity  of  water  it  suggests, 
as  in  the  case  of  glass  in  liquids  of  low  specific  inductive 
capacities,  that  the  chief  change  in  energy  due  to  the  presence 
of  the  glass  is  in  the  fluid  media. 

5.  The  force  on  the  glass  is  proportional  to  the  square  of 
the  difference  of  potential  between  the  electrodes,  and  there- 
fore to  H^.  In  the  case  of  water  and  alcohol  this  was  verified 
quite  accurately  ;  and  in  the  case  of  the  other  liquids,  where 
the  forces  were  much  smaller,  it  was  verified  a[)proxin>ately. 
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Conducting  Cylinders. 

III.  If  the  cvlinder  is  a  conductor  and  is  surrounded  by  a 
noncon(iucting  medium,  the  lines  of  force  are  drawn  toward 
it,  as  lines  of  magnetic  force  are  gathered  up  by  a  piece  of 
iron  put  into  a  magnetic  field.  The  resultant  force  is  always 
one  of  attraction  toward  the  electrodes.  This  follows  from  the 
tendency  of  the  lines  of  force  to  shorten,  and  being  more 
numerous  on  the  side  toward  the  origin,  the  conductor  is  drawn 
in  that  direction.  If  the  surrounding  medium  is  a  conductor, 
the  case  is  not  modified  providing  the  solid  is  a  very  much 
better  conductor.  Thus,  suppose  the  cylinder  is  carbon  and 
the  medium  water.  The  latter  is  a  fair  conductor,  yet  carbon 
conducts  millions  of  times  better  than  does  distilled  water, 
and  the  lines  of  force  will  be  arranged  sensibly  the  same  as 
though  water  were  a  nonconductor  and  carbon  a  perfect  con- 
ductor. The  resultant  force  on  the  cylinder  in  a  given  field 
will  evidently  be  proportional  to  the  specific  inductive  capacity 
of  the  medium  of  the  field.  This  is  a  much  simpler  case  than 
that  of  a  dielectric  solid  in  a  liquid,  where  the  conductivity  of 
the  liquid  and  the  specific  inductive  capacity  of  the  solid 
affect  the  result.  As  before,  an  accurate  adjustment  of  the 
position  of  the  conducting  cylinders  is  not  necessary,  and 
using  the  same  cylinders  with  the  same  difference  (or  known 
differences)  of  potential,  this  would  seem  to  be  an  excellent 
method  of  measuring  the  specific  inductive  capacity  of  liquids. 
Accordingly,  cylinders  of  carbon  (cut  out  of  an  arc-light 
carbon)  were  mounted  in  the  torsion-balance  and  the  force  of 
attraction  under  various  conditions  measured. 

1.  The  force,  as  we  should  expect,  is  accurately  propor- 
tional to  the  square  of  the  difference  of  potential  for  air  and 
all  liquids,  conducting  and  nonconducting. 

2.  The  force  is  approximately  proportional  to  the  volume  of 
the  cylinder.  This  was  found  to  be  roughly  true  for  three 
pairs  of  cylinders  of  nearly  equal  length,  but  of  very  different 
volumes,  2.  e.,  0"73,  5*7,  and  10*0  cubic  centimetres  respec- 
tively. The  force  increased  somewhat  faster  than  the  volumes, 
which  would  be  expected,  as  the  larger  cylinders  extend 
farther  into  the  stronger  parts  of  the  field  near  the  electrodes. 
For  small  changes  in  the  volume  the  force  may  be  taken  as 
proportional  to  the  volume. 

3.  The  following  tables  give  series  of  measurements  mado 
with  the  second  pair  of  cylinders  (volume  5*7  c.c.)  in  air  and 
turpentine.  Other  measurements  agreed  with  these  almost 
exactly. 
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Table  1. — Air. 


V  =  Potentials. 

Deflexions. 

Squares  of  Tqq- 

Quotients  of 
Deflexions  by 

Vioo/ 

105-0  volts. 

2  02  cm. 

1-102 

1-83    cm. 

107-0    „ 

2-08    „ 

1145 

1-82      „ 

132-5     „ 

3-15   „ 

1-755 

1-80      „ 

118-2    „ 

2-53    „ 

1-397 

1-81      „ 

Mean  for  100  v 

jlts   

1-815    „ 

Table  II. — Turpentine. 


V  =  rotential8. 

Deflexions. 

Squares  of  i^jq- 

Quotients. 
4-36  cm. 

101-4  volts. 

4-48  cm. 

1-028 

M 

4-44    „ 

» 

432     „ 

,. 

4-45    „ 

,. 

4-33     „ 

101-5  volts. 

4-48    „ 

1-030 

4-35     „ 

» 

4-47    „ 

„ 

434     „ 

101-2  volts. 

4-47    „ 

1-024 

4-36     „ 

Mean  for  100  t 

olta  

4-34    „ 

4-34 

Y77rr^=2*39  =  spgc//?c  inductive  capacitu  of  Txirpentine. 

In  the  same  way  other  liquids  were  treated,  and  the  follow- 
ing values  of  their  specific  inductive  capacities  obtained  : — 

Water  at  16°-5  C K=70. 

Alcohol,  about  93  per  cent K  =  30*9. 

Ether  (with  water  and  alcohol  impurities)  .  K=   8*4. 

Turpentine K=    2'39. 

Petroleum  Oil,  300°  Test K=   2-04. 

Petroleum  Oil,  light  illuminating       .     .     .  K=    1*97. 

The  diflference  between  the  above   value   for  alcohol  and 
that  previously  given   for  absolute  alcohol    (25 '7)  is  readily 
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accounted  for  by  the  water  present  in  this.  Pure  etlier  has 
a  much  smaller  value  than  that  <;iven  above. 

This  method  is  capable  of  giving  tolerably  accurate  results, 
although  it  cannot  be  used  with  heavy  oils  ;  for  the  force  to 
be  measured  is  small  and  the  volume  of  the  cylinders  is  con- 
siderable; hence  the  latter  move  very  slowly  through  a  quite 
A'iscous  liquid.  The  method  given  in  the  paper  already 
referred  to  is  applicable  to  such  liquids,  and  is  perhaps  more 
convenient  for  all. 

Mathematical  Theory. 

IV.  An  exact  solution  of  this  problem  would  be  difficult  to 
obtain.  An  approximate  solution  may  be  found  as  follows. 
Maxwell  (vol.  i.  ch.  v.)  gives  an  expression  for  the  mechanical 
action  between  two  electrical  systems  in  terms  of  a  surface 
integral  taken  over  one  of  them.  The  value  of  the  Y-com- 
ponent  of  the  force  is 

where  ds  is  an  element  of  the  closed  surface  of  one  system  and 
/,  ??i,  n  are  direction-cosines  of  the  normal  to  ds.  Writing  V 
instead  of  -^  for  the  potential,  the  values  of  the  p's,  are 

^'y'^-K'  dy  '  dx' 

^'yy  ~  87r  I  V  dy  )       \  dz  )       \  dx  )  J 

^J^dVdV 
^^'y     47r  dy  '  dx' 
In  the  present  case,  if  the  axis  of  Z  be  taken  parallel  to  the 

f/V 
axis  of  the  cylinder,  — -  =.  0,  and  we  have 

^      LK''    CS        n/dVY  n(dYW^  .    ^dY   dY\,.     ,,, 

since  ds=Jjpd6,  L  being  the  length  of  the  cylinder  andp 
its  radius.  K"  is  the  specific  inductive  capacity  of  the  medium, 
assumed  above  to  be  unity.  Using  r  and  6  instead  of  x  and 
y,  this  expression  becomes 

p      LW    Cj        .fdY\'     cos^    /dY\'       sin^    dY   dY  \  ,.   .^. 

Since  two  parallel  lines  oppositely  charged  have  equipoten- 
tial  surfaces  which  are  circular  cylinders  more  and  more 
excentric  as  they  become  larger  (see  figure  l),we  can  replace 
our  two  i)arallcl  circular  cylinders  by  two  lines  M,  N,  which 
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arc   nearer   together  than  the   axes  of  the  cylinders.      The 

potential  at  any  point  P  distant  11'  and  W  from  these  lines  is 

V  =  logIl'-logR". 

Expanding  log  R'  and  log  R"  in  terms  of  R,  r,  and   the 
angle  (f),  we  have  approximately 

tr       1              7*^       1               '/'^  ~] 

cos  ^  ^  +  ^  cos  2</>Tr2  +  o  cos  30  yp  + J 

r  r       1  r^       1  r^  "I 

logR"=logR— I  cos<^i^+  2Cos2</>i^2+  ^(^o^^i^  + -  • -l 

(f)  =  a—6     and  (j)i  =  ot  +  6  ;  hence 

r  r      1  r' 

logR'— logR"=V=:— 2   sin  a  sin  ^  ^^ +^  sin2«sin  2^^ 

1  .         ?•'  "I 

+  .J  sin  3a  sin  ^0^  +  •  •  •    ■  (C) 

Inside  the  cylinder  the  potential  is 

V  =  ai  r  sin  ^  +  aj  r'  sin  20  -f-  rtg  r'  sin  3^  + . . .  . 
Outside  the  potential  is 

V"=V  +  ^sin^  +  ^sin26'  +  ^4sm36'+  .... 

V  being  the  potential  when  the  cylinder  is  absent,  and 
tti  a  as  .  .  .  «'»nd  /',,  ^25  ^3  •  •  •  being  undetermined  coeffi- 
cients. Substituting  the  value  of  V  given  by  equation  (C) 
in  the  expression  for  Y",  we  have 

Y"  =  r^-^  _  2  ^  sin  «]  sin  ^  +  [^  "  I  ^  sin  2al  sin  20 


+ 


1^3-3'  h^'^'^^'V''^^^'^ "  " 


At  the  surface,  where  r  =  p  the  radius  of  the  cylinder,  the 

dY'  dY" 

conditions   are  that   V'=V"   and  K'-^=K"-^.      These 

equations  determine  the  coefficients  ai,  Cgj  ^3  •  •  •  ^b  ^'a?  ^j  •  •  • 
and  give 

where  K=,r,~ ,.,,.      Differentiating  this  value  of  V",  we 
K'  +  Iv' 

have,  after  putting  r  =  p, 
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dN"  ^,„      ,,  C ^\x\  a.    .    n       sin  2« 


«V"  ^,„      ,,  Csina    .    ^  .     sin  2«  .    „^  ,    .,sin3a  .    „^  I 

-j^  =-2(K  +  l)|-^sin^  +  p-j^2-^"^-^  +  P^^sin3^  +  .  ..  j- 

^.-^=+2(K-l)  j^-^-s^n6>  +  p-^^sln2^  +  p2^^sln3^  +  ...j■ 
To   find  the  value  of  B  (equation  B),  we  integrate  with 
respect  to  Q  between  0  and   It:  the  thr(>e   terms  under  the 
integral  sign. 

f-"       /i/^V"\2  ,^      ,       ,T'      1  .,r  sin  a  sin  2a       „sin2asin3a  ) 

Substituting  in  equation  B  we  have,  since 

K'-K" 

„      LK"        ,         .K'  — K"  r  sin«sin2a       ,sin2asin3a  )  ,„, 

But  L7rp'  =  r,  the  volume  of  the  cylinder. 

A 
sma    =-. 

sm  Za  =  Z^r-^. 

.    .,       ^B^-A^    A 

sinoa  =  o — ^75 —  .  fT. 

Jtx-  K 

For  the  case  of  a  conducting  cylinder,  as  carbon,  K'  is  un- 
known ;  but  owing  to  its  conductivity,  the  distribution  of 
potential  is  the  same  as  though  K'  were  infinite.     Hence 

K'-K^'_ 

K'  +  K"~  • 

Substituting  these  values  in  equation  E,  we  have, 

In  the  experiment  A'^  =  5B^,  B  =  l"22  cm.,  and  in  the  case 
of  carbon  cylinders,  r  =  2"85  c.c,  the  volume  of  one  cylinder. 
Substituting  these  values  in  the  formula,  and  neglecting  the 
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small  second  term,  we  have  for  air, 

Br=0'52  dyne. 

It  does  not  appear  as  yet  what  is  the  strength  of  the  field, 
or  the  difference  of  potential  between  the  electrodes.  Our 
formula  for  the  potential  due  to  two  parallel  wires  is 

V  =  looR'-logR"  =  log~  ; 

this  shows  that  along  the  axis  of  Y  where  W  =  U",  V  =  0.  At 
a  (figure  3)  R' =  0-37  cm.  and  R"  =  2'07  cm.,  whence  V  = 
+  1'72  electrostatic  units,  or  +516  volts.  The  force  of  0'52 
dyne  calculated  above  is  therefore  for  a  difference  of  potential 
of  ]032  volts  between  the  electrodes.  For  100  volts,  since 
the  force  is  inversely  as  the  sq-iare  of  the  diti'erence  of  poten- 
tial, it  would  be  [  j  =10(y5  times  less  ;  or 

B  =  0'0049  d3rne  for  lOO  volts. 

The  torsion  of  the  suspending  wire  wns  determined  and 
found  to  require  O'OOiO  dyne  for  each  centimetre  of  deflexion 
on  the  scale.  As  100  volts  gave  1*50  cm,  with  carbon  cylin- 
ders in  air  (for  this  position  of  the  scale),  this  would  corre- 
spond to  0"0060  dyne.  Thus  the  measured  force  is  nearly  of 
the  same  magnitude  as  the  calculated,  but  about  20  per  cent, 
greater.  This  is  probably  due  in  large  part  to  the  effect  of 
the  ends  of  the  cylinders,  which  tend  to  increase  the  force, 
and  of  which  no  account  was  taken  in  the  calculation.  More- 
over, the  electrodes  being  short,  the  field  would  not  be  quite 
uniform  along  the  axis  of  Z  as  was  assumed  ;  this  would  be 
strictly  true  only  for  infinitely  long  electrodes. 

The  agreement  is,  however,  sufficient  to  serve  as  a  verifica- 
tion of  the  formula  which,  although  only  an  appjroximation, 
is  yet  of  a  good  deal  of  interest.  For  the  purpose  of  deter- 
mining the  specific  inductive  capacities  of  liquids,  we  have 
only  to  compare  the  forces  on  the  same  cylinders  in  the 
several  liquids,  and  the  error  due  to  the  ends  of  the  cylinders 
has  no  effect. 

The  experiments  were  carried  out  last  year  at  the  Physical 
Laboratory  of  the  Johns  Hopkins  University,  and  this  ])aper, 
together  with  the  one  already  referred  to,  constituted  a  Thesis 
offered  for  the  degree  of  Doctor  of  Philosophy.  I  have  to 
thank  Prof.  Rowland  for  the  solution  given  in  the  fourth  part 
of  the  present  paper. 

Wesleyau  University, 
Middletuwn,  Conn.,  July  1)>02. 
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XL.  On  the  Calculation  of  the  Hhnmnati}ig-Power  of  IJijcJro- 
carhons  and  their  Mixtures. — Part  II.  Diluents,  and 
general  second  approximation.  By  R.  H.  M.  Bosanquet, 
F.R.S. 

[Continued  from  p.  130.J 

FOR  the  purpose  of  considering  the  relations  of  dihients 
to  the  ilhiminating-power  of  hydrocarbons,  I  shall 
modify  the  definition  of  the  quantity  x,  the  CVH  ratio  of  the 
hist  paper.  I  shall  regard  the  hydrogen  as  only  one  of 
a  class  of  diluents,  whose  chief  function  is  to  occupy  a  certain 
volume,  while  they  are  also  cnpal)le  of  holding  certain  pro- 
portions of  carbon  in  quasi-solution,  and  withdrawing  it  from 
precipitation  in  the  flame.  I  shall  call  x  the  carhonj diluent 
ratio.  It  is  the  ratio  of  the  volume  of  carbon  vapour  present 
to  the  sum  of  the  volumes  of  the  diluents.  The  following 
embodies  the  rules  I  have  employed  in  calculating  x. 

Let  there  be  a  proportions  of  hydrocarbon  C,„ITa, 
„  h  „  element  H^  or  Ng, 

„  c  „  neutral  gas  CO  or  (JOg. 

Then 

ma 


x  = 


na  +  2b  +  '2c 


For  the  hydrocarbons  and  elements,  we  suppose  them 
pulled  to  pieces,  and  the  atoms  counted,  for  the  purpose  of 
estimating  the  proportions.  The  numbers  of  atoms  will  be 
proportional  to  the  volumes  of  the  substances  in  the  free 
state.  Neutral  gases,  behaving  more  or  less  in  the  manner  of 
hydrogen  or  nitrogen,  are  reckoned  as  if  they  were  elements. 
This  representation  is  only  concerned  with  the  volumes  of 
the  substances.  Their  properties  are  indicated  by  other 
means,  x  thus  arrived  at  is  the  volume  of  carbon  vapour  in 
unit  volume  of  diluents. 

It  must  be  observed  that  while  the  values  of  x  emjdoyed 
in  my  previous  paper  for  hydrocarbons  and  their  mixtures 
remain  unchanged,  in  cases  where  diluents  are  concei'ned,  as 
in  coal-oas  and  disilluminated  coal-o'as,  the  values  of  x  to  be 
now  employed  will  ditfcr  materially. 

The  following  tables  embody  the  experiments  of  P.  Frank- 
land  on  mixtures  of  diluents  with  ethylene,  the  values  of  x 
being  added.     The  figure  represents  them  graphically. 


356       Mr.  R.  H.  M.  Bosanquet  on  the  llhtminating-power 

Ethylene  Mixtures. 


Hb^ 


•3  -4  -5 

•  Carbonic  acid  and  oxide. 

+  Air. 

X  Xitrogen. 

©  Oxygen. 


Ethylene  and  Carbonic  Oxide.     (Cliem.  Journ.  1884,  p.  3G.) 


Ethylene. 

Carbonic  Oxide. 

X. 

y=C.P. 

81-65 

18-35 

•4495 

55-27 

67-75 

32-25 

•4039 

47-73 

46-30 

53-70 

•3165 

3309 

37-94 

62-0<i 

•2751 

26-52 

28-73 

7127 

•2232 

13-36 

23-89 

76-11 

•1929 

6-56 

Ethylene  and  Air.     (Chem.  Journ.  1884,  p.  231.) 


Ethylene. 

Air. 

X. 

y- 

79-68 

20-32 

-4432 

54-45 

6715 

32-85 

•4017 

45-84 

55  92 

4408 

•3590 

37-16 

42-69 

57-31 

•2992 

26-78 

33-91 

66  09 

•2532 

16-22 

22-31 

77  69 

■1824 

0-61 

of  Hydrocarhonsi  and  their  Mixtures.  357 

Ethylene  and  Oxygen.     (Chem.  Journ.  1881,  p.  230.) 


Ethylene. 

Oxygen. 

X. 

y- 

82-57 

17-43          ; 

•4,522 

70-93 

80-67 

19-33 

•4465 

72-52 

75-51 

24-49 

-4302 

74^49 

68-50 

31-50 

•4065 

71-17 

Mixtures  containing  more  air  or  oxygen  than  the  above 
were  explosive. 

Ethylene  and  Nitrogen.     (Chera.  Journ.  1884,  p.  229.) 


Ethylene. 

Nitrogen. 

X. 

y- 

84-69 

15-31 

•4585 

51-96 

71-12 

28-88 

-4156 

39-58 

59-93 

4007 

-3747 

29-64 

47-08 

52-92 

•3201 

20-81 

36-24 

63-76 

-2660 

11-82 

28-81 

71-19 

-2237 

7-20 

''  Intrinsic  lumino.sity  practically  destroyed  when  ethylene 
forms  20-30  p.  c.  of  mixture  ;  " 

X.  y. 

I.  e.  -2307  )        ,. 

•167    i         ' 


Ethylene  and  Carbonic  A 

Q  hydride.     (A. 

c.  p.  228.) 

Ethylene. 

Carbonic 
Anhydride. 

X. 

y- 

93-68 

6-32 

-4847 

55-52 

90-59 

9-41 

•4753 

51-81 

8903 

10-97 

-4710 

49-98 

81-73 

18-27 

-4497 

42-81 

70-75 

29-25 

-4143 

33-23 

6415 

35-85 

•3908 

26-52 

52-94 

47-06 

-3461 

14-74 

45-61 

54-39 

-3132 

7-49 

40-00 

60-00 

•2857 

0 

Lot  us  first  try  to  ibrm  a  conception  of  the  representation 
of  a  diluent,  from  the  point  of  view  of  the    diagram.     Take 
Phil.  Mag,  S.  5.  Vol.  34.  ISTo.  209.  Oct,  1892.        2  C 
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carbonic  oxide.  The  points  indicated  by  the  ethylene  mix- 
tures lie  nearly,  except  the  two  lowest,  on  a  straight  line, 
which  produced  meets  the  y  axis  on  the  negative  side  at  thb 
point  .r  =  0,  ?/=  —19,  or  thereabouts.  Thus  we  are  led  to  a 
conception  of  negative  illuminating-power,  which  of  course 
consists  in  the  capacity  of  neutralizing  or  absorbing  illumi- 
nating-power, and  we  may  think  of  carbonic  oxide  as  having 
an  illuminating-power  of  —  1 9  candles.  We  can  then  calcu- 
late the  effect  of  the  addition  of  carbonic  oxide  to  any  gas,  so 
far  as  the  rectilinear  process  of  the  last  paper  serves  us,  by 
joining  the  point  to  a'  =  0,  ?/=  —19,  and  finding  the  point 
on  the  line  corresponding  to  the  new  value  of  x. 

Air  also  presents  a  straight  line,  meeting  the  y  axis  in 
?/=  —  35  nearly.  But  there  are  reasons  for  doubting  whether 
air  can  in  general  be  represented  in  this  way,  though  the 
application  of  the  above  rule  would  be  simple  enough.  Oxygen 
presents  series  of  points  having  values  oi  y  larger  than  that 
of  ethylene.  It  seems  to  be  incapable  of  being  dealt  with  by 
the  present  method.  A  point  could  easily  be  determined  by 
direct  experiment,  which  would  represent  air  or  oxygen  in 
any  given  case.  The  difficulty  lies  in  passing  from  these 
ethylene  mixtures  to  such  a  case  as  coal-gas.  The  two 
lowest  numbers  for  carbonic  oxide  belong  to  the  class  of  cases 
where  y  has  values  below  15,  which  fall  below  the  places 
indicated  by  the  laws  for  higher  values. 

The  locus  of  the  nitrogen  points  is  distinctly  curved,  and 
so  to  a  less  degree  is  that  for  carbonic  acid.  The  rectilinear 
method  will  therefore  be  regarded  in  such  cases  as  only  a  first 
approximation,  and  the  whole  of  the  material  will  be  recon- 
sidered from  this  point  of  view. 

We  shall  for  the  present  assume  that  values  of  y  below  15 
are  not  to  be  depended  upon  in  connexion  with  the  laws  of 
liigher  illuminating-])owei's. 

Hydrogen. — Referring  back  to  the  figure  in  my  last  paper, 
p.  126,  we  see  that  the  hydrogen-ethylene  line  is  drawn 
through  ethylene  taken  as  .c=  "5,3/ =  65,  and  the  lowest  point, 
a?=  '12,  3/  =  6*7  nearly.  Abandoning  this  point,  it  is  possible 
to  sketch  a  curve  starting  from  the  direct  ethylene  point  68'5, 
and  lying  fairly  evenly  among  the  remaining  points.  The 
curve  I  first  sketched  passed  through  the  origin.  There 
are,  however,  considerable  deviations  from  any  representation, 
so  that  it  is  possible  to  vary  the  position  of  the  curve  a  good 
deal.  On  account  of  the  importance  of  the  case  I  give 
two  mathematical  representations  of  the  hydrogen-ethylene 
mixtures. 
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Hydrogen  and  Ethylene  Mixtures, 
i.  yz=bb  ;)  e  , 

II.  j/=  178-4 .2^ +  85  A' +  3-7. 


X. 

//  obs. 

.'/I- 

error. 

yll. 

ei-i'or. 

•5 

68-5 

68-5 

68-5 

•437 

54-58 

54-()0 

4-     -02 

55-7 

+  1-1 

•406 

49-37 

48-83 

-     -54 

50-15 

+  -78 

•349 

39-21 

39-78 

+     -57 

40-95 

+  1-74 

•262 

30-85 

29-08 

-   1-77 

29-19 

-l-()6 

•207 

22-84 

23-85 

+   10 

.2:i-88 

+  ^04 

•118 

6-73 

17-32 

+  10-59 

14-02 

+7-29 

For  the  percentages  see  p.  121. 

The  upper  values  are  best  represented  by  I.,  the  lowest 
three  by  II.  Even  II.  gives  14  candles  for  the  last,  as  against 
6'7  observed. 

Nitrogen.  —  The  nitrogen-ethylene  mixtures  present  a 
general  analogy  with  the  hydrogen-ethylene  mixtures,  and 
may  be  conveniently  com})ared  with  them.  The  vahies  of  y 
are  lower.  The  representation  by  a  logarithmic  curve  is 
excellent.     The  aliiebraical  form  failed. 


^Jitrogen  and  Ethylene  Mixture?: 


.r. 

y  obs. 

y  calc. 

Error. 

•5 

68-5 

68-5 

•4585 

51-96 

52-09 

+   -13 

•4156 

39-58 

39-25 

-    -33 

•3747 

29-64 

29-96 

+   -.32 

-3201 

20-81 

20-88 

+   -07 

•2660 

11-82 

14-62 

+  2-80 

•2237 

7-20 

11-06 

+3-86 

The  last  values  illustrate  again  the  falling  away  of  values 
of  y  below  15. 

We  will  now  discuss  more  thoroughly  the  ethylene-marsh- 
g;is  mixtures  used  in  my  former  paper.  I  have  a(lo[)ted  a 
different  line  from  that  used  in  the  former  paper,  the  first 
mixture  seeming  to  be  affected  by  a  curvature,  which  leads 
from  the  line  of  the  mixtures  to  the  "  direct  ^'  ethylene  point. 
This  curvature  seems  to  be  the  source  of  the  difference  be- 
tween the  "direct"  and  "indirect"  ethylene  points  mentioned 
in  the  last  paper,  the  values  of  ij  for  which  were  t)8"5  and 

2C2 
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65  respectively.     The  line,  whose  equation  is  given,  is  drawn 
through  the  second  mixture  and  a  mean  between  the  two  last. 

Ethylene  and  Marsh-Gas  Mixtures. 
5/ =200- 6  (a;-  -1840). 


Ethylene   

Mixture  (1)  

„        (2)  

,.        (3)  

,.       (4)  

.,       (5)  

„       (6)  

Marsh-gas  (theoretical) 


X. 

yobs. 

y  calc. 

Error. 

•5 

68-5 

63-39 

-511 

•4642 

57-91 

56-20 

-1-71 

•4227 

47^88 

47-88 

0 

•3943 

40-42 

42-18 

+1-76 

•3392 

33-17 

31-13 

-2-04 

•2825 

19-35 

19-75 

+  -40 

•2697 

17-59 

17-19 

-  -40 

•25 



13-23 

In  mixture  (4),  having  y  a  little  over  30,  there  is  a  con- 
siderable deviation,  which  must  appear  in  any  representation. 
In  the  hydrogen  mixtures  there  is  a  similar  deviation  for 
nearly  the  same  value  of  y.  If  these  are  errors  they  may  be 
due  to  some  systematic  source,  and  carry  less  weight  if  that 
probability  is  taken  into  account.  If  they  represent  realities, 
this  part  of  the  range  will  have  to  be  covered  by  a  larger 
number  of  experiments  before  they  can  be  dealt  with. 

The  meaning  of  the  equation  at  the  head  of  the  table  is — 

The  C.P.  is  proportional  to  the  carbon  in  the  unit  volume, 
diminished  by  •1840.  If,  therefore,  we  suppose  that  the  unit 
volume  of  diluent  absorbs  this  '1840  of  carbon,  while  the  rest 
is  all  precipitated  in  the  illuminating  form,  producing  a  O.P. 
proportional  to  the  amount  precipitated,  the  law  of  the  mix- 
tures represented  by  the  straight  line  is  accounted  for. 

In  entei'ing  on  the  explanation  of  the  curvature  which  leads 
from  the  top  of  the  straight  line  representing  the  mixtures  to 
the  direct  experimental  value  of  ethylene,  I  must  refer  to  the 
scheme  of  "  illuminating  ratios  "  at  the  end  of  my  last  paper. 

In  the  light  of  the  explanation  just  given,  we  see  that  the 
physical  meaning  of  what  I  called  the  illuminating  ratio,  but 
shall  now  call  the  illuminating  value,  is  the  C.P.  equivalent  of 
the  carbon  added  in  any  change;  also  the  lines  considered  were 
straight,  so  that  the  absorption  was  all  done  before  starting, 
and  the  ratio  was  the  C.P.  equivalent  of  precipitated  carbon. 
The  conception  of  the  disilluminate  hydrocarbon  point  in- 
volved really  an  attempt  to  find  the  solvent  capacity  of  hydro- 
gen in  hydrocarbons. 

Now  the  numbers  in  the  table  do  not  agree  wdth  those 
deduced  from  the  marsh-gas-ethylene  mixtures.  The  solvent 
capacity  attributed  to  all  hydrocarbons  in  the  table  is  tr  =  "138. 
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That  which  prevails  throughout  the  rectiHnear  marsh-gas- 
ethylene  mixtures  is  .y='l840.  The  illuminating  value  of 
unit  precipitated  carbon  in  the  mixtures  is  200*6,  larger  than 
that  of  ethylene  in  the  table  (180).  It  is  obvious  that  a 
mistake  was  made  in  the  table  in  taking  the  "  indirect''^  C.P. 
of  ethylene  (65)  as  fundamental,  instead  of  the  observed 
number  68'5.  But  it  is  only  now  that  I  am  convinced  as  to 
the  right  course. 

Taking  ethylene,  .t'='5,  y  =  68*.'), 
ethane,  ''^'=3;  3/  =  ^^? 
the  point  in  which  a  line  through  both  meets  the  x  axis  is 
,^•  =  •15y2.  This  would  be  the  correct  '' disilluminate  hydro- 
carbon centre,'^  if  the  method  of  the  last  paper  were  followed. 
It  represents  the  solvent  capacity  of  combined  hydrogen  for 
carbon  density  2. 

I  assume  that  the  solvent  capacity  "1840,  which  prevails  in 
the  rectilinear  portion  of  the  marsh-gas-ethylene  mixtures, 
belongs  to  marsh-gas,  or  carbon  density  1.  The  explanation 
of  this  is  a  little  difficult  ;  but  I  take  it  in  this  way  : — The 
difference  of  solvent  capacity  between  the  hydrogen  of  marsh- 
gas  and  ethylene  is  -1840  — '1592  =  '0248.  There  is  more 
than  this  amount  of  carbon  in  the  form  of  marsh-gas  in  all 
the  mixtures.  So  long  as  there  is  enough  marsh-gas  to  fill 
up  the  chinks,  so  to  speak,  left  by  the  carbon  of  the  ethylene, 
the  total  absorbed  carbon  (or  capacity)  remains  at  the  larger 
value.  When  there  is  not  enough  marsh-gas  to  afford  carbon 
equal  to  the  difference,  the  capacity  would  be  less.  And 
when  the  ethylene  is  pure,  the  capacity  has  the  lower  value, 
whence  follows  the  additional  precipitation,  which  gives  rise 
to  the  curvature  in  question. 

As  to  the  illuminating  value,  or  C.P.  equivalent  of  precipi- 
tated carbon,  the  number  given  by  ethylene  and  ethane  is, 

2  3 

and  that  given  by  the  equation  to  the  mixtures  is  200"6. 

The  marsh-gas-ethylene  mixtures  will  not  bear  any  explana- 
tion which  attributes  different  values  to  the  carbon  from  the 
two  sources  j  and  the  value  of  the  precipitated  carbon  is  that 
of  the  higher  component  (ethylene).  The  explanation  of  this 
is  not  clear  ;  but  it  seems  as  if  it  depended  on  the  way  in 
which  the  first  nuclei  of  precipitation  bring  down  the  rest  of 
the  carbon.  This  cannot  apply  to  marsh-gas  itself ;  and  it 
seems  that  the  "theoretical"  [)Osition  of  the  marsh-gas  point 
involves  the  supposition  that  the  carbon  has  the  same  value  as 
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in  the  mixtures.  It  appears  desirable  to  experiment  with 
mixtures  differing  little  from  marsh-gas  in  composition. 

Let  us  now  examine  the  locus  which  represents  the  hydro- 
gen mixtures. 

Differentiating  the  equation, 

we  have 

dy 
dx      ^ 

In  our  diagrams  the  units  of  y  are  100  times  those  of  a\ 
So  that  if  6  be  the  inclination  to  the  x  axis, 

For  the  hydrogen-ethylene  mixtures  c  =  3'6, 
^^"^  tan  6^= -036?/. 

(Similarly,  for  the  nitrogen-ethylene  mixtures  c  =  &'Qf 

•'^^^'^  tan  (9= -066^.) 

For  very  small  percentages  of  ethylene  it  seems  that  no 
light  is  given.  But  long  before  enough  carbon  is  absorbed  to 
fill  up  the  solvent  capacity  of  the  hydrogen  present,  light 
appears.  Raw  hydrogen  therefore  presents  a  resistance  to 
the  entire  absorption  of  carbon  of  density  2.  And,  as  far  as 
we  can  ascertain,  this  resistance  continues  present  in  all  the 
mixtures,  as  there  remains  unsaturated  solvent  capacity 
throughout.     The  effect  of  this  is  that,  in  the  regular  part  of 

the  curve,  -~-  and  tan  6  fall  below  the  values  they  might  be 

expected  to  have  if  the  absorption  were  complete,  part  of  each 
addition  of  carbon  being  absorbed,  and  part  adding  to  the 
C.P.  In  the  early  part  of  the  curve  the  inclination  is 
steeper,  and  the  explanation  is  a  little  difficult.  I  think  that 
for  the  present  these  low  values  must  be  put  aside.  I 
append  a  table  showing  what  I  suppose  to  be  the  rational 
explanation  of  the  behaviour  of  the  different  mixtures.  To 
explain  the  very  low  values,  where  no  light  is  shown,  we  must 
suppose  the  existence  of  a  resistance  to  precipitation  until  the 
first  nuclei  are  formed. 

The  solvent  capacity  in  presence  of  raw  hydrogen  cannot 
be  taken  as  less  than  "IGB,  as  there  is  '165  of  absorbed  carbon 
in  the  highest  mixture.  A  higher  value  would  suppose  the 
presence  of  an  unsaturated  capacity,  which  would  have  to  be 
balanced  by  an  increased  resistance  to  absorption.  The  con- 
stancy of  the  solvent  capacity  is  an  assumption.  It  can  hardly 
% 
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be  supposed  to  be  less  in  the  mixtures  in  which  hydrogen 
predominates,  and  if  taken  to  increase  would  have  to  be 
balanced  by  a  still  larger  resistance  to  absorption  than  that 
shown. 

The  resistance  to  absorption  is  measured  as  ratio  of  cause  to 
eflPect^;  {.  e.,  it  is, 

X  X  unsaturated  capacity /change  in  illuminating  value. 

The  constancy  of  clyjdx  generally  implies  the  absence  of 
absorption;  but  not  always;  for  the  diluent  may  either  have 
its  solvent  capacity  saturated  throughout  the  series,  or  may 
continue  to  absorb,  taking  always  the  same  proportion  of  the 

added  carbon,  so  that  —  remains  constant.    But  the  existence 
ax 

of  an  increase  of  dyjdx  is  necessarily  connected  with  the  fill- 
ing up  of  an  unsaturated  solvent  capacity  in  the  diluent. 

The  treatment  of  the  nitrogen-ethylene  mixtures  is  in  all 
respects  similar  to  that  of  the  hydrogen-ethylene  mixtures. 
But  the  assumption  of  201  as  the  illuminating  value  of  the 
precipitated  carbon  becomes  doubtful  in  this  case  and  in  that 
of  carbonic  acid.  In  the  hydrogen  series  it  appears  for 
several  reasons  that  if  the  equivalent  is  not  201,  as  it  is  in 
the  combined  hydrocarbons  of  carbon  density  2,  and  in  the 
marsh-gas-ethylene  mixtures,  it  differs  but  little.  But  in  the 
nitrogen  and  carbonic- acid  mixtures  I  cannot  see  that  we 
have  any  hold  on  the  illuminating  value  of  precipitated 
carbon. 

It  is  curious  that  the  results  so  far  have  not  seemed  to 
depend  on  temperature.  If  we  discard  temperature  altogether, 
the  values  of  precipitated  carbon  may  yet  be  the  same  in  the 
above  cases ;  but  I  do  not  now  pursue  them. 

In  considering  mixtures  of  a  diluent  ha-sing  a  curved  locus 
with  a  gas  represented  by  a  specified  point,  the  problem  of 
the  representation  of  the  mixtures  is  not  generally  to  be 
solved  by  the  above  materials.  For  we  do  not  know  how 
the  absorption  will  act  under  conditions  not  identical  with 
those  of  the  mixtures  we  have  considered.  All  we  can  do  is 
to  define  as  best  we  can  the  state  of  saturation  of  the  gas, 
noting  the  point  on  the  y  axis  towards  which  a  tangent  to 
the  curve  in  that  region  is  directed,  and  treating  that  as  the 
best  point  to  represent  the  diluent  for  combination  with  gas 
of  that  description.  For  small  corrections  this  may  give  an 
approximate  idea. 

I  have  determined  the  points  I  use  for  coal-gas  by  laying 

*  For  this  definition  of  "resistance,"  see  my  paper  "On  the  Use  of 
the  term  '  Resistance  '  in  the  Description  of  Physical  Phenomena,"  Phil. 
Mag.  May,  1888,  p.  4]  9. 
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;i  rule  on  the  pai-t  of  the  curve  in  question,  and  judgino-  where 
it  would  meet  the  y  axis.     For  tlie  16-candle  region  I  take, 

for  nitrogen     .     .     ^= — 10, 
for  carbonic  acid  .     y  =  — 100, 

though  I  have  not  used  this  last  practically. 

The  constant  for  h}^drogen  is  otherwise  determined  later. 
1  previously  estimated  the  hydrogen  point  as  y  =  0.  It 
appears  to  have  a  small  positive  value. 

lUaminating  Values. 

The  following  is  a  table  similar  to  that  in  my  last  paper, 
embodying  the  amended  illuminating  values.  The  centres 
represent  the  solvent  capacities  of  the  hydrogen,  or  the 
absorbed  carbon,  since  the  hydrogen  is  always  saturated  in 
hydrocarbons. 

The  values  are  formed  into  a  scheme  proceeding  by  the 
law  of  the  former  table,  which  commends  itself.  It  will  be 
seen  later  that  owing  to  the  absorption  in  the  disilluminated- 
gas  mixtures  we  can  obtain  no  direct  information  from  the 
available  experiments  as  to  the  C.P.  of  benzene,  except  that 
it  is  greater  than  240.  The  value  derived  from  this  table 
rests  on  the  assumed  law,  viz.  that  the  differences  of  I.V. 
form  a  geometrical  series,  having  the  first  I.V.  for  its  first 
term. 

Illuminating 'Values  and  Solvent  Capacities  in  Hydrocarbons. 

H.S.C.  Hydrogen  solvent  capacity  =  absorbed  carbon. 
I.V.  Illuminating  value  of  precipitated  carbon. 
CD.  Carbon  density. 

CD.  HS.C.  I.V.  Differences. 

1  -1840*  123  „^ 

2  -1592*  201*  Ip 

3  250*  t^ 

4  281  \l 

5  300  \'i 

6  312  ^"^ 

Ratio  of  series,  123  and  differences,    '(33. 

*  Data : — 

H.S.C.  'ISiO  from  the  marsh-gas-ethylene  equation. 
H.S.C'.  •1592  and  I.V.  201  from  :— 

Ethylene,  ,r=-o,  _?/  =  68-5  :  Ethane  .r=i,  y  =  ^^i^. 

I-V'  2-^'0=  -3750^592  i^^'^^W^'^)- 
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The  number  thus  obtained  for  benzene  is 
312(l--1592)  =  262-4. 

For  marsh-gas,  3/  =  123(-25--184)  =  8-2  (?  real). 

It  seems  probable  that  the  H.S.C.  for  CD.  3-6  may  have 
slightly  lessened  values.  But  if  they  have,  they  are  very 
slightly  lessened.  1  first  assumed  that  they  would  form  a 
geometrical  series  with  the  numbers  belonging  to  CD.  1  and 
2 ;  but  the  numbers  thus  obtained  give  rise  to  a  value  for 
benzene  much  too  low  according  to  rigorous  evidence.  The 
assumption  of  the  same  H.S.C  for  all  CD.  except  1  leads  to 
admissible  results. 

Coal-gas. 

Analysis  of  tlie  Gas. 

(Gas  Light  and  Coke,  Chem.  Journ.  1884,  p.  193.) 

Illuminating-power      ...     16 

Hydrocarbons,  CnH^   ....    4*41 

.  n        1    fC    .     .     .       2-98 

Average  lormula  \  tt  ..q.^ 

Carbonic  acid 0 

Oxygen 0-26 

Nitrogen 5  95 

Hydrogen 47*99 

Carbonic  oxide 3'75 

Marsh-gas 37*64 

Direct  determination  of  Disilluminated-  Gas  point. 

The  observ'ed  values  for  ethylene  and  the  dis.  gas  mixtures 
(3  experimental  points)  were  embodied  in  the  following 
equation,  substituting  in  which  .i'  =  *1415,  calculated  from  the 
analysis,  we  obtain  the  theoretical  CP.  of  the  dis.  gas  point. 

?/=175-4(.r-*088)3  +  136-5(.t— *088). 


Ethylene. 

Dis.  gas. 

X. 

y  obs. 

1/  calc.          Error. 

100 

0 

-5 

68*5 

68-5                 0 

31*02 

68-98 

-2862 

28-40 

28*42           -1--02 

13-41 

86*59 

•2092 

16*84 

16*85           +-01 

0 

100 

*1415 

7*33  (theoretical) 

The  absorption  here  will  be  mainly  due  to  the  hydrogen 
present.  It  is  not  nearly  enough  to  admit  of  representation 
by  a  logarithmic  curve. 

Theoretical  values  of^  below  about  10  appear  to  correspond 
to  observed  zero  values. 
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Corrections  to  Jh's.  Gas  point  for  Carbonic  Oxide  and 
Nitrogen. 

p.c.    Representative  ^ 

^  point.    y=  •'  •' 

Nitrogen    5-95         -10         '0067     -75     '1482     8-08 

Carbonic  Oxide    3-75  -19         '0045     '76     -1527     8-84 

Neglecting  the  oxygen  this  gives  the  mixture  of  marsh-gas 
and  hydrogen  which  forms  the  basis  of  the  disilluminated  gas. 
The  values  of  x  are  calculated  from  the  analysis.  From 
the  above  point  and  the  theoretical  marsh-gas  point  we  can 
deduce  a  number  which  represents  the  hydrogen  in  gas. 

Hydrogen-Marsh- Gas  line  (Theoretical). 


j'drogen. 

Marsh-Gas. 

X. 

if- 

0 

100 

•25 

13-23 

47-99 

37-64 

•1527 

8-84 

100 

0 

0 

1-95  (calc.) 

The  number  1*95  for  hydrogen  is  not  to  be  taken  as  re- 
})resenting  that  hydrogen  has  this  C.P.,  being  rather  an 
indication  of  the  course  of  the  absorption-curve  under  the 
given  conditions,  yet  it  is  an  interesting  speculation  what  the 
C.P.  of  hydrogen  is,  putting  out  of  the  question  its  power  of 
absorbing  carbon.  Of  course  when  its  blue  flame  is  measured 
against  a  yellow  candle  no  comparison  is  obtained.  But  I 
should  like  to  see  a  good  supply  of  hydrogen  burned  in  a 
referee's  burner,  and  try  to  read  by  it. 

We  do  not  use  this  number  further  here,  but  proceed  with 
the  rest  of  the  coal-gas.  In  a  complete  synthetical  procedure 
we  shottld  begin  by  building  up  the  hy  irogen-marsh-gas 
mixture  ;  but  the  nature  of  our  material  rendered  the  present 
course  preferable. 

We  have  next  to  obtain  what  light  we  can  as  to  the  (J. P. 
of  benzene.  The  mean  of  the  two  mixtures  of  benzene  and 
disilhiminated  gas*  furnishes  us  with  one  point  on  a  locus  of 
mixtures  similar  to  the  locus  of  the  mixtures  of  dis.  gas  and 
ethylene  ;  and  we  know  the  dis.  gas  point.  According  to  the 
analogy  of  the  ethylene  mixtures,  a  line  through  the  mixture 
and  the  dis.  gas  point  should  fall  considerably  below  the  true 
benzene  point,  how  much  we  have  no  means  of  knowing. 
According  to  the  following  scheme  this  line  would  give  the 
number  240  for  benzene. 

*  The  remark  I  made  on  the  closeness  of  these  mixtures,  though  sub- 
stantially right,  involved  a  mistake  of  calculation.  Tlie  value  arrived  at, 
however,  was  not  materially  affected. 
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Dis.  Gas  and  Benzene-Dis.  (iras  Mixture. 

Benzene.  Dis.  Gas.                    x.                        y. 

0  100                  -1415                7-33 

3-19  96-30             -2013              23'54 

100  0                  1                     240     (calc.) 

If  we  estimate  the  error  to  be  expecteJ,  by  analogy  from 
the  ethylene,  at  1/7,  this  would  give  274.  But  there  is  a 
probability  that  the  benzene  molecule  may  be  but  little 
attacked  by  absorption,  in  which  case  the  straight  line  would 
hold  more  nearly  than  in  the  case  of  ethylene.  So  that  the 
value  may  probably  be  between  240  and  274,  and  the  number 
in  the  last  paper  (255,  p.  125)  may  not  be  far  wrong.  But  I 
shall  use  the  number  obtained  from  the  new  scheme  of 
illuminating  values,  262-4.     Whence  we  have  : — 

Heavy  Hydrocarbon  mixture.  Benzene  and  Ethylene. 

X.  y. 

Benzene 1  262*4 

Ethylene -5  68-5 

Hvdrocarbons     ^ 

H  =  4-32          >   -690  142-4  (calc.) 
C=2-98          ) 

The  numl)er  obtained  in  the  former  paper  was  177.  The 
rectilinear  method  seems  likely  to  hold  here,  as  there  cannot 
be  any  absorption,  and  there  seems  to  be  no  change  of  solvent 
capacity.  The  next  step  is  to  draw  the  line  from  the  dis.  gas 
point  to  the  point  which  re})resents  the  hydrocarbon  mixture. 

Total  Gas  (omitting  the  oxygen) . 

Hydrocarbons "690  142*4 

Dis.  Gas -1415  7-33 

Total  Gas     '1782*  16-6   (calc.) 

Here  there  is  likely  to  be  some  absorption,  and  the  calculated 
value  ought  to  be  reduced,  for  it  lies  where  the  true  locus 
would  fall  below  the  straight  line.  But  it  is  not  probable  that 
the  correction  would  be  so  great  as  in  the  case  of  the  ethylene 
mixtures  ;  we  have  already  observed  on  the  probability  of  the 
smaller  liability  of  the  benzene  molecule  to  absorption.  The 
lower  ethylene  mixture  falls  below  the  corresponding  straight 
line  in  this  manner  by  2  candles.  If  we  suppose  the  excess 
of  16*6  over  16  to  represent  the  correction  required  in  the 
case  of  the  gas,  it  would  be  1/3  of  the  correction  for  the 
corresponding  ethylene  mixture,  which  seems  likely  enough. 

To  complete  the  second  approximation  properly,  we  need 
*  Calculated  from  the  analysis. 
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means  of  determining  completely  the  two  following  loci,  with 
three  independent  points  at  least  on  each : — 

(1)  The  dis.  gas-benzene  locus. 

(2)  The  dis.  gas-heavy  hydrocarbon  locns. 

For  the  sake  of  clearness  I  give  here  equations  representing 
these  loci  as  far  as  the  material  permits,  taking  the  entire  gas 
as  one  point  on  the  second  locns. 

(1)  Dis.  Gas-Benzene. 

X.  y. 

Dis.  gas -1415  7-33 

Dis.  Gas-benzene  mixture    ...     -2013  23-54 

Benzene     1  262-4 

These  are  represented  by  the  equation, 

?/-7-33  =  35-40  (a— -1415)^  +  271  (a— -1415). 

(2)  Dis.  Gas-Heavy  Hydrocarbons. 

Dis.  Gas  -1415  7-33 

Total  Gas -1782  16 

Hydrocarbon  mixture     ...  -69  142-4 

These  are  represented  by  the  equation 

y-7-33=34-54(^--1415)3  +  236(«--1415). 

There  is  much  to  be  said  in  favour  of  the  rectilinear  method. 
The  curves  can  be  represented  for  some  purposes  by  lines 
drawn  to  points  below  the  real  points,  as  we  saw  in  the  last 
paper,  and  corrections  otherwise  troublesome  may  be  em- 
bodied in  this  form  of  procedure.  But  the  curves  cannot  be 
neglected  if  we  wish  to  understand  the  matter. 

As  an  illustration  of  the  use  of  the  rectihnear  method  just 
alluded  to,  let  us  replace  the  two  last  steps  by  similar  steps 
founded  on  the  rectilinear  value  of  benzene,  240. 


Rectilinear  Value  of  Ben 

zene 

,240. 

Heavy  Hydrocarbon  mixture,  Ben;. 

zene 

and  Ethylene. 

Benzene 1 

Ethylene -5 

Hydrocarbons     ~) 

H  =  4-32          [    -690 

0=2-98         ) 

240 
68-5 

133-7  (calc.) 

Total  Gas. 

Hydrocarbons    ...  -690 

Dis.  Gas -1415 

Total  Gas    -1782 

y- 
133-7 

7-33 

15-77  (calc.) 
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This  is  very  fair,  for  an  approximate  method. 

The  oxygen  has  been  omitted.  The  quantity  is  small ;  and 
the  introduction  of  a  small  quantity  of  oxygen  into  diluted 
gas  seems  to  produce  a  condition  so  different  from  that  of  the 
oxygen  or  air  dilutions  of  ethylene,  that  conclusions  drawn 
from  the  latter  do  not  seem  applicable  to  the  former. 

Al though  mixtures  of  marsh-gas  with  higher  illuminants 
will  probably  be  free  from  absorption,  yet  they  may  be 
expected  to  show  towards  the  top  the  curvature  found  in  the 
ethylene  mixtures.  It  has  therefore  occurred  to  me  that 
ethane  might  probably  be  used  with  good  results  as  the 
foundation  of  mixtures,  for  obtaining  rectilinear  loci  leading 
to  the  C.P.  values  of  the  higher  illuminants.  At  all  events 
the  chance  of  getting  a  good  line  in  this  way  seems  better 
than  any  other.  I  should  suggest  the  employment  of  small 
weighed  quantities  of  benzene  completely  volatilized  in  the 
substance  employed. 

It  appears  that  the  analysis  of  the  heavy  hydrocarbons 
which  is  given  cannot  be  correct.  The  nearest  representation 
of  it  would  be  one  part  of  benzene  to  three  of  ethylene.  This 
gives  C  =  3,  H  =  4'5.  The  analysis  has  practically  the  same 
value  of  C,  but  11  =  432.  And  it  can  be  proved  that  the  sub- 
stance required  to  mix  with  ethylene  to  satisfy  the  analysis 
must  have  fewer  hydrogen  atoms  than  carbon  atoms,  which  I 
suppose  cannot  be*. 

The  verification  of  the  table  of  illuminating  values  seems 
to  be  most  important  for  theory.  We  ought  to  try  to  define 
at  least  two  substances  of  each  carbon  density,  so  as  to  obtain 
direct  determinations  of  the  illuminating  value  in  each  case. 

For  carbon  density  2,  we  have  three  substances  convenient — 
ethane,  ethylene,  and  acetylene  (O2H2).  Mixtures  of  ethane 
and  acetylene  would  determine  whether  the  three  representa- 
tive points  are  on  a  straight  line.  For  instance,  a  mixture  of 
ethane  and  acetylene  having  the  same  composition  as  ethylene 
should  have  the  same  illuminating-power. 

For  carbon  density  3,  propane  and  propylene  are  wanted, 
direct  or  by  mixtures.  Ethane  mixtures  look  promising  for 
these  purposes,  and  so  on  for  the  higher  densities. 

It  seems  just  possible  that  a  lamp  burning  benzene  with  a 
wick  at  a  known  rate  by  w^eight  might  be  available  for 
determining  the  C.P.  of  benzene  directly. 

P.S. — It  seems  possible  that  the  falling  away  of  values  of 
C.P.  below  15  may  be  partly  due  to  a  lowering  of  temperature. 

*  I  find  in  the  scheme  of  hydrocarbons  in  Encycl.  Brit.,  art. "  Chemistry," 
propone  OjH^,  butane  C4H2,  but  I  do  not  suppose  it  is  seriously  meant 
that  auch  substances  exist. 
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If  the  hydrogen  and  nitrogen  mixtures  stood  alone,  there 
would  be  a  presumption  that  the  law  of  the  logarithmic  curves 
originated  in  proportionality  of  I.V.  and  C.P.  to  temperature. 
But  this  law  does  not  hold  for  any  of  the  other  mixtures;  and 
in  the  marsh-gas  mixtures  the  I.V.  is  certainly  constant 
through  most  of  the  range. 

It  seems  possible  that  the  increased  I.V.  for  higher  carbon 
densities  may  be  due  to  temperature.  But  I  am  rather  in- 
clined to  look  in  the  direction  of  molecular  behaviour. 


XLI.  Note  on  Pliicker^s  supposed  Detection  of  the  Line- 
spectrum  of  Hydroqen  in  the  Oxyhydrogen  Flame.  By  G. 
D.  LivEiNG,  V.P.R.S.* 

IN  a  paper  published  in  PoggendorPs  Annalen  (1862,  4th 
ser.  vol.  xxvi.  p.  48)  Pliicker  stated  that  the  flame  of  a 
mixture  of  oxygen  and  hydrogen,  when  the  latter  was  slightly 
in  excess,  showed  the  two  lines  of  hydrogen  H^  and  H^. 

The  passage  in  which  this  statement  occurs  is  an  episode  in 
a  paper  on  recurrent  electric  discharges  in  gases  at  low  pres- 
sure, and  is  given  by  way  of  confirmation  of  the  author's 
theory  that  the  illumination  of  gases  by  the  electric  discharge 
is  due  to  the  high  temperature  of  the  discharge. 

This  statement  seems  to  have  been  generally  accepted  on 
Pliicker's  authority  ;  but  no  one  else,  so  far  as  I  can  learn, 
has  ever  succeeded  in  seeing,  or  in  photographing,  any  of  the 
lines  of  hydrogen  in  the  spectrum  of  a  flame.  Nevertheless 
no  one  has,  I  believe,  distinctly  challenged  the  correctness  of 
the  statement,  and  it  is  still  currently  taken  to  be  true,  and 
inferences  have  been  drawn  from  it  (as  to  the  condition  of  the 
solar  atmosphere  and  other  matters)  which  become  untenable 
if  Pliicker  was  mistaken.  Pliicker's  authority  is  so  great  that 
every  one  hesitates  to  call  any  observation  of  his  in  question. 
Moreover,  it  is  difficult  to  prove  a  negative.  For  one  to  suc- 
ceed with  an  experiment  when  another  fails  is  nothing  un- 
common. Still  spectroscopy  has  made  long  strides  since 
1862,  and  the  interests  of  science  demand  that  the  evidence 
on  this  question  should  be  reviewed. 

Two  years  after  the  publication  of  Pliicker's  paper,  Dibbits, 
also  a  good  observer,  published  in  the  same  journal  (Pogg. 
Ann.  5th  ser.  vol.  ii.  p.  497)  an  account  of  his  observations  of 
the  spectrum  of  the  flame  of  hydrogen  burning  in  air,  in 
oxygen,  in  niti'ous  and  in  nitric  oxides,  and  in  chlorine.     In 

*  Communicated  by  the  Author. 
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every  case  lie  found  it  to  be  a  faiut  continuous  spectrum 
extending  from  red  to  blue,  fading  out  at  both  extremities, 
and  brightest  in  the  green.  No  line  but  the  yellow  line  of 
sodium  was  to  be  seen,  except  when  he  used  jets  of  brass. 
Even  in  this  case  it  was  not  until  the  metal  had  become  a 
little  oxidized  that  any  lines  were  visible.  When  this  occurred 
several  bright  lines  were  seen  in  the  red,  green,  and  blue,  and 
the  brightest  of  them  he  found  to  be  identical  with  those 
produced  by  copper  chloride  in  the  flame  of  a  Bunsen  burner. 

In  1868  (Proc.  R.  S.  xvi.  p.  421)  Frankland  stated  that  he 
had  observed  the  combustion  of  hydrogen  in  oxygen  under  a 
pressure  gradually  increasing  up  to  ten  atmospheres  ;  and 
that  at  the  last-named  pressure  the  spectrum  of  the  flame  was 
perfectly  continuous.  He  does  not  say  what  it  was  at  the 
lower  pressures.  Salet  also  (Compt.  Rend.  Ixviii.  p.  404)  says 
that  hydrogen  burnt  in  oxygen  gives  a  continuous  spectrum. 

Some  years  ago,  when  examining  the  spectrum  of  the  arc 
in  hydrogen,  given  by  a  powerful  dynamo,  I  was  struck  by 
the  fact  that  no  line  of  hydrogen,  bright  or  reversed,  could 
be  detected,  except  at  the  moment  of  breaking  the  arc.  This 
led  me  to  look  at  the  oxyhydrogen  flame  ;  when  I  found,  to 
my  surprise,  that  the  hydrogen  lines  were  absent  from  the 
flame.  Subsequently  (Proc.  li.  S.  xxx.  p.  157)  Dewar  and  I 
found  that  the  alternating  current  from  a  De  Meritens  mag- 
neto-electric machine,  arranged  for  high  tension,  produced  an 
arc  in  hydrogen  which  showed  H^  fairly  bright  and  H^s  as  a 
faint  diffuse  band.  Secchi  {Compt.  Rend.  Ixxvii.  p,  177) 
stated  that  the  negative  pole  of  an  arc  showed  lines  of  hydro- 
gen and  of  the  metals  in  the  carbons,  and  that  a  dro])  of 
water  thrown  on  the  carbons  caused  the  hydrogen-lines  to 
appear,  and  many  others.  Subsequently  we  found  (Proc.  R. 
S.  XXXV.  p.  75)  that  when  a  small  drop  of  water  was  let  fall 
into  the  arc  given  by  a  dynamo  machine,  both  H^  and  H^s 
were  visible  in  the  spectrum  for  an  instant. 

Since  then  I  have  made  a  veiy  great  many  observations  of 
the  spectrum  of  the  oxyhydrogen  flame,  both  directly  and  by 
photography,  but  have  never  met  with  a  trace  of  the  hydrogen- 
lines  in  the  flame.  The  jets  used,  the  proportions  of  the  two 
gases,  and  their  pressures  have  been  varied  in  all  sorts  of 
ways,  but  with  the  same  negative  result  as  regards  the  line- 
spectrum  of  hydrogen.  In  particular,  when  mapping  the 
spectrum  we  have  ascribed  to  water  (Trans.  R.  S.  1888,  A.  27) 
I  took  a  great  many  photographs  of  the  spectrum  of  the  oxy- 
hydrogen flame,  at  atmospheric  pressure,  in  the  region  from 
about  \  350  to  \  450,  with  exposures  of  3  hours,  and  in  a  few 
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cases  even  longer,  but  no  one  of  these  showed  a  trace  of  the 
hydrogen-lines  H^,  Hj,  or  H^*.  Other  photographs  of  the 
sj)ectriim  of  the  flame  extended  as  low  as  D,  but  these  like- 
wise showed  no  trace  of  any  hydi'ogen-line.  If  the  rays  were 
emitted  at  all  by  the  flame,  though  so  faint  as  not  to  be  de- 
tected by  the  eye,  they  must  surely  have  depicted  themselves 
on  the  photographic  plate  with  so  long  an  exposure. 

However,  it  might  have  happened,  though  it  is  not  likely, 
that  there  was  somethino;  in  Pliicker's  arrangement  which 
had  enabled  him  to  get  the  lines,  while  I  failed.  So  I  have 
made  a  new  series  of  direct  observations  of  the  flame  in  order 
to  make  sure.  Unfortunately,  Pliicker's  mention  of  his  ob- 
servations is  an  episode,  and  he  does  not  describe  his  appa- 
ratus. He  merely  says  that  he  allowed  the  two  gases,  from 
two  gasometers,  to  flow  together,  and  inflamed  them,  and 
endeavoured  so  to  regulate  the  pressure  that  the  excess  of 
hydrogen  should  be  heated  as  much  as  possible  by  the  flame. 
He  succeeded  in  getting  a  red  tip  to  the  flame,  and  a  Babinet's 
goniometer  showed  H^  and  H^g. 

I  have  tried  three  forms  of  jet,  all  of  platinum.  First  a 
double  jet,  one  tube  within  the  other,  and  hydrogen  supplied 
through  the  inner  tube,  oxygen  through  the  outer  ;  also  the 
same  with  hydrogen  outside  and  oxygen  inside.  Secondly,  a 
jet  in  which  the  two  gases  were  mixed  in  a  small  chamber, 
and  the  jet  of  mixed  gas  burnt.  Thirdly,  two  streams,  one  of 
oxygen  and  the  other  of  hydrogen,  were  allowed  to  impinge 
on  one  another  at  an  angle  of  about  45°,  so  as  to  form  a  fish- 
tail flame. 

I  used  two  spectroscopes.  The  telescopes  of  one  had 
object-glasses  2^  inches  in  diameter,  with  two  prisms  of  30° 
of  similar  aperture,  fixed  one  in  front  of  each  object-glass  and 
carried  with  the  telescope,  so  that  the  spectrum  was  always 
of  the  greatest  purity  and  the  light  ample.  I  used  also  an 
eyepiece  of  low  power,  so  as  to  have  every  chance  of  detect- 
ing faint  lines. 

The  other  was  smaller.  It  was  a  direct-vision  spec- 
troscope with  two  Christie  half-prisms,  of  which  the  second 
was  in  the  reversed  position,  so  as  to  give  a  pure  spectrum 
though  no  great  dispersion  :  an  excellent  instrument  for 
detectino;  faint  diffuse  lines  or  bands. 

In  observing,  the  instrument  was  set  and  focused  for  the 
F,  or  C,  line  of  the  solar  spectrum,  and  then  turned  to  the 
flame,  and  the  room  darkened. 

*  This  is  following  Pliicker's  uotation,  so  that  H,  stands  for  the 
hydrogen-line  corresponding  to  tlie  Fraunhofer  line  TI. 
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In  every  case  the  proportion  of  oxygen  to  hydrogen  was 
very  gradually  varied,  from  excess  of  hydrogen  to  excess  of 
oxygen  and  vice  versa  ;  and  different  parts  of  the  flame 
brought  in  front  of  the  slit.  This  was  done  again  and  again, 
but  no  trace  of  any  hydrogen-line  could  be  detected.  Except 
for  the  D  line  of  sodium,  which  was  always  present,  and 
flashed  out  brightly  as  particles  of  dust  entered  the  flame,  and 
for  an  occasional  flash  of  the  two  well-known  lime-bands,  the 
spectrum  was  quite  continuous,  extending  from  near  C  to 
near  G,  very  faint  at  both  ends. 

When  the  hydrogen  was  in  excess  the  flame  had  a  reddish 
tip,  which  may  bo  what  Pliicker  saw  ;  but  the  spectroscope 
showed  that  this  colour  was  only  due  to  the  fact  that  (uuder 
these  conditions)  the  maximum  of  the  continuous  spectrum 
lay  in  the  orange  between  C  and  D.  This  continuous  spec- 
trum faded  away  gradually  and  could  be  traced  down  to 
about  the  position  of  C,  but  there  it  ended,  and  there  M^as 
nothing  like  a  maximum  at  C.  When  the  oxygen  was  in  ex- 
cess the  maximum  of  the  continuous  spectrum  shifted  into 
the  citron,  and  I  could  no  longer  trace  the  spectrum  so  low 
as  C.     There  was  no  maximum  of  brightness  about  F  or  Gr'. 

When  the  separate  impinging  jets  w^ere  used  the  flame  had 
a  curious  appearance — the  oxygen  side  had  a  greenish  hue,  the 
hydrogtni  side  a  fainter  orange  hue.  In  the  raid-plane  would 
be  the  most  active  combustion  and  the  hottest  temperature, 
and  there,  if  anywhere,  we  might  expect  to  see  the  hydrogen 
rays  developed.  I  examined  both  the  broad  side  and  the 
edge,  but  could  see  no  hydrogen-line  at  all.  When  the  spec- 
troscope was  directed  on  to  the  edge,  the  radiation  would  be 
received  from  a  considerable  thickness  of  the  hottest  part  of 
the  flame,  and  this  would  seem  to  be  the  most  ftivourable 
condition  for  detecting  the  hydrogen  I'ays. 

Having  failed  to  get  the  hydrogen  rays  at  all  in  any  of 
these  flames  I  next  tried  a  cyanogen  flame  burning  in  oxygen, 
and  introduced  a  very  small  jet  of  hydrogen  into  the  middle 
of  the  flame.  The  cyanogen  flame  in  oxygen  is  much  hotter 
than  the  hydrogen  flame,  and  gives  a  brilliant  spectrum  of 
cliannellings.  The  flame,  however,  has  a  very  definite  inner 
cone  which  gives  this  bright  spectrum,  while  the  flame 
outside  the  cone  hardly  shows  any  of  it.  The  introduction  of 
the  smallest  quantity  of  h3^drogen  alters  the  general  appear- 
ance of  the  flame,  but  seems  to  alter  the  brightness  only  of 
the  spectrum.  No  hydrogen-line  could  be  detected  in  the 
spectrum  of  the  cone,  or  the  flame  above  it.  One  of  the 
channellings  in  the  spectrum  of  the  cone  overlaps  the  place 
of  H„.  so  that  it  mio-ht  be  difiicult  to  detect  H„  if  it  were 
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present,  except  in  the  part  of  the  flame  ahove  the  cone  ;  but 
tliere  is  a  gap  in  the  channeUings  about  H^s,  so  that  hne  could 
be  seen  easily  if  it  were  present.     But  I  could  not  detect  it. 

After  such  a  series  of  negative  results  I  can  only  come  to 
one  conclusion,  namely,  that  the  temperature  of  the  oxyhy- 
drogen  flame  alone  is  not  sufficient  to  cause  hydrogen  to  emit 
the  rays  we  see  produced  by  an  electric  discharge  in  that  gas, 
and  that  Pliicker  must  have  mistaken  some  other  rays  for 
those  of  hydrogen.  What  those  rays  probably  were  it  is 
almost  impossible  to  say  with  the  very  scanty  information  he 
has  given.  If  the  hydrogen  he  used  were  generated  in  the 
gasometer,  it  may  have  had  some  fine  spray  of  a  zinc  solu- 
tion mixed  with  it.  Such  a  spray  in  an  oxyhydrogen  flame 
may,  under  favourable  circumstances,  give  a  spectrum  of  three 
blue  lines,  of  which  the  least  refrangible  is  the  strongest  and  has 
a  wave-length  about  4810.  A  little  zinc-ethyl  in  the  hydrogen 
gives  them  well.  Pliicker  does  not  say  how  he  identified  the 
rays  he  saw  with  Ha  and  H^s,  but  if  he  did  not  make  a  direct 
comparison,  and  if  his  Babinet's  goniometer  had,  as  is  probable, 
only  a  single  prism,  it  is  possible  that  he  might  have  mistaken 
the  zinc-line  for  H^g.  An  electric  spark  taken  from  a  solu- 
tion of  zinc  gives  also  a  red  line,  but  this  line  is  not,  so  far  as 
I  have  observed,  produced  by  zinc  in  any  flame,  so  it  will  not 
account  for  the  line  set  down  as  H^^.  The  only  suggestion  1 
can  ofix^r  for  the  red  line  is  that  it  may  have  been  the  red  line 
of  lithium.  Lithium  dust  may  easily  have  been  present  in 
the  laboiatory,  especially  if  a  flame  with  lithium  in  it  had 
recently  been  employed  ;  and,  as  the  dispersion  of  a  single 
prism  in  the  red  is  but  small,  it  is  just  possible  that  in  a  hasty 
examination  the  lithium-line  may  have  been  mistaken  for  H„. 
I  am  very  unwilling  to  accuse  such  an  observer  as  Pliicker  of 
the  carelessness  which  is  implied  in  the  supposition  that  he 
mistook  the  lithium-line  for  hydrogen,  and  should  not  think 
of  doing  so  if  his  whole  account  did  not  appear  to  be  given 
merely  by  the  way  in  support  of  a  theory  which  is  not  now 
generally  accepted.  There  remains  the  supposition  that  he 
used,  as  Dibbits  did,  a  jet  of  brass,  or  of  some  other  metal, 
which  gave  its  own  lines  in  the  flame. 

Cambridge,  Sept.  12,  1892. 
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XLII.    Thermoelectrics  of  Platinion-iridinm  and  of  Platinum- 
rhodium.     By  Carl  Barus*. 

1,  JNTEOBUCTORY.  — Before  proceeding  further  it 
seemed  fit  to  clinch  the  remarks  of  my  preceding 
paper t  hy  making  an  actual  comparison  of  the  thermoelec- 
tromotive  forces  of  iridioplatinuni-platinum  and  rhodioplati- 
num-platinum  within  an  interval  of  temperature  of  about 
1700°  C-  I  was  quite  prepared  to  find  a  simple  relation 
between  the  corresponding  data  of  these  two  couples  ;  but  a 
relation  so  nearly,  if  not  actually  linear,  is  a  striking  result, 
and  was  not  anticipated. 

2.  The  Thermocoiqyles. — The  first  of  these  consisted  of  soft 
platinum  combined  with  an  alloy  of  platinum  with  20  per  cent, 
(nearly)  of  iridium.  The  material  was  purchased  in  Paris  in 
1883,  and  used  throughout  my  high-temperature  work. 

The  second  couple  consisted  of  pure  platinum  with  an  alloy 
of  platinum  with  10  per  cent,  (nearly)  of  rhodium.  It  was 
obtained  from  Paris  (Carpentier)  in  1892. 

3.  The  Method. — The  hot  junctions  of  the  two  couples  were 
fused  into  a  single  globule  before  the  oxyhydrogen  blowpipe. 
The  wires  were  left  bare  for  about  5  centim.  above  this,  and 
the  remaining  lengths  of  the  ^^ires  surrounded  by  a  pair  of 
fire-clay  insulators.  Thus  they  could  be  secured  by  a  clamp 
on  the  outside  of  the  furnace.  The  cold  junctions  were  sub- 
merged, side  by  side,  in  a  bath  of  petroleum,  at  known  tem- 
peratures (thermometer).  Here  they  communicated  with  the 
terminals  leading  to  the  apparatus  for  the  measurement  of 
electromotive  force  by  the  zero  method. 

In  order  to  insure  identity  of  exposure  and  slow  changes 
of  temperature,  the  common  globular  junction  of  the  two 
thermocouples  was  imbedded  in  a  mass  of  calcined  lime 
contained  in  a  large  platinum  crucible  (6  centim.  high, 
5  centim.  in  diameter).  At  the  close  of  my  work  I  found  that 
large  holes  had  heen  fused  through  the  walls  of  the  crucible. 

4.  Results. — Table  I.  contains  a  series  of  results  obtained 
as  follows : — The  furnace  (with  all  parts  in  place)  was  first 
heated  to  above  1600°.  Then  the  burner  was  removed,  and 
the  furnace  closed  up  and  allowed  to  cool  without  further 
interference. 

Observations  of  the  electromotive  forces  of  the  two  couples 
were  made  alternately,  every  two  minutes,  during  the  time  of 
cooling.  The  electromotive  forces  of  the  platinum-rhodium 
couple  were  then  plotted  graphically  as  a  function  of  time 
(showing  a  remarkably  uniform  curve),  from  which  the  elec- 
tromotive forces  (platinum-rhodium),  for  the  times  at  which 

*  Communicated  by  tlie  Author, 
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the  platinum-iritlium  observations  were  made,  could  be  taken 
with  an  accuracy  of  0*1  per  cent. 

The  table  therefore  contains  the  electromotive  forces,  in 
microvolts,  of  iridioplatinuni-platinum,  e,  and  rhodioplatinum- 
platiuum,  e',  at  the  times  specified  and  for  the  temperatures, 
t,  of  the  cold  junctions,  when  the  hot  junctions  are  identically 
heated.  It  also  contains  the  electromotive  forces  620  ^^^  ^'20? 
for  the  case  where  both  cold  junctions  are  at  20°  C,  as  well 
as  the  ratio,  ^'20/^205  of  the  two. 

Table  I. — Comparison  of  the  thermoelectrics  of  the  platinum- 
iridium  (20  per  cent.)  and  the  platinum-rhodium  (10 
per  cent.)  thermocouples.     Flame  off. 


Pt-Ir. 

Pt-Rh. 

Time. 

f. 

e. 

e'. 

^20- 

^  20- 

Wxe'Je,^,. 

m. 

°G. 

mici'ovolt. 

microvolt. 

microvolt. 

microvolt. 

bl 

290 

21863 

21930 

* 

59 

20'0 

15410 

(U 

291 

18118 

18190 

14020 

771 

63 

291 

12767 

63 

29-2 

15343 

15410 

11790 

765 

67 

29-2 

10877 

69 

29-3 

13308 

10380 

10210 

764 

71 

29  3 

9574 

73 

29-4 

11852 

11920 

9070 

761 

75 

29-4 

8.521 

77 

29-5 

10.595 

10670 

8110 

7(>0 

79 

29-5 

7640 

81 

29-5 

9517 

9590 

7310 

762 

83 

29-5 

6882 

85 

29-5 

8575 

8650 

6590 

762 

87 

29-5 

6217 

89 

29-5 

7770 

7845 

5980 

763 

91 

29-5 

5631 

93 

29-6 

7044 

7120 

5410 

760 

95 

29-6 

5109 

97 

29-6 

6.391 

6470 

4920 

761 

99 

29-6 

4653 

101 

29-7 

5822 

5900 

4500 

764 

103 

29-7 

4251 

105 

29-7 

.5315 

5390 

4120 

764 

107 

29-7 

3874 

109 

29-8 

4870 

4950 

3770 

763 

111 

29-8 

3552 

113 

29-8 

4466 

4540 

3460 

763 

115 

29-8 

3255 

117 

29-9 

4082 

4160 

3170 

763 

119 

29-9 

29V;3 

121 

29-9 

3740 

3820 

2910 

760 

123 

29-9 

2721 

125 

300 

3428 

3510 

2670 

762 

127 

30-0 

2502 

129 

30-0 

3145 

3220 

2460 

764 

131 

300 

2301 

133 

300 

2880 

... 

2958 

2281 

771 

135 

300 

2122 

*  Cooling  too  rapid  for  interpolation. 
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An  inspec,tion  of  this  table  shows  that  above  1500°  cooling 
is  too  rapid  for  the  interpolation  method.  Hence,  in  Table  II., 
the  burner  was  left  in  place,  and  the  furnace  heated  to  the 
maximum  intensity  (above  1700°).  Changes  of  temperature 
were  now  so  gradual  that  observations  could  be  taken  every 
minute,  two  for  iridioplatinum  including  one  for  rhodio- 
platinum.  The  means  of  the  two  former  were  considered 
identical,  as  to  time,  with  the  latter. 

Table  II. — Thermoelectrics  of  iridioplatinum  and  rhodio- 
platinum.     Flame  on. 


Time. 

t. 

Pt-Ir. 

e. 

Pt-Eh. 

e'. 

Pt-Ir. 

^20- 

Pt-Eh. 

*  20' 

ia'xe'2o/«2o- 

12 

321 

22930 

17885 

23020 

17960 

779 

15 

321 

23335 

18168 

23430 

18240 

779 

18 

32-2 

23450 

18248 

23540 

18320 

778 

21 

32-2 

23fi37 

18399 

23730 

18470 

778* 

24 

323 

23297 

18059 

23390 

18130 

775* 

27 

32-3 

23200 

18059 

23360 

18130 

776* 

30 

32-4 

2^21 

18168 

23520 

18240 

776* 

*  Platinum  crucible  melts,  §  3. 

5.  Digest. — The  results  of  these  tables  have  been  put  in 
the  chart,  thermoelectric  powers  (microvolts)  of  iridioplati- 
num as  abscissae,  and  of  rhodioplatinum  (microvolts)  as  oi-di- 
nates.  The  cold  junctions  are  at  20°  C.  The  consecutive 
regions  of  temperature  of  the  hot  junctions  are  marked  on 
the  curve. 

It  w^ill  be  seen  that  within  1200°  the  ratio  of  electromotive 
forces  is  strikingly  constant,  viz.  0*7724 +  0*0016,  between 
340°  and  1220°.  Moreover  the  probable  error  is  due  to 
difficulties  of  observation,  and  not  to  any  apparent  march  of 
the  data.  Platinum-iridium,  20  per  cent.,  is  thermoelectri- 
cally  stronger  than  platinum-rhodium,  10  per  cent.,  in  the 
ratio  of  100  to  76,  from  which,  however,  it  does  not  follow 
that  a  10  per  cent,  alloy  of  the  former  metal  would  be  weaker 
than  the  latter.  Thermoelectric  power  {ccet.  par.)  usually 
increases  at  a  retarded  rate  with  the  quantity  of  the  foreign 
metal  added  to  platinum. 

Between  1200°  and  1700°  the  rhodioplatinum  couple  gains 
thermoelectrically  on  the  iridioplatinum  couple,  so  that  the 
relation  is  no  longer  linear ;  but  the  change  of  curvature  is 
very  gradual,  and  uniformly  continuous.  Even  above  1700° 
the  ratio  of  thermoelectric  powers  is  (Table  II.) 

•7774  + -0016, 

or  only  about  2  per  cent,  in  excess  of  its  value  below  1200°. 
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A.RT  showing  the  relation  of  the  electromotive  force  (microvolts),  of  the  20  per  cent, 
iridioplatinum  thermocouple  (abscissae),  and  of  the  10  per  cent,  rhodioplatiniim 
thermocouple  Tordinates),  when  the  cold  junction  is  kept  at  20"^  C,  and  the  hot 
junction  carried  through  a  tempei-ature  interval  of  over  1700°  C.  Above  1200°,  tlie 
prolonged  linear  locua  is  dotted.  The  successive  temi)erature  regions  are  iiidicated 
below  tlie  curve. 
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6.  Change  of  Curvature,  incidental. — The  departure  from 
the  linear  relation  of  themioelecti-ic  powers  above  1 200°  may 
of  course  be  reab  But  there  are  agencies  here  at  work  into 
"which  it  is  necessary  to  inquire.  In  the  first  place,  at  these 
excessively  high  temperatures  the  fire-clay  insulatoi's*,  as 
well  as  all  parts  of  the  furnace,  conduct  electrically.  It  is  a 
curious  fact,  too,  that  the  acid  silicates,  although  the  more 
viscous,  are  better  conductors  than  the  more  nearly  liquid 
basic  silicates,  ccet.  'par.  Thus  a  certain  part  of  the  thermo- 
electric power  is  ])09sibly  tapped  off  through  the  insulators. 
Again,  and  more  seriously,  under  the  given  circumstances 
volta  contacts  are  introduced,  consisting,  in  one  case,  of 
rhodioplatinum/silicate/platinum,  and  in  the  other  of  iridio- 
platinum/silicate/platinum  ;  and  it  is  altogether  improbable 
that  these  effects  will  be  equal.  It  is  obvious,  also^  that  the 
discrepancies  in  question  would  increase  with  tempei'ature, 
compatibly  with  the  chart.  Finally,  the  hot  gases  themselves, 
particularly  the  flame-gases,  cannot  at  once  be  considered  free 
from  disturbing  influences. 

Some  experiments  made  at  relatively  low  temperatures 
with  the  burner  in  action  seem  to  bear  out  these  points  of 
view.  Thus  between  1050°  and  1150°  a  series  of  7  measure- 
ments led  to  the  factor  <^'2o/^„o  =  0*7689 +  0-0009  ;  6  measure- 
ments between  950°  and  1200°  to  0-07682 +  0-0295,  &c. 
Hence,  when  a  flame  envelops  the  crucible,  and  the  insulators 
are  hotter,  the  factor  is  apparently  larger  than  in  the  case  of 
a  furnace  with  the  burner  removed,  and  cooling  by  radiation. 

Remembering,  therefore,  that  the  deviation  is  not  large, 
I  thinly  it  may  be  reasonably  asserted  that  the  ratio  of  thermo- 
electric powers  of  the  two  couples  is  probably  constant 
throughout  the  whole  interval  of  over  1700°. 

7.  Thermoelectric  Lau\ — Here,  therefore,  are  two  thermo- 
couples, differing  in  chemical  composition,  and  differing  also 
in  percentage  composition,  the  thermoelectric  powers  of 
which,  in  their  variation  with  temperature,  show  a  constant 
ratio  up  to  1200°  at  least,  and  probably  at  all  laboratory 
temperatures  (1700°).  I  think,  therefoi-e,  that  I  can  make  a 
strong  point  by  claiming  that  the  change  of  electromotive 
force  with  temperature,  in  both  these  couples,  is  thoroughly 
normal ;  for  if  there  were  anomalies  present,  they  would  have 
to  be  similarly  and  symmetrically  situated  in  two  different 
couples — a  much  more  improbable  assumption.  In  short,  the 
thermoelectric  behaviour  of  iridioplatinum-platinum  and  rho- 
dioplatinum-platinum  couples   may  safely  be   looked  upon  as 

*  See  a  forthcoming  paper  by  Joseph  P.  Iddinga  and  myself  on  the 
electric  conduction  of  rock  magmas  of  different  composition  (Am.  Journal, 
Sept.  1892). 
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embodying  a  thermoelectric  law,  the  nature  of  which  is  thus 
made  accessible  throughout  an  enormous  range  of  tempera- 
tures. 

This  law  is  not  fully  contained  in  Tait's  equation,  as  has 
been  already  asserted  ;  nor  did  Prof.  Tait  claim  that  it  would 
be.  I  have  spent  much  time  in  looking  into  this  question, 
but  it  does  not  seem  worth  while  to  adduce  new  results  until 
the  calibration  problem  has  been  carried  forward  to  a  much 
greater  degree  of  nicety  than  was  necessary  in  my  geological 
work. 

Phy«.  Lab.,  U.S.  Geol.  Survey, 
Washington,  D.C.,  U.S.A. 

XLIII.  Notices  respecting  New  Books. 

Cours  de  Physique,  par  J.  A^iolle.     Tome  II.,  2"*^  Partie  :   Optique 
Geometrique.     (Paris  :  G.  Masson,  1892.) 

'T'HIS  treatise  forms  the  first  part  of  the  Division  "  Optique  "  of  a 
-*-  Cours  de  Physique  by  the  author,  "  Maitre  de  Conferences  a 
I'Ecole  Normale,"  i^aris  ;  tlie  second  part,  now  passing  through  the 
press,  being  occupied  with  Physical  Optics.  To  M.  Violle,  a  pupil 
of  the  late  M.  Verdet,  in  the  posthumous  editing  of  that  able 
teacher's  lectures,  the  department  of  Electricity  was  assigned. 

This  handsome  octavo  volume,  of  356  pages  with  276  finely 
executed  figures,  contains  a  tolerably  full  account,  with  demon- 
strations, of  all  that  part  of  the  science  of  Optics  which  is  simply 
dependent  on  the  laws  of  reflexion  aud  refraction  of  light  at  the 
boundaries  of  ordinary  homogeneous  media,  the  usual  experimental 
verifications  of  those  laws  being  described  and  made  the  foundation 
of  the  volume.  After  their  theory  is  explained,  the  manifold  apph- 
cations  of  plane  mirrors  are  detailed,  with  full  illustrations,  from 
the  magic  mirrors  of  Xostradamus  and  the  late  Prof.  Pepper  to 
the  more  useful  Sextants,  Goniometers  (that  of  AVollaston — date 
unrecorded — being  placed  after  Babinet's,  of  1839),  and  Heliostats. 
The  subject  of  spherical  mirrors  introduces  that  of  Aberrations 
and  Caustics ;  and  the  Chapter  (ii.)  concludes  with  a  sketch  of 
the  methods  employed  by  Foucault  in  particular  for  making  and 
retouching  parabolic  mirrors. 

Chapter  iii.  is  divided  into  portions  dealing  severally  with  the 
experimental  proofs,  and  that  through  Permat's  principle  of  quick- 
est path,  of  the  "Law  of  Sines:"  the  passage  of  light  through 
Plates  and  the  Atmosphere,  through  Prisms  and  Lenses,  spherical 
and  cylindric.  The  treatment  is  full  and  fairly  complete,  though 
of  course  less  so  than  in  Mascart's  larger  work.  Gauss's  "  Principal 
Planes"  and  the  theorems  of  Malus  and  Sturm  are  freely  employed — 
the  latter  being  anticipated,  some  seventy  pages  before  statement 
and  proof,  in  the  discussion  of  the  formation  of  the  image  of  an 
object  under  water,  and  the  forms  of  the  two  sheets  of  the 
"  Caustic  Surface."  "  Aberration  "  and  "  Aplanetism  "  receive  a 
proportionate  amount  of  treatment. 
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Chapter  IV.,  on  "Dispersion,"  contains  an  account,  fully  illus- 
trated, of  some  of  the  most  used  Spectroscopes,  and  an  outline  of 
Spectroscopy — under  the  title  "  Study  of  the  different  sources  of 
Light " — mainly  taken  from  a  special  work  by  M.  Salet.  Then 
follows  an  account  of  various  methods  which  have  been  employed 
for  the  measurement  of  indices  of  refraction,  with  a  discussion  of 
the  results,  as  of  the  formula)  which  have  been  proposed  for  con- 
jiecting  the  variations  of  the  index  with  those  of  temperature  and 
density.  A  third  section  of  the  chapter  is  devoted  to  "  Achroma- 
tism" and  instruments  for  measuring  dispersive  powers.  Dollond's 
achievement  is  by  an  oversight,  or  misprint,  dated  1557  for  1757. 
Here  it  may  be  remarked  that  M.  VioUe  is  usually  full  and  exact 
in  his  references  to  original  memoirs  and  their  dates,  as  becomes  a 
pupil  of  M.  Verdet ;  but  the  careful  reader  will  occasionally  miss 
those  verifications  of  statements  taken,  presumably,  from  predeces- 
sors ;  as  when  he  is  told,  "  Ptolomee  avait  constate  la  reciprocite  des 
rayons  incident  et  refracte : "  "  d'aprcs  Aristote,  toute  couleur  etaifc 
melange  de  blanc  et  de  noir.  Ce  fut  aussi  I'opinion  de  Goethe" — 
without  any  reference  for  the  statements.  Or  when  the  authority  ia 
quoted  but  without  addition  of  page  or  edition ;  as  :  "  Roger  Bacon 
le  premier  a  donne  la  place  exacte  du  foyer  d'un  miroir  concave 
dans  son  livre,  dedie  a  Clement  IV.,  Opusmajus,  1267."    "Permat, 

Litterfe Paris,    1667."    "  Klingetststierna  K.  Sv.  V.-Ak. 

Handlingar,  1754;"  and  so  on.  Finally,  Section  IV.  of  this  im- 
portant chapter  deals  with  Colours  (the  true  theory  of  which  is 
assigned  to  Malebranche),  and  the  methods  which  have  been  given 
for  calculating  the  tint  of  a  given  mixture.  Here,  ajid  in  the  section 
of  the  next  chapter  devoted  to  the  Eye  and  Vision,  reference  is 
freely  made  to  the  French  translation  of  Von  Helmholtz's  work  on 
Physiological  Optics,  and  to  Clerk  Maxwell's  researches.  In  this, 
as  in  several  other  parts  of  the  treatise,  it  has  been  found  necessary 
to  anticipate  some  of  the  results  of  the  Wave  theory. 

The  concluding  Chapter  v.  is  occupied  \vith  "  Optical  Instru- 
ments "  other  than  those  described  in  the  preceding  chapters ; 
preliminary  to  which  the  Eye,  with  the  optical  means  of  meeting 
its  defects,  and  the  Stereoscope  are  treated  of  in  the  first  section. 
In  the  second  section  the  method  of  treatment  is  founded  on  the 
consideration  of  the  single  equivalent  lens.  The  "  loupe "  or 
raagnifying-lens,  the  eyepieces  of  Ramsden  and  Huyghens, 
Microscopes  with  some  account  of  the  recent  improvements. 
Refracting  and  Reflecting  Telescopes,  are  successively  dealt  with 
in  as  much  detail  as  a  text-book  on  general  Optics  can  afford.  A 
sketcli  of  the  history  of  Optical  Instruments,  down  to  the  "  Lunette 
Coudee  "  of  M.  Loewy,  occupying  some  sLx  pages,  follows ;  and  a 
sketch  of  apparatus  for  Projection  and  Photography  closes  the 
volume. 

From  this  abstract  of  the  contents  it  will  appear  that  there 
is  no  English  book  which  covers  the  same  extent  of  ground  with 
equal  fulness  of  treatment  and  illustration.  j  j_  ^^\[ 
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June  22nd,  1892.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.8., 
President,  in  the  Chair. 
'^r^HE  following  communications  were  read  : — 
-*-     1.  "Contribution  to  a  Knowledge  of  the  Saurischia  of  Europe 
and  Africa."     By  Prof.  H.  G.  Seeley,  F.Il.S.,  F.G.S. 

2.  "Mesosauria  from  South  Africa."  By  Prof.  H.  G.  Seeley, 
F.R.S.,  F.G.S. 

3.  "  On  a  new  Reptile  from  Welte  Vreden,  Eunotosaurus  africanus 
(Seeley)."     By  Prof.  H.  G.  Seeley,  F.R.S.,  F.G.S. 

4.  "  The  Dioritic  Picrite  of  White  Hausc  and  Great  Cockup." 
By  J.  Postlethwaite,  Esq.,  F.G.S. 

The  rock,  which  is  about  two  miles  N.E.  of  the  Little  Knott  rock, 
formerly  described  by  Prof.  Bonney,  was  referred  to  by  the  author  as 
"  a  large  mass  of  hornblende  picrite  of  like  nature  "  to  the  Little 
Knott  rock,  in  a  paper  published  in  the  '  Transactions '  of  the 
Cumberland  and  "Westmorland  Association  for  1889-90.  Micro- 
scopic examination  by  Prof.  Bonney  of  the  rock  which  is  the  subject 
of  the  present  communication  confirms  this  determination. 

The  metamorphism  observable  around  this  mass  is  considerably 
larger  than  that  seen  round  the  Little  Knott  mass. 

5.  "  On  the  Structure  of  the  American  Pteraspidian,  Palteaspis 
(Clavpole),  with  Remarks  on  the  Family."  By  Prof.  E.  W.  Clay- 
pole,'  B.A.,  D.Sc,  F.G.S. 

6.  "  Contributions  to  the  Geology  of  the  Wengen  and  St.  Cassian 
Strata  in  Southern  Tyrol."     By  Maria  M.  Ogilvie,  B.Sc. 

In  the  first  part  of  this  paper  the  authoress  gives  a  summar}'  of 
previous  investigations  and  speculations  respecting  the  sequence  and 
fossils  of  the  Triassic  rocks  of  the  well-known  Dolomitic  region  of 
Southern  Tyrol ;  more  especially  with  reference  to  the  famous  fossil- 
bearing  strata  of  the  neighboui'hood  of  St.  Cassian.  The  different 
views  which  have  been  advanced  with  regard  to  the  actual  mode  of 
formation  of  these  strata,  and  their  proper  classification,  since  the 
appearance  of  the  classical  works  of  Von  Richthofen  and  Mosjisovics, 
are  indicated,  and  their  geological  significance  discussed. 

In  the  main  body  of  the  paper  the  authoress  gives  a  generalized 
account  of  the  results  of  her  own  personal  study  of  these  strata 
during  the  years  1891-1892,  illustrating  her  conclusions  by  maps  and 
sections.  Three  areas  have  been  partly  mapped  in  detail,  on  the  scale 
of  1 :  25000,  and  the  various  fossiliferous  zones  have  been  traced  on 
the  ground.  The  range  and  nature  of  the  faults,  &c.,  have  in  this 
way  been  determined. 

The  typical  area  of  Prelongei  and  St.  Cassian  is  first  described  in 
detail,  and  from  a  careful  mapping  of  the  ground  and  a  study  of  the 
fossils   the  authoress  reaches  the  conclusion  that  the  St.  Cassian 
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strata  are  naturally  separable  into  three  divisions,  viz,  : — 

1,    Upper  Cassian  Beds  (or  Preloiigei  Zone). 

'2.  Middle  Cassiaa  (or  Mureii  Zone). 

3.  Lower  Cassiaa  (or  Stoures  Zone). 
Each  division  is  characterized  by  certain  special  lithological  features 
and  palaeontological  characters,  everywhere  recognizable.  In  oppo- 
sition to  the  views  of  some  other  investigators,  it  is  shown,  by 
physical  and  palaeontological  evidence,  that  the  Upj)er  Cassian  series 
is  normally  succeeded,  as  originally  asserted  by  Von  Richthofen,  by 
the  well-known  Schleru  Dolomite,  and  that  between  this  band  and  the 
massive  Dachstein-Kalk  there  is  invariably  found  the  peculiar  zone 
of  the  Raibl  strata. 

The  physical  and  paheontological  relationships  of  the  disputed 
strata  of  the  llichthofen  Riff  and  Sett  8as3  are  next  discussed.  The 
richly  fossiliferous  strata  of  Heiligenkreuz  are  shown  to  include 
rocks  belonging  to  all  the  three  zones  of  St.  Cassian,  and  a  part  also 
of  the  Raibl.  Detailed  descriptions  and  illustrations  of  the  dispo- 
sition of  the  strata  near  Cortina  d'Ampezzo,  Seeland  Thai,  the  Seisser 
Alpe,  &c.,  are  given ;  and  in  all  cases  it  is  shown  that  the  order 
recognized  in  the  St.  Cassian-Prelongei  area  is  retained  practically 
unmodified,  and  can  be  satisfactorily  correlated  with  that  of  the 
Upper  Trias  of  the  Bavarian  Alps. 

7.  "  Notes  on  some  New  and  Little-known  Species  of  Carboni- 
ferous 3Inrc7iisoma."     By  Miss  Jane  Donald. 

8.  "  Notes  from  a  Geological  Survey  in  Nicaragua."  By  J. 
Crawford,  Esq.,  State  Geologist  to  the  Nicaraguan  Government. 

Nicaragua,  geologically  considered,  can  be  divided,  from  north  to 
south,  into  five  zones,  differing  from  one  another  in  lithological, 
mineralogical,  and  structural  characters. 

The  first  division  embraces  the  central  mountainous  parts,  and 
contains  Laurentian,  Taconian,  Cambrian,  and  Silurian  rocks,  also 
Devonian  rocks  unconformable  to  the  last.  The  second  division, 
parallel  to  that  just  named,  and  extending  to  within  a  hundred 
mQes  of  the  Caribbean  sea,  contains  sediments  of  Carboniferous,  Per- 
mian, and  Mesozoic  ages,  covered  unconformably  by  Cainozoic  and 
modern  formations.  In  some  of  the  rivers  of  this  division  are  rich 
gold-placers.  The  third  division  is  the  delta  on  the  eastern  coast. 
Evidence  furnished  by  alluvial  deposits  and  coral-reefs  indicates 
recent  subsidence  until  a  few  years  ago,  when  elevation  commenced. 
The  fourth  division  is  on  the  western  side  of  the  first  (central) 
division.  Its  rocks  are  generally  similar  to  those  of  the  second 
division.  In  some  places  dykes  are  connected  with  lava-flows. 
In  the  valley  of  the  Rio  Viejo  is  a  Tertiary  mammaliferous  de- 
posit with  Tillodonts,  &e.  The  fifth  division  occupies  Western 
Nicaragua,  and  contains  several  small  crater-lakes  of  the  Yicksburg, 
Yorktown,  and  Sumpter  periods ;  all  the  post-Mesozoic  Nicaraguan 
volcanoes  are  in  this  divison. 

Details  of  the  economic  products,  the  volcanic  phenomena,  and 
the  glaciation  of  the  country  are  furnished,  and  the  remains  of  Neo- 
lithic man  are  recorded. 
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9.  "  Microzoa  from  the  Phosphatic  Chalk  of  Taplow."  By  F. 
Chapman,  Esq.,  F.K.M.S. 

10.  "  On  the  Basalts  and  Andesites  of  Devonshire,  known  as 
Felspathic  Traps."     By  Bernard  Hobson,  Esq.,  M.Sc,  F.G.S. 

The  evidence  in  favour  of  the  contemporaneous  (non-intrusive) 
character  of  theso  Permian  (or  Triassic)  lavas  is  discussed,  and  the 
improbability  of  the  former  existence  of  felspathic  traps  in  the  area 
of  the  Dartmoor  granite,  as  suggested  by  Mr.  E,.  N.  AYorth,  is  shown. 
The  macroscopical  and  microscopical  characters  of  the  rocks  are 
described.  The  great  majority  of  the  rocks  examined  are  olivine- 
basalts,  though  mica-augite-andesite  occurs  at  Killerton,  near  Exeter. 
The  presence  of  quartz-inclusions  in  the  rocks  of  West  Town, 
Knowle,  etc.  near  Exeter  is  shown  to  have  misled  De  la  Beche  into 
terming  these  rocks  quartz-  ('  quartziferous ')  porphyries.  The 
veins  in  the  traps,  mentioned  by  Mr.  Yicary,  and  regarded  by  some 
authors  as  intrusive  felsite  dykes,  are  found  to  be  red-stained  veins 
of  calcite  and  sandstone. 

11.  "  Xotes  on  Eeceut  Borings  for  Salt  and  Coal  in  the  Tees 
Salt-District."     By  Thomas  Tate,  Esq.,  F.G.S. 

The  Tees  Salt  industry  has  expanded  considerably  since  Mr. 
E.  Wilson's  exhaustive  paper  was  read  in  June  1888. 

The  results  of  subsequent  borings  have  in  most  cases  simply  con- 
firmed previously  ascertained  facts,  but  the  two  boreholes  with 
which  this  paper  principally  deals,  put  down  on  the  White  House 
estate,  3  miles  due  west  of  Stone  Marsh,  may  be  useful  in  relation 
to  the  determination  of  («)  the  area  of  the  Tees  Salt-field,  and 
(b)  the  southern  limit  of  the  Durham  Coal-basin. 

After  boring  through  115  feet  of  Drift  deposits  and  151  feet  of 
Bed  Sandstones  and  Marls,  the  Saliferous  Marls,  at  the  base  of 
which  the  Salt-rock,  when  present,  is  usually  found  sandwiched 
between  two  beds  of  anhydrite,  were  reached,  having  a  thickness  of 
178  feet,  but  with  no  Eock-salt.  The  Magnesian  Limestone  for- 
mation, only  299  feet  thick,  an  unusually  large  proportion  of  which 
is  gypsum  or  anhydrite,  was  succeeded  by  grey  sandstones,  rich  in 
calcite,  probably  due  to  infiltration.  The  carbonaceous  shales  and 
sandstones  with  bands  of  encrinital  limestones  below  these,  to- 
gether with  their  contained  fossils,  determine  their  identity  with 
the  Yoredale  Series.     Total  depth,  10791  feet. 

The  chief  results  are  : — (1)  the  Upper  Keuper  lied  Marls  are 
wanting  (as  in  nearly  every  borehole  north  of  the  Tees);  (2)  the 
Salt-rock  is  absent  and  the  Bed  Marl  overlying  its  horizon  is  not 
'  rotten  marl '  but  compact ;  (3)  the  Magnesian  Limestone  (299  feet) 
is  the  thinnest  complete  section  in  County  Durham  ;  (4)  no  coal  is 
found  ;  (5)  the  Yoredale  Bocks  are  represented  by  33G|  feet  of  grey 
sandstones  and  encrinital  limestones,  carbonaceous  shales,  ironstone 
nodules  and  carbonaceous  sandstones. 

An  Appendix,  containing  full  details  of  the  two  vertical  sections, 
accompanies  the  paper. 
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TREATISE  ON  OPTICAL  PHYSICS. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Uuited  University  Club, 
Gentlemen,  August  4th,  1892, 

"I  T  is  to  be  regretted  that  the  anonymous  author  of  the  review  of 
-^  my  treatise  on  Physical  Optics  has  not  adopted  the  manly  and 
straightforward  coarse  of  appending  his  name  to  the  review.  No 
reasonable  person  can  complain  of  legitimate  criticism  ;  but  surely 
those  principles  of  fair  play,  which  happily  prevail  amongst  English 
gentlemen,  require  that  an  assailant  \\\io  has  made  rather  a  severe 
attack  upon  my  book  should  disclose  his  identity. 

It  would  be  hazardous  to  speculate  whether  the  anonymous 
reviewer  belongs  to  a  school  of  thought  which  has  on  more  than 
one  occasion  come  forward  as  the  satirist  of  Cambridge  Mathe- 
matics, and  which,  if  I  mistake  not,  has  its  headquarters  in  the 
capital  of  the  northern  portion  of  this  Island  ;  or  whether  he  hails 
from  a  part  of  the  United  Kingdom  whose  political  constitution 
\\  ill  shortly  be  the  subject  of  much  discussion.  If,  however,  he 
will  lay  aside  the  bias  which  he  evidently  entertains  against  Cam- 
bridge text-books,  and  will  read  more  carefully  the  work  of  one 
who  still  looks  back  with  gratitude  upon  the  admirable  system  of 
instruction  provided  by  the  University  of  Cambridge,  I  think  he 
will  find  that  the  "  skeleton  "  is  by  no  means  devoid  of  flesh,  nor 
is  it  in  a  state  of  nudity. 

The  ancient  school  of  investigators  postulated  the  existence  of  a 
medium,  or  aether ;  but  their  ideas  were  not  sufficiently  clear  to 
enable  them  to  construct  a  satisfactory  dynamical  theory.  They 
succeeded,  however,  in  explaining  a  variety  of  phenomena  relating 
to  isotropic  media;  they  discovered  the  form  of  the  wave-surface 
in  biaxal  crystals ;  and  they  accounted  for  the  production  of 
coloured  rings  by  thin  crystalline  plates.  But  I  should  be  very 
much  surprised  to  find  any  modern  physicist  who  would  attempt 
to  justify  the  dynamical  reasoning  upon  which  Fresnel  attempted 
to  base  his  theory ;  and  there  are  grounds  for  thinking  that  he 
originally  discovered  his  wave-surface  by  an  inductive  method, 
founded  upon  the  construction  of  Huygens'  for  uniaxal  crystals. 

The  modern  school  of  investigators  commenced  with  Green,  who 
did  the  one  thing  I  have  so  strongly  insisted  upon,  and  which  the 
anonymous  reviewer  describes  as  the  foolish  process  of  writing 
down  equations.  Green  formulated  a  definite  hypothesis  concern- 
ing the  physical  constitution  of  the  aether ;  he  thereby  obtained 
the  equations  of  motion  of  the  medium  ;  and  he  solved  them  both 
in  the  case  of  an  isotropic  medium  and  a  doubly  refracting  one. 
Further  research  has  undoubtedly  shown  that  Green's  theory  is 
defective,  since  it  furnishes  several  results  which  are  inconsistent 
with  experiment ;   but  the  fact   that  Green  did  write   down  his 
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oquatious  and  integrate  them,  enabled  a  variety  of  results  to  be 
explained  which  altogether  puzzled  the  older  investigatora,  and 
would  probably  have  i*emained  a  mystery  to  this  day  had  it  not 
been  for  the  industry  and  skill  of  the  despised  mathematicians. 

If  the  auouymous  reviewer  will  read  through  chapters  xi.,  xiv., 
and  XV.,  he  will  find  that  the  physical  constitution  of  the  ajther 
according  to  Green's  theory,  and  also  according  to  Lord  Kelvin's 
modification  of  Lord  Eayleigh's  theory,  is  fully  explained ;  and 
that  the  principal  mathematical  developments  are  given,  and  dis- 
cussed in  relation  to  experimental  phenomena.  What  more  can 
he  want? 

The  next  stage  in  the  history  of  the  subject  consists  in  the 
attempt  to  account  for  dispersion  and  absorption  by  means  of  the 
mutual  reaction  between  ather  and  matter.  The  physical  idea 
which  lies  at  the  root  of  such  theories  is  so  exceedingly  simple,  that 
it  would  be  difficult  for  a  person  afflicted  with  the  most  exuberant 
verbosity  to  write  more  than  a  page  or  two  of  general  talk  upon 
the  subject.  The  real  difficulty  lies  in  attempting  to  express  this 
idea  in  a  mathematical  form,  as  Avill  be  seen  by  consulting  the 
somewhat  voluminous  German  literature  upon  the  subject.  I 
decided,  after  some  consideration,  to  confine  myself  to  the  theories 
of  Lord  Kelvin  and  von  Helmholtz.  The  former  theory  is  espe- 
cially valuable,  because  it  enables  us  to  construct  a  mechanical 
model  of  a  medium  which  produces  anomalous  dispersion ;  whilst 
the  latter  theory,  besides  giving  a  partial  explanation  of  selective 
reflexion,  enables  us  to  place  Cauchy's  formula?  for  metallic  reflexion 
on  a  dynamical  basis. 

In  conclusion,  I  will  give  an  example  which  shows  how  necessary 
it  is  to  cover  up  the  nakedness  of  the  physical  skeleton  with 
mathematical  clothing.  Many  years  ago  the  hypothesis  was  for- 
mulated (by  Lord  Kelvin,  I  believe)  that  magnetic  force  was  the 
effect  of  something  in  the  nature  of  rotation.  So  far  so  good  ;  but 
in  the  absence  of  the  fructifying  influence  of  mathematical  analysis 
the  idea  would  have  remained  as  barren  as  a  seed  lying  in  the 
desert.  There  is  no  d  priori  reason  for  supposing  that  rotation  of 
the  medium  would  produce  rotation  of  the  plane  of  polarization  of 
ajthereal  waves ;  for  it  might  equally  well  have  happened  that  it 
would  change  a  plane-polarized  w'ave  into  a  single  elliptically  pola- 
rized wave.  But,  thanks  to  mathematical  analysis,  we  now  know^ 
that  rotation  of  the  plane  of  polarization  is  a  necessary  consequence 
of  rotation  of  the  medium. 

The  reviev\er  has  finally  come  forward  as  an  authority  on  style. 
How  far  he  is  competent  to  assume  that  character  may  be  judged 
from  the  following  quotations  : — "  But,  as  the  author  in  his  preface 
says  "  (then  follows  a  passage  from  my  book  concluding  w  ith  a  full 
stop).  "This  last,  by  the  way,  is  one  of  the  extraordinary  state- 
ments." "The  entirely  admirable  text-book  of  Mr.  Preston." 
1  am.  Gentlemen, 

I'^our  obedient  Servant, 

A.  B.  Basset. 
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ON  THE  DETERMINATION  OF  THE  DIELECTRIC  CONSTANT  OF 
CONDUCTING  LIQUIDS.      BY  W.  STSCHEGTIAEFF. 

To  avoid  the  errors  caused  by  absorption  and  the  conductivity  of 
the  dielectric,  it  is  necessary  to  use  electrical  oscillations  of  as  short 
period  as  possible,  or  to  arrange  the  experiment  so  that  the  errors 
mutually  compensate  each  other.  The  author  prefers  the  second 
method.  The  condenser  is  formed  of  three  disks,  two  of  which 
are  fixed  vertically  at  5  millim.  from  each  other,  and  the  third  can 
be  displaced  parallel  to  itself,  this  latter  and  one  of  the  two  fixed 
dislvs  are  connected  with  the  electrodes  of  a  Euhmkorff,  while  the 
central  disk  is  put  to  earth  through  a  sort  of  Teissier's  tube  formed 
of  a  small  incandescent  lamp  of  5  volts,  the  filament  of  which  has 
been  broken  by  too  strong  a  current.  This  apparatus  placed  quite 
near  the  disk  is  extremely  sensitive  to  electrical  oscillations,  the 
presence  of  which  is  shown  by  a  light  like  that  of  Geissler's  tubes, 
while  the  static  discharge  of  the  condenser  produces  a  spark. 

If  the  two  extreme  disks  are  not  arranged  so  as  to  form  two 
condensers  of  equal  capacity  with  that  of  the  middle,  this  latter  is 
charged  and  the  lamp  is  illuminated;  by  varying  the  distance  of 
the  movable  disk  this  light  can  be  annulled  ;  it  reappears  when 
the  desired  position  has  been  passed.  In  order  to  diminish  this 
error  the  mean  a  of  the  two  distances  is  taken.  If  between  the  two 
stationary  disks  of  the  condensers  a  layer  of  a  dielectric  of  thick- 
ness d  is  interposed  the  constant  of  which  is  D,  the  movable  disk 
must  be  displaced  through  a  length  ,v  in  order  to  make  the  light 
disappear.     We  have  the  equations 

^  ,    (^      T\         d 
a—A-=^a  —  d+—;    D=- 


D  d-x 

The  liquids  were  placed  in  a  glass  trough  with  parallel   sides. 
The    results    obtained    are   in   agreement    with    Maxwell's    law : 

VU=»  00  . 

D. 

Glass 2-263 

Benzole 2-17 

Water    1-75 

Alcohol 1-62 

Methylic  alcohol 2-21  1-487  1-397 
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XLVl.  On  Oscillations  that  occur  in  the  Charging  of  a 
Condenser.  By  Wm.  Lispenard  Robb,  Ph.D.,  Trinity 
College,  Hartford,  Connecticut* . 

IN  some  recent  measurements  of  tlie  relation  between  the 
charge  of  a  condenser  and  the  time  of  charging,  the 
time  of  charging  being  made  as  small  as  possible,  I  have 
applied  a  method  suggested  to  me  by  Prof.  H.  F.  Weber  for 
obtaining  small  times. 

Fig.  1  represents  the  connexions  for  charging  the  condenser. 


Fis'.  1. 


Earth 


E  df'uotos  the  battery  used  in  charging  the  condenser  C,  and 
Si  and  S2  two  steel  spheres.  S],  the  larger  of  the  spheres, 
was  stationary,  and  in  all  the  following  experiments  a  sphere 
7  centim.  in  diameter  was  used.     For  the  smaller  sphere,  S2, 


*  Comiiimiicateil  by  tho  Autlior. 
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different  spheres  were  used  in  the  different  experiments.  The 
smaller  sphere  was  suspended  from  a  fine  wire  and  arranged, 
as  represented  in  the  figure,  so  that  the  condenser  was  receiving 
a  charge  only  when  the  spheres  were  in  contact.  The  con- 
denser was  charged  by  allowing  the  smaller  sphere  to  swing 
against  the  larger  and  rebound.  The  length  of  time  that  the 
condenser  was  receiving  a  charge  could  be  vari(id  either  by 
varying  the  size  of  the  smaller  sphere,  by  varying  the  number 
of  times  the  spheres  were  brought  in  contact,  or  by  varying 
the  velocity  of  the  smaller  sphere  at  the  time  of  contact.  The 
charge  of  the  condenser  was  measured  by  allowing  it  to  dis- 
charge through  a  Siemens  and  Halske  high-resistance  astatic 
galvanometer  and  observing  the  throw  of  the  needle. 

A  few  preliminary  experiments  showed  the  important  part 
played  by  the  resistance  of  the  charging  circuit  in  determi- 
ning the  charge  given  to  the  condenser  in  any  given  time. 
Table  I.  gives  the  results  obtained  with  two  Latimer-Clark 


Table  I.     (See  also  diagram  1.) 


Cell  No.  489. 

Cell  No.  491. 

Time  Condenser 
was  charged. 

X 

2X 

3X 
4X 

5X 
10  X 

20  X 

1 

Charge,  in  micro- 
coulombs. 

Time  Condenser 
was  charged. 

Charge,  in  micro- 
coulombs. 

1-248 
1-392 
1-417 
1-422 
1-426 
1-428 
1-434 

X 

2X 

3X 
4X 
5X 

10  X 

20  X 

0-2  So 
0-445 
0-614 
0-749 

0-8r)8 
1-187 
1-383 

cells  numbers  489  and  491,  manufactured  by  Muirhead  and 
Co.  The  condenser  used  was  a  paratfin  condenser  of  one 
microfarad  capacity. 

When  the  two  spheres  Sj  and  S2  were  allowed  to  come  in 
contact  only  once,  the  time  is  denoted  by  X  ;  when  the  con- 
tact was  made  twice,  by  2X  &c.  Care  was  taken  to  have  the 
velocity  of  the  smaller  sphere  at  the  moment  of  contact  as 
nearly  as  possible  the  same  in  all  experiments.  This  was 
attained  by  having  the  smaller  sphere  always  released  at  the 
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same  point  and  allowing  it  to  swing  freely  through  a  definite 
arc.  The  diameter  of  the  smaller  sphere  used  in  the  above 
determination  was  2-16  ceutim.     The  data  for  calculating  the 

7)iagTani  1.     (See  Table  I.) 


lOX 
Time  of  Charging. 


actual  time  of  contact  not  being  satisfactory  it  has  seemed 
best  to  express  the  time  during  which  the  condenser  was 
receiving  a  charge  in  terms  of  the  time  of  a  single  contact. 

An  investigation  of  the  cause  of  this  difterence  in  the 
results  obtained  with  the  two  diflferent  cells  showed  that  it 
was  at  least  largely  due  to  the  difference  in  their  internal 
resistances.  Upon  investigation  it  was  found  that  the  internal 
resistance  of  cell  No.  489  was  20  ohms,  and  that  of  cell  491 
396  ohms. 

As  a  result  of  these  observations,  in  all  later  experiments 
the  battery  used  in  charging  the  condensers  consisted  of  five 
accumulators  joined  in  multiple  arc.  The  internal  resistance 
of  each  accumulator  was  about  five  thousandths  of  an  ohm, 
and  consequently  the  internal  resistance  of  the  battery  about 
one  thousandth  of  an  ohm.  The  connecting  wires  were  made 
as  short  as  possible,  and  of  No.  11  B.AY.G.  copper  wire,  except 
the  suspension  of  the  smaller  sphere,  which,  when  not  other- 
wise stated,  consisted  of  a  piece  of  soft  silver  wire  0"0;")  millim. 
in  diameter  and  6  centim.  in  length. 

As  soon  as  these  changes  were  made  in  the  battery  used 
and  in  the  connexions  it  was  found,  as  will  be  seen  from  the 
results  given  further  on  (see  Tables  II. -X.),  that  the  charge 
given  to  the  condenser  during  the  time  th(i  spheres  were  in 
contact  was  no  longer  constant.  On  the  contrary,  it  varied 
between  wide  limits,  and  frequently  was  much  grtMiter  than 
Avhat  might  b(^  callfd  the  normal  charge,  that  is  the  constant 
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charge  which  the  condenser  eventually  assumes  when  charged 
for  a  considerable  time.  These  variations  and  their  character 
seemed  to  indicate  that,  during  the  charging  of  a  condenser, 
oscillations  occurred  in  the  charge.  Any  variation  in  the 
velocity  of  the  smaller  sphere  at  the  moment  of  contact  would 
vary  the  time  of  contact,  and  consequently  the  charge  given 
to  the  condenser.  Owing  to  the  character  of  the  suspension 
of  the  smaller  sphere  it  was  found  that,  even  when  the  greatest 
care  possible  was  taken,  slight  variations  in  the  time  of  contact 
would  occur. 

If  the  relation  between  the  charge  of  a  condenser  and  the 
time  of  charging  were  represented  by  a  curve  such  as  that 
given  in  fig.  2  (see  Table  XL),  owing  to  the  variation  in  the 

Fio-.  2. 


time  of  contact  of  the  spheres  that  always  occurs  in  a  series 
of  observations,  a  series  of  determinations  would  give  us,  not 
the  charge  corresponding  to  any  single  definite  time,  but  the 
charges  corresponding  to  a  series  of  different  times  comprised 
between  limits  a  and  h,  a  denoting  the  shortest  and  b  the 
longest  time  of  contact.  Further,  the  greatest  diff'erence  in 
the  charges  observed  would  be  an  indication  of  the  amplitude 
of  the  oscillations  corresponding  to  the  time  of  contact. 

The  following  analytical  consideration  of  the  charging  of  a 
condenser  shows  that  oscillations  in  the  charge  should  occur  ; 
and  indicates  how  the  oscillations  are  related  to  the  time  of 
charging,  the  resistance  and  self-induction  of  the  circuit,  the 
electromotive  force  of  the  charging  battery,  and  to  the 
capacity  of  the  condenser. 

In  fig.  3  let  i  denote  the  current  in  the  circuit,  and  P^  and 
P2  the  potentials  of  the  two  surfaces  of  the  condenser  at  any 
time  t  after  the  closing  of  the  circuit.  Then,  if  C  be  the 
capacity  of  the  condenser,  E  the  electromotive  forc^  of  the 
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charging  batteiy,  and  R  the  resistance  and  L  the  coefficient 
of  self-induction  of  the  circuit,  we  have 


and 


/      B(P,-Fo) 


^t 


(1) 


(2) 


Differentiating  equation  (1)   and  combining  the  result  with 
equation  (2),  we  obtain 

T  '^^^  a- -R  ^^' _L   *   -^^       n 


or 


cl^i      'Rdi         i    _ 


(^) 


The  integral  of  equation  (3)  for  the  case  that  R,  L,  and  C 
are  constants  is 

-.-r.'|Asin^j^.-^,.<  +  Bcos^^-^.(}.  (4) 

A  and  B  are  integration-constants,  and  e  the   base  of  the 
natural  system  of  logarithms. 

For  f  =  0  we  have  /  =  0,  and  hence  B  =  0, 
and  equation  (4)  reduces  to 

•      K   -~t  .        / 1  W 
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Substituting  this  value  of  i  in  equation  (1),  we  Lave 

RA  _«^  .        /I         R2 


2  V   LO      4L2 

,TA       -,4'  /^  ^  /^  ~^^  T.  .T.  TIN 

+  LAe   ..  ^____eosVi:c-4L^-^  =  ^-^^^-P^> 

For  t  =  0  we  have  Pi  — Pg^O,  and  consequently  from  equation 
(6)  we  obtain 

A=  ^ 


LC      4L' 
and  from  equation  (5), 

E 


a/S- 


-;?^<   ■         /  1  R2 

V  LC      4L2-'- 


R2  V   LC      4L2 

LC^4l7 


Substituting  this  value  of  i  in  equation  (1)  and  reducing,  we 
obtain 


R 


'  .>T      /  1        R^    t-  V  LO     4L' 


+^^V  Hj- iS°°»V  EC -^^-'l ' 


or 

Ee"2L 


PPT?  V  LC  .    /      /  1         R2 

V  LC      4L2 

,     2L     /l        R2-) 
+  arctan^Vj^-^,j.    .    (7) 

/~L  R^ 

If  in   equation    (7)    we    let   /y/         _  =  ^tt//,  and 
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,  ^      2L      /i  W        ,  ..     ,  . 

<p  =  ;irc  tan  -^  /y/  y— i  —  ~^^  we  have  as  our  final  expression 

for  the  difference  of  potential  of  the  two  surfaces  of  the  con- 
denser, 


Equation  (8)  is  only  exact  on  the  assumption  that  the  capacitj 
of  a  condenser  is  independent  of  the  time.  The  capacity  being 
a  function  of  the  time  *,  the  equation  is  simply  valuable  as 
indicating  the  general  character  of  the  oscillations,  and  how 
their  amplitude  should  be  influenced  by  changes  in  the  values 
of  any  of  the  various  quantities  that  enter  into  the  expression 
for  the  amplitude. 

From  equation  (8)  we  have  the  amplitude  of  the  oscilla- 

Ee   2l' 
tions  equal  to .  .     From  this  it  would  follow  that 

an  increase  in  the  amplitude  of  the  oscillations  in  the  differ- 
ence of  potential  of  the  two  surfaces  of  the  condenser  corre- 
sponds to  a  decrease  in  the  time  or  of  the  resistance,  and  to 
an  increase  in  either  the  electromotive  force,  the  coefficient 
of  self-induction,  or  the  capacity. 

The  following  determinations,  which  are  to  be  considered 
simply  as  qualitative  in  their  nature,  were  made  to  see  in  how 
far  the  observed  variations  in  the  charge  followed  laws  similar 
to  those  given  by  equation  (8)  for  variations  in  the  difference 
of  potential  of  the  two  surfaces  of  the  condenser.  Two  con- 
densers were  used  in  these  experiments.  One  was  a  standard 
microfarad  mica  condenser,  manufactured  by  Carpentier  of 
Paris,  and  subdivided  into  0'5,  0"2,  0*2,  and  0"1  mici-ofarad. 
The  other  was  a  microfarad  paraffin  condenser,  manufactured 
by  the  Societe  d 'exploitation  des  cables  electriques  of  Cor- 
taillod,  Switzerland. 


*  Wiilluer,  SitziOKjsh.  honitjl.  huni-r.  Akad.  1877,  p.  1. 
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1 .  Effect  of  Diminishing  the  Time. 

A  series  of  determinations  was  made  to  find  the  effect  ot 
diminishing  the  time  of  contact  of  the  spheres  (see  fig.  1) 
upon  the  variations  observed  in  the  charge  of  the  condenser. 
The  sim[)lest  way  of  var_)dng  with  certainty  the  time  of  con- 
tact was  io  use,  as  the  smaller  sphere,  spheres  of  different 
sizes.  An  increase  in  the  diameter  of  the  sphere  lengthens 
the  time  of  contact.  Three  different  spheres  were  used,  and 
in  Tables  11.  and  III.  the  results  of  twenty  consecutive  obser- 
vations with  each  sphere  are  given.  In  the  actual  work, 
however,  at  least  fifty  observations  were  always  taken  to  ensure 
that  the  observations  given  in  the  following  tables  were 
representative  in  their  character  and  included  the  extreme 
variations. 


Table  II.     (See  also  diagram  2.) 
Mica  Condenser  (normal  charge*  =  2*010  microcoulombs}. 


Diameter  of  Sphere, 

Diameter  of  Sphere, 

Diameter  of  Sphere, 

82=0-49  centim. 

82=079  centim^. 

8^=2-16 

centim. 

OHsprvntioii 

number. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

Micr«>- 

normal 

1      . 

coulombs. 
2-074 

charge. 
-f  0-064 

coulombs. 

charge. 
-0-023 

coulombs. 
1983 

charge. 

1-987 

-0-027 

2 

2072 

+0-062    , 

2011 

+0001 

1-982 

-0028 

3 

1-971 

-0039 

1-9S8 

-0022 

1-988 

-0022 

4 

2-120 

+0110 

1-994 

-0016 

1-9.^5 

-0-025 

5 

2136 

+0-J2<;    1 

1-967 

-0-043 

!       1-991 

-0-019 

6 

2-115 

+0105 

2-011 

+0-001 

j       1-983 

-0-027 

7 

2071 

+0061 

1-996 

-0-014 

1       1-9S0 

-0030 

8 

2044 

+0034 

1-987 

-0023 

'       1-983 

-0-027 

9 

20(51 

+0-051    1 

2-021 

+0011 

1       1-982 

-0-028 

10 

2-038 

+0028 

1-985 

-0-025 

1-980 

-0030 

11 

2-0(i5 

+0-055 

1-986 

-0  024 

1-982 

-0028 

12 

2  150 

+0-140 

1-987 

-0  023 

1-988 

-0022 

13 

2093 

+0-083 

1-976 

-0-034 

1-985 

-0-025 

14 

2  030 

+0020 

2024 

+0014 

1-981 

-  0  029 

15 

1-987 

-0  023 

1-971 

-0-039    , 

1-988 

-0  022 

m 

l-9(j() 

-0  044 

1969 

-0-041    i 

1-983 

-0027 

17 

2-081 

+0  071 

1-984 

-0026    ' 

1985 

-0025 

18 

2107 

+0097 

2-007 

-0003 

1-983 

-0  027 

19 

2060 

+0050 

2009 

-0-001 

1-980 

-0  030 

20 

2065 

+0-055    1 

2-016 

+0-006 

1-988 

-0-022 

*  By  the  term  "normal  charge"  is  meant  the  constant  charg-e  which 
the  condenser  eventually  assumes  when  charged  for  a  considerable  time. 


in  the  Charying  of  a  Condenser.  397 

Table  III.      (See  also  diagram  2.) 
Paraffin  Condenser  (normal  charge  =2'044  microcoulombs). 


Diameter  c 

1 
)f  Sphere, 

Diameter  of  Sphere, 

! 
Diametfir  of  Sphere, 

S,=:0-4i) 

cenlim. 

82  =  0-79 

cenlim. 

S^  =  2-16  centira. 

Obsf^rvatioii 

number. 

Charge  of 

Deviation' 

Chai-ge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  tile 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

Micro- 

normal 

coulombs. 

charge. 

coulombs. 

charge. 
-0-123 

coulombs. 

charge. 

1 

2020 

-0-024 

1-921 

1-915 

-0-129 

2 

1-808 

-o-23n 

1-877 

-0167 

1-922 

-0-122 

3 

1-871 

-0-173 

1-892 

-0-1.52 

1-914 

-0130 

4 

1969 

-0075 

1-845 

-0-199 

1-915 

-0-129 

5 

1-890 

-0-154 

1-890 

-0-154 

1-906 

-0-138 

6 

1-977 

-0  0(57 

l-8.o9 

-0-185 

^       1-915 

-0-129 

7 

2-098 

+0054 

1-868 

-0-176 

1       1-915 

-0129 

8 

1-887 

-0-1.57 

1930 

-0-114 

1       1-912 

-0-132 

9 

1-890 

-0154 

1-868 

-0176 

1-916 

-0-128 

10 

1-987 

-0  057 

1-886 

-0-158 

1-915 

-0-129 

11 

1-829 

-0-215 

1-863 

-0-181 

1-916 

-0128 

12 

1-942 

-0-102 

1-885 

-0159 

1-928 

-0-116 

13 

1-813 

-0-231 

1-905 

-0139 

t       1-915 

-0129 

14 

2-094 

+0-050 

1-895 

-0149 

1-924 

-0-120 

1.5 

1-839 

-0-205 

1-900 

-0-144 

1-914 

-0130 

16 

1-843 

-0-201 

1-843 

-0-201 

1-915 

-0-129 

17 

2098 

+0  052 

1902 

-0142 

1-917 

-0127 

18 

2041 

-0-003 

1-914 

-0130 

I       1-906 

-0-138 

19 

1-832 

-0-212 

1-934 

-0-110 

1       1-915 

-0-129 

20 

1-925 

-0-119 

1-853 

-0-191 

'       1914 

-0-130 

Diagram  2.     (See  TaWes  II.  and  III.) 


Mica  Condenser. 
Twenty  consecutive  determinations. 


Paraffin  Condenser. 
Twenty  consecutive  determinations 
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An  inspection  of  Tables  II.  and  III.  and  of  the  graphical 
representation  of  these  observations  given  in  diagram  2,  shows 
that  when  the  diameter  of  the  sphere  Sg,  and  consequently 
the  time  during  which  tlie  condenser  receives  a  charge,  is 
increased,  the  variations  in  iho  charge  rupidlv  diminisli. 
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2.  Effect  of  varying  the  Resistance. 

A  series  of  determinations  was  made  to  find  the  effect  of 
varying  the  resistance  of  the  charging  circuit  upon  the  varia- 
tions observed  in  the  charge  of  the  condenser.  The  resistance 
was  varied  by  changing  the  suspension  of  the  sphere  Sg  (see 
fig.  1).  In  one  set  the  suspension  was  a  single  silver  wire, 
0*05  millim.  in  diameter  and  6  centim.  long.  In  a  second 
set  a  band  made  up  of  ten  such  silver  wires,  and  consequently 
having  only  one  tenth  the  resistance,  was  used.  In  the  third 
set  a  single  platinum  wire  0"05  millim.  in  diameter  and  6 
centim.  long  was  substituted  for  the  usual  suspension  of  silver 
wire.  The  results  obtained  with  these  various  resistances  are 
given  in  Tables  lY.  and  V. 


Table  IV.     (See  also  diagram  3.) 
Mica  Condenser  (normal  charge  =  1*978  microcoulombs). 


Observation 
nunil)6r. 

K=004  ohm. 

E=0-41  ohm. 

R=3-72  ohms. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

Micro- 

noi-mal 

coulombs. 

charge. 

coulombs. 

charge. 

coulombs. 

charge. 

1 

2092 

-I-0-114 

1-969 

-0-009 

1-916 

-0-062 

2 

1-985 

+  0  007 

1-949 

-0-029 

1-908 

-0-070 

3 

1-863 

-0-115 

2-015 

+0-037 

1-910 

-0-068 

4 

1-932 

-0-046 

1-928 

-0-050 

1-931 

-0  047 

5 

2-091 

+  0-113 

1-964 

-0-014 

1-908 

-0-070 

6 

1-813 

-0-165 

1-987 

+0009 

1-908 

-0070 

7 

2-015 

+-0-037 

1-961 

-0-017 

1-910 

-0-068 

8 

2-180 

-fO-202 

1-978 

+  0-000 

1-919 

-0  059 

9 

1-936 

-0-042 

1-934 

-0-044 

1-908 

-0-070 

10 

2116 

+0-138 

2021 

+0043 

1-926 

-0-052 

11 

2004 

+0-026 

1-902 

-0-076 

1-939 

-0-039 

12 

2031 

+0-053 

1-963 

-0-015 

1-916 

-0062 

13 

2045 

+0-067 

1-984 

+0-006    1 

1-909 

-0-069 

14 

2136 

+0-158 

1-961 

-0-017 

1-916 

-0-062 

15 

2054 

+0-076 

1-979 

+0-001 

1-917 

-0-061 

16 

2-133 

+0155 

1-924 

-0054 

1-924 

-0054 

17 

2-184 

+0-206 

1-9.57 

-0-021 

1-918 

-0-060 

18 

1-922 

-0-056 

1-885 

-0-093 

1-926 

-0052 

19 

2-080 

+0-102 

1-922 

-0-056 

1-908 

-0070 

20 

2-084 

+0-106 

1-976 

-0-002 

1-926 

-0  052 
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Table  V.     (See  also  diagram  3.) 
Paraffin  Condenser  (normal  charge  =  1'996  microcoulombs) . 


Observation 

E=004  obm. 

E=0-41  ohm. 

R=3-72  ohms. 

number. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal    ' 

Micro- 

normal 

Micro- 

normal 

coulombs. 

charge. 

coulombs. 

cbarge. 

coulombs. 

charge. 

1 

1-987 

-0  009    i 

1-870 

-0-126 

1-764 

-0-232 

2 

2012 

+0-016 

1-875 

-0-121 

1-778 

-0218 

3 

1605 

-0-391    1 

1-851 

-0-145 

1-787 

-0-209 

4 

1-934 

-00(i2 

1-896 

-0-100 

1-778 

-0-218 

5 

1-950 

-0-046 

1-829 

-0  167 

1-771 

-0-225 

6 

1-916 

-0-080 

1-865 

-0131 

1-776 

-0220 

7 

1-964 

-0  032 

I -830 

-0166 

1-746 

-0-250 

8 

1-980 

-ooit; 

1-820 

-0176 

1-778 

-0-218 

y 

1-670 

-0-326 

1-862 

-0-134 

1-778 

-0-218 

10 

1-822 

-0-174 

1-803 

-0193 

1  764 

-0  232 

11 

1829 

-0-167 

1-878 

-0-118 

1-770 

-0-226 

\-i 

2047 

+0-051 

1-897 

-0-099 

1-758 

-0-238 

13 

J  -976 

-0-020 

1-850 

-0-146 

1-778 

-0-218 

14 

1-710 

-0-286 

1-889 

-0-107 

1-760 

-0-236 

15 

1-923 

-0-073 

1-840 

-0-156 

1-770 

-0-226 

16 

2005 

+0-009 

1-874 

-0-122 

1-768 

-0-228 

17 

1-835 

-0-161 

1-8U0 

-0-196 

1-774 

-0-222 

18 

1-970 

-0026 

1-895 

-0-101 

1-774 

-0-222 

19 

1-886 

-0-110 

1-875 

-0121 

1-764 

-0-232 

20 

1-960 

-0-036 

1-896 

-0-100 

1-756 

-0-240 

Diagram  3.     (See  Tables  IV.  and  V.) 


Mica  Condenser.                                                                       Paraffin  Condenser. 
Twentv  con'eeutive  det^nninatiotis.                                       Twenty  consecutive  determinations. 
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^H 

S^^^^^hI 
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hh 

wB^^^lplB 

W^MM^MWH 

■Ul 

mimS^mB 

+  ....+     E=0-iil  (u. 

X   X      R=0-41  w. 

to ©    E  =  3-72o.. 


An  inspection  of  Tables  IV.  and  V.,  and  of  the  graphical 
representation  of  these  observations  given  in  diagram  o,  shows 
that  the  variations  in  the  charge  diminish  rapidly  as  the 
resistance  of  the  chargino-  circuit  is  increased. 
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3.  Effect  of  varying  the  Electromotive  Force. 

In  order  to  determine  the  effect  of  varying  the  electromo- 
tive force  of  the  battery  used  in  charging  upon  the  variations 
in  the  charge,  two  sets  of  observations  were  made.  In  one 
set  the  battery  used  consisted  of  five  accumulators  joined  in 
multiple  arc.  In  the  second  set  the  battery  consisted  of  fifteen 
accumulators  joined  in  multiple  arc  in  groups  of  five,  and  the 
resultant  groups  joined  in  series  ;  in  all  other  respects  the 
conditions  under  which  the  two  sets  of  observations  were  made 
were  identical.  Tables  YI.  and  VII.  give  the  results  of  these 
observations. 

Table  VI.     (See  also  diagram  4.) 
Mica  Condenser. 


E=2075  volts. 

E  =  6  225  volts. 

Normal  charge  =  2" 075 

Normal  charge  =  6"225 

Observation 
number. 

miwocoulouibs. 

mici'ocoulombs. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

coulombs. 

charge. 

coulombs. 

charge. 

1 

2-135 

+0060 

6210 

-0-015 

2 

2-100 

4-0-025 

6-240 

+0015 

3 

2053 

-0022 

6-400 

+0-175 

4 

2057 

-0018 

6-482 

+0-257 

5 

2-075 

+0-000      , 

6-453 

+0-228 

6 

2-057 

-0018 

6-352 

+0-127 

7 

2049 

-0-026      1 

6  181 

-0044 

8 

2058 

-0017      ' 

6-487 

+0-262 

9 

2-051 

-0  024 

6- 148 

-0-077 

10 

2-094 

+0019 

6-605 

+0-380 

11 

2102 

+  0-027      1 

6-148 

-0-077 

12 

2-058 

-0017 

6-643 

+  0-418 

13 

2094 

+0019 

6-170 

-0055 

14 

2-103 

+0  028     1 

6170 

-0055 

15 

2-007 

-0-068      ' 

6-222 

-0  003 

16 

2-053 

-0-022 

6-281 

+0056 

17 

2-136 

+  0061 

6153 

-0-072 

18 

2-035 

-0-040 

6-562 

+0-337 

19 

2-061 

-0  014 

6-409 

+0-184 

20 

2016 

-0059      1 

6-152 

-0-073 

in  the  Charging  of  a  Condenser. 

Table  VII.     (See  also  diagram  4.) 
Paraffin  Condenser. 
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E= 2-075  volts. 

]S=6  225  voltB. 

Normal  charge  =  2-093 

Normal  charge  =  6-279 

microcoulombs. 

microcoulombs. 

Observation 

1 

number. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

M  icro- 

normal 

coulouibs. 

charge. 

couloiiibs. 
5-993 

charge. 
-0-286 

1 

1-970 

-0123 

2 

1-955 

-(t-J38 

5-817 

-0-462 

3 

1-973 

-0120 

6152 

-0-127 

4 

1-993 

-0-100 

6135 

-0-144 

o 

1-970 

-0-123 

5-954 

-0-325 

6 

1962 

-0131 

5985 

-0-294 

7 

1-955 

-0138 

5-922 

-0-357 

8 

1-955 

-0138 

6-183 

-0-096 

9 

1-932 

-0-161 

6-241 

-0038 

10 

1-996 

-0  097 

i        6-220 

-0-059 

11 

1-915 

-0-178 

6-220 

-0-059 

12 

1-972 

-0-121 

5-902 

-0-377 

13 

1939 

-0-154 

6-240 

-0-(t39 

14 

1-921 

-0-172 

6]  17 

-0-162 

15 

1-961 

-0-132 

6-076 

-0-203 

l(i 

1-992 

-0-101 

6-243 

-0036 

17 

1-977 

-0116 

6-188 

-0-091 

18 

1-972 

-0121 

6-254 

-0025 

19 

l-9(>5 

-0-128 

6251 

-0028 

20 

1-955 

-0-138 

6-195 

-0084 

Diagram  4.     (See  Table.'?  VI.  and  VII.) 


Miea  Condenser. 
Twenty  consecutive  determinations. 


ParafBn  Condenser. 
Twenty  consecutiTe  determinations 
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An  inspection  of  Tables  VI.  and  VIL,  and  of  the  graphical 
representation  of  these  observations  given  in  diagram  4,  shows 
that  the  variations  in  the  charge  are  increased  when  the 
electromotive  force  of  the  battery  used  in  charging  the  con- 
denser is  increased. 

4.  Effect  of  ranjing  the  Self-induction. 

In  order  to  determine  the  effect  of  varying  the  self-induction 
in  the  charging  circuit  two  sets  of  observations  were  made. 
In  the  first  set,  No.  7  B.W.G.  copper  wire  was  used  in  makmg 
the  circuit,  and  the  total  length  of  copper  wire  used  was 
f)0  centim.  In  the  second  set  an  additional  piece  of  copper 
wire,  of  the  same  diameter  and  120  centim.  in  length,  was 
included  in  the  circuit,  making  the  total  length  of  copper 
wire  170  centim.  In  this  way  the  self-induction  was  increased 
without  appreciably  altering  the  resistance.  Tables  VIII.  and 
IX.  give  the  results  of  these  observations. 


Table  VIII.     (See  also  diagram  5.) 
Mica  Condenser  (normal  charge  =  1*971  microcoulombs) . 


Observation 
1      miniber. 

Smaller  Selt 

-induclion. 

Larger  Self 

-indiietic^n. 

Cbarge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

couloiiibs. 

cliarge. 

coulombs. 

charge. 

1 

1-98U 

+0-C09 

1-754 

-0-217 

i) 

1-<J(58 

-00<i:i 

20-10 

+0-009 

3 

1982 

+0-011 

l-9()4 

-00(t7 

4 

1-969 

-0-002 

1-782 

-0189 

i             '' 

1-9.58 

-0013 

1-745 

-0-22() 

c 

l-9o8 

-0013 

1-&53 

-0-118 

7 

1-9^)6 

-0  015 

1-880 

-0091 

8 

2-008 

+0-037 

1-855 

-0-116 

9 

1978 

4  0-(  .07     • 

1-655 

-0  316 

10 

]  -950 

-0-021 

1-834 

-0137 

!           11 

l-9r)2 

-0  019 

1  -829 

-t)-l42 

\'l 

1-9G8 

-0-003 

1731 

-0240 

13 

1-974 

+  (.-003 

1-723 

-0-248 

14 

1-958 

-0-013 

1-971 

+0-000 

1.5 

1-950 

-0021 

1-920 

-0-051 

m 

1  9fi7 

-0004 

1813 

-0-1.58 

17 

2010 

+0-039 

1-871 

-0  100 

18 

2008 

+0037 

1-900 

-0-071 

ly 

1  940 

-0  031 

1-771 

-0-200 

20 

]  -972 

+0-001 

1-943 

-0028 

in  t/ic  Charging  of  a  Condenser. 
Table  IX.     (See  also  diagram  5.) 

Paraffin  Condenser  (normal  charge  =  2'093  micro- 
coulombs.) 
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Observation 

Siualler  Self 

-induction. 

L-.irger  Self 

-induction. 

luimber. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

from  the 

Micro- 

normal 

Micro- 

normal 

coulombs. 

charge. 

coulombs. 

cliarge. 

1 

1-932 

-0-161 

1-885 

-0-208 

2 

1-92(1 

-  0-167 

1-817 

-0-276 

3 

1-929 

-0-164 

1873 

-  0-220 

4 

1-936 

-0157 

1-73.5 

-0-358 

5 

1-936 

-0157 

1818 

-0-275 

6 

1-932 

-0-161       ' 

1-920 

-0-173 

7 

1932 

-0-11)1       i 

1-780 

-0-313 

8 

1934 

-0-159 

1-832 

-0261 

9 

1-914 

-0-179 

1-854 

-0-239 

10 

1-932 

-0-101 

1-829 

—0-264 

11 

1-942 

-0-151 

1-785 

-0-.358 

12 

1-934 

-01.59 

1-891 

-0  202 

13 

1-940 

-0-1.33 

1-833 

-0-260 

14 

1-903 

-0-190 

1-883 

-0-210      ! 

15 

1-924 

-0-169 

1-868 

-0-225 

16 

1-932 

-0-161 

1-785 

-0-308 

17 

1-935 

-0-1.58 

1-812 

-0-281 

18 

1-942 

-0-151       1 

1-830 

-0-263 

19 

1  931 

-0-162 

1-880 

-0-213 

20 

1-936 

-0-157 

1-744 

-0-349 

Diagram  5.     (See  Tables  VIII.  and  IX.) 


Mica  Condenser. 
Twenty  consecutive  determinations. 


Paraffin  Condenser. 
Twenty  consecutive  determinations. 
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+  .  .  .  .  -I-     Smaller  self-induction. 
© ©     Larger  „        ., 


An  inspection  of  Tables  VIII.  and  IX.  nnd  of  the  graphical 
representation  of  these  observations  given  in  diagram  5,  shows 
that  the  variations  in  the  charge  are  greatly  increased  In' 
increasino:  the  seir'-indnction  in  the  rhni'aino-  circnit. 
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5.  Efect  of  varijing  the  Capacity. 
The  paraffin  condenser  was  constructed  so  that  a  part  of 
its  capacity  could  not  be  used.  Consequently  the  effect  ot 
varyinor  the  capacity  upon  the  variations  in  the  charge  was 
only  determined  with  the  mica  condenser.  The  results  of 
these  observations  are  given  in  Table  X. 

Table  X.     (See  also  diagram  6.) 
Mica  Condenser. 


Capacity  =  1 

mii-rof mid.     '\ 

Capacity  =  0' 

5  microfarad. 

Normal  eliarge  =  1V)76 

^Normal  cliai 

ge  =  0-988 

Observation 

microfoulombs. 

microcoulomb.               . 

number. 

Charge  of 

Deviation 

Charge  of 

Deviation 

Condenser. 

from  the 

Condenser. 

I'rom  the 

Micro- 

normal 

Micro- 

nornirtl 

conlombs. 

charge. 

coulombs. 

cliarge.        j 

1 

2010 

+0  o;;4 

0-993 

+0-005       i 

2 

1925 

-0-051 

0-983 

-0(-K35 

3 

1-858 

-0-118 

0-979 

-0-009 

4 

1-972 

-0-004 

0-9(i9 

-0-019 

.5 

1-9(18 

-OOGS 

0  974 

-0-014 

6 

1  -945 

-0031 

0  979 

-0-009 

7 

2015 

+  0-039 

0-991 

+0-003 

8 

1-965 

-O-Oll 

0974 

-0-014 

9 

1-917 

-0059       i 

0-975 

-0-013 

10 

1-975 

-0-001 

0-991 

+0-003 

11 

L-947 

-0-029 

0-978 

-0-010 

12 

1-963 

-0-013 

0-9' ;9 

-0-019 

13 

1-955 

-0-021        ; 

0  9S9 

+0-001 

14 

1979 

+0-003       , 

0  9S3 

-0-005 

15 

1-92.5 

-0051 

0-974 

-0-014 

16 

1957 

-0  019 

<t-970 

-0018 

17 

1-965 

-(toll 

0973 

-0-015 

18 

1-9.57 

-0  019 

U-991 

+0-003      ! 

19 

1-948 

-0028 

0  983 

-0006 

20 

1900 

-0076 

0-983 

-0-005 

Diagram  6.     (See  Table  X.) 

Mira  Conilenser. 
Twcnir  ni-m^mitiv.'  ob^Hi-vnti.v. 


+  ....+     C  =  1  niicrof  irad. 
© 0     C=U-o  microfarad. 


An  inspection  of  Table  X.  and  of  the  graphical  representation 


in  tlie  Charging  of  a  Condenxei', 
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of  these  observations  given  in  diagram  (5,  shows  that  the 
variations  of  the  charge  are  increased  when  the  capacity  of 
the  condenser  is  increased. 

Akhough  the  preceding  work  is  simply  qualitative  in  its 
character,  one  is  justified,  as  a  result  of  these  observations,  in 
concluding  that  oscillations  in  the  charge  of  a  condenser  occur 
during  the  charging^  and  that  the  conplitude  of  these  oscillations 
diminishes  rapidly  as  tlie  time  increases,  and  may  he  increased 
either  by  diminishing  the  resistance,  or  by  increasing  either  the 
electromotive  force,  the  self-induction,  or  the  cajyacity. 

Since  completing  the  above  experiments  I  have  begun  a 
set  of  determinations,  quantitative  in  their  cliaracter,  for  the 
purpose  of  deducing  the  relation  between  the  charge  of  a 
condenser  and  the  time  of  charaino-.  In  order  to  show  more 
clearly  the  character  of  the  oscillations  that  occur  in  the 
charge,  the  results  of  a  preliminary  determination  with  a 
mica  condenser  are  given  in  Table  XI.,  and  the  corresponding 
curve  is  shown  in  diagram  7. 


Table  XI.     (See  also  diagram  7.) 
Mica  Condenser  (normal  charge  =  2  050  microcoulombs). 


Time  of  Charging. 

Hundred-thousandths 

of  a  second. 

Charge  of  Condenser. 
Mierocoulombs. 

1-26 

3-78 

2-52 

0-71 

3-78 

312 

504 

1-33 

6-30 

275 

7-56 

l-fiS 

8-82 

2-41 

101 

1-72 

11-3 

2-26 

12-fi 

1-83 

13-9 

215 

15-1 

1-89 

16-4 

212 

17-6 

1-93 

18-9 

209 

202 

1-90 

21-4 

2-0() 

22-7 

2-00 

271 

202 

3G1 

2-02 
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40(>        On  Ot<cillations  in  the  Charging  of  a  Condense r. 
Diaprani  7.     (See  Table  XL) 


Hundred-thousandths  of  a  second. 
Xiuie  of  charging. 

.  The  resistance  of  the  circuit  in  tin's  fleteiinination  was  about 
0"03  ohm,  and  tlie  condenser  was  charged  by  means  of  the 
well-known  von  Helmholtz  pendulnni*^  manufactured  by 
L.  Ziinmermann,  of  Heidelberg.  Tlie  usual  manner  of 
making  the  connexions  was^  however,  slightly  modified^  as 
indicated  in  fis.  4. 


Fisr.  4. 


-  Earth 


Satterif 


Condenser 


Earth  ^-.\ 


The  sections  of  the  two  steel  bars  attached  to  the  lower  part 
of  the  pendulum  proper  are  denoted  by  A  and  B.  The 
battery  was  always  in  connexion  with  A  and  insulated  from  B. 

*  Helmholtz,  Monatsherkhte  der  Berliner  Akad.  Maj-  25,  1871,  p.  294. 
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The  binding-posts  denoted  by  P  and  the  metal  parts  attaelied 
to  them  were  insuhited  from  each  other  bj  being  fastened  to 
liard  rul)ber  bases.  As  arranged,  the  circuit  was  completed 
by  A  coming  in  contact  with  the  lever  C,  and  broken  by  B 
coming  in  contact  with  the  lever  D.  In  order  to  insure 
good  contacts  the  surfaces  at  the  points  where  the  circuit  was 
made  and  broken  were  plated  with  gold.  By  means  of  the 
micrometer-screw  attached  to  one  of  the  hard  rubber  bases, 
the  time  between  the  contacts  that  made  and  broke  the 
circuit  could  be  varied.  One  complete  turn  of  the  drum, 
which  was  subdivided  into  one  hundred  divisions,  corre- 
sponded to  a  difference  in  time  of  contacts,  and  consequently 
to  a  duration  of  charge  of  0  00018  second.  The  result  of 
this  determination  accords  fully  with  the  earlier  results  ob- 
tained with  the  mica  condensers.  In  the  determinations  with 
a  paraffin  condenser,  described  in  the  first  part  of  this  article, 
the  observed  charges  were  usual Iv  considerably  smaller  than 
the  normal  charge,  and  than  the  charges  given  to  the  mica 
condenser  under  the  same  conditions.  It  is  therefore  to  be 
expected  that,  when  the  determination  just  described  is 
repeated  with  a  paraffin  condenser,  a  curve  will  be  obtained 
differino-  somewhat  from  that  obtained  for  the  mica  condenser. 
The  above  work  was  carried  out  in  the  laboratory  of  Prof. 
H.  F.  Weber,  at  Zurich,  and  I  take  this  opportunity  of 
thanking  him  for  his  kindness  in  permitting  me  to  use  the 
laboratory  at  all  times,  and  for  his  numerous  valuable  sug- 
gestions. 

Augxist  18th,  1892. 


XLVII.  On  the  Interference  Bands  of  Approximately  Homo- 
geneous Light;  in  a  Letter  to  Prof.  A.  MiCHELSOx.  By 
Lord  Rayleigh,  Sec.  R.S.* 

Dear  Prof.  Michelson, 

WHEN  we  were  discussing  together  the  results  of  your 
interesting  work  upon  high  interference,  you  asked 
my  opinion  upon  one  or  two  questions  connected  therewith. 
I  have  delayed  answering  until  I  had  the  ojiportunity  of 
seeing  your  piaper  in  print  (Phil.  Mag.  Sept.  1892),  but  now 
I  may  as  well  send  you  what  I  have  to  say. 

First,  as  to  the  definiteness  with  which  the  character  of 

*  Coiuiiiiiniratcd  bv  the  Autlior. 
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the  spectral  line  ^(.r)  can  be  deduced  from  the  "  visibility- 
curve."     By  Fourier's  theorem, 

1    f"        f  r"*""" 

<p{x)  =   ~   I     du  <  cos?/.r   I       cos  iiv  (}){v)  di-' 

+  sin  nx  \       sin  uv  (f)(v)  dr  V  5 

J— to  J 

or  in  your  notation,  if  we  identify  u  with  27rD, 

^(,v)  =  -  I     du<  C  cos  nx  +  S  sin  nx  >  ■ 

Hence,  if  C  and  S  are  both  given  as  functions  of  u, 
<f){x)  is  absolutely,  and  uniquely,  determined.  However,  the 
visibility-curve  by  itself  gives,  not  both  C  and  S,  but  only 
C^  +  S^  ;  so  that  we  must  conclude  that  in  general  an  inde- 
finite variety  of  structures  is  consistent  with  a  visibility- 
curve  given  in  all  its  parts. 

But  if  we  may  assume  that  the  structure  is  symmetrical, 
S  =  0;  and  <f)  is  then  determined  by  means  of  C.  And,  since 
Y2__Q2^p2^  the  visibility-curve  determines  C,  or  at  least  C^. 
In  practice,  considerations  of  continuity  would  always  fix  the 
choice  of  the  square  root.  Thus,  in  the  case  of  a  spectral 
band  of  uniform  brightness,  where 

V'^  =  sin  ^ttw/tt'/i^, 
we  are  to  take 

C  =  sin  7r7i/7rn, 
and  not 

C  =   +s/(sinV»/W). 

In  order  to  determine  both  C  and  S,  observations  would 
have  to  be  made  not  only  upon  the  visibility,  but  also  upon 
the  situation  of  the  bands.  You  remark  that  "  it  is  theoreti- 
cally possible  by  this  means  to  determine,  in  case  of  an 
unequal  double,  or  a  line  unsym metrically  broadened,  whether 
the  brighter  side  is  towards  the  blue  or  the  red  end  of  the 
spectrum. '^  But  I  suppose  that  a  complete  determination  of 
both  C  and  S,  though  theoretically  possible,  would  be  an 
extremely  difficult  task. 

If  the  spectral  line  has  a  given  total  width,  the  "visibility" 
begins  to  fall  away  from  the  maximum  (unity)  most  rapidly 
when  the  brightness  of  the  line  is  all  concentrated  at  the 
edges,  so  as  <o  constitute  a  double  line. 

It  is  interesting  to  note  that  in  several  simple  cases  the 
bands   seen  with    ever  increasing  retardation   represent  the 
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character  of  the  luiiiinous  vibration  itself.  In  tbo  case  of  a 
mathematical  spectral  line,  the  waves  are  regular  to  infinity, 
and  the  bands  are  formed  without  limit  and  with  maximum 
visibility  throughout.  Again,  in  the  case  of  a  double  line 
(with  equal  components)  the  waves  divide  themselves  into 
groups  with  intermediate  evanescences,  and  this  is  also  the 
character  of  the  interference  bands.  Thirdly,  if  the  spectral 
line  be  a  band  of  uniform  l)rightness,  and  if  the  waves  at 
the  origin  be  supposed  to  be  all  in  one  phase,  the  actual 
compound  vibration  will  be  accurately  represented  by  the 
corresponding  interference  bands.  But  this  law  is  not 
general  for  the  reason  that  in  one  case  we  have  to  deal  with 
amplitudes  and  in  the  other  with  intensities.  The  accuracy  of 
correspondence  thus  requires  that  the  finite  amplitudes  in- 
volved be  all  of  one  magnitude.  A  partial  exception  to  this 
statement  occurs  in  the  case  of  a  spectral  line  in  which  the 
distribution  of  brightness  is  exponential. 

Another  question  related  to  the  effect  of  the  gradual  loss 
of  energy  from  communication  to  the  ether  upon  the  homo- 
geneity of  the  light  radiated  from  freely  vibrating  molecules. 
In  illustration  of  this  we  may  consider  the  analysis  by  Fourier's 
theorem  of  a  vibration  in  which  the  amplitude  follows  the 
exponential  law,  rising  from  zero  to  a  maximum,  and  after- 
wards falling  again  to  zero.     It  is  easily  proved  that 

1       C"" 

e-"-^-  cosnt-  = I    du  co^iix  {e-(«-'-)-/^«-  +  e-(«+'-)- /•*«'}, 

2as/7rJo 

in  which  the  second  member  expresses  an  aggregate  of  trains 
of  waves,  each  individual  train  being  absolutely  homogeneous. 
If  a  be  small  in  comparison  with  r,  as  will  happen  when  the 
amplitude  on  the  left  varies  but  slowly,  e-(«+»-)2/4a2  ^^^y  |jg 
neglected,  and  ^-("-'•)2 /4«2  jg  sensible  only  when  u  is  very 
nearly  equal  to  r. 

As  an  example  in  which  the  departure  from  regularity  con- 
sists only  in  an  abru[)t  change  of  phase,  let  us  suppose  that 

i/r(.f)  =  +  sin  (27r.r//) , 

the  sign  being  reversed  at  every  interval  of  ml,  so  that  the 
+  sign  applies  from  0  to  ml,  2  ml  to  3  ml,  4  ml  to  5  ml,  &c., 
and  the  negative  sign  from  ml  to  2  ml,  3  ml  to  4  m/,  &c.  As 
the  analysis  into  simple  waves  we  find 

,      _  .^  2  cos  {27r7ix/2ml) 
"^^'^'^  ~  ^   wi7r(l-wV4V/?T  ' 

the  summation  extending  to  all  odd  values  1,  3,  5, .  ..  of  n. 
The  fundamental   com})onent  cos  (27r,x/2nd)   and   every    odd 
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hannonic  occur,  but  not  to  the  same  extent.  When  n  is 
nearly  equal  to  2m,  the  tel-ms  rise  to  great  relative  magnitude. 
The  most  important  are  thus 

27r.r/,         1   \  27r.r/,         2    \        „ 

cos  —j-  (  1  ±  ;t-  ),       COS  —j-  (  1  +  -—  ),      &c.  ; 

and  it  is  especially  to  be  remarked  that  what  might  at  first 
sight  be  regarded  as  the  principal,  if  not  the  solitary^  wave- 
length, viz.  /,  does  not  occur  at  all. 

Besides  communication  of  energy  to  the  ether,  and  dis- 
turbance during  encounters  with  neighbours,  the  motion  of 
the  molecule  itself  has  to  be  considered  as  hostile  to  homo- 
geneity of  radiation.  The  effect,  according  to  Doppler^s 
principle,  of  motion  in  the  line  of  sight  was  calculated  by  me 
on  a  former  occasion  and  is  fully  regarded  in  your  paper. 
But  there  is  another,  and  perhaps  more  important,  consequence 
of  molecular  motion,  which  does  not  appear  to  have  been 
remarked.  Besides  the  motion  of  translation  there  is  the 
motion  of  rotation  to  be  reckoned  with.  The  effect  of  the 
latter  will  depend  upon  the  law  of  radiation  in  various 
directions  from  a  stationary  molecule.  As  to  this  we  do  not 
know  much,  but  enough  to  exclude  the  case  of  radiation  alike 
in  all  directions,  as  from  an  ideal  source  of  sound.  Such  a 
symmetry  is  indeed  inconsistent  with  the  law  of  transverse 
vibrations.  The  simplest  supposition  is  that  the  radiation  is 
like  that  generated  in  an  elastic  solid,  at  one  point  of  which 
there  acts  a  periodic  force  in  a  given  direction.  In  this  case 
the  amplitude  in  any  direction  varies  as  the  sine  of  the  angle 
between  the  ray  and  the  force,  and  the  direction  of  (trans- 
verse) vibration  lies  in  the  plane  containing  these  two  lines. 
A  complete  investigation  of  the  radiation  from  such  molecules 
vibrating  and  rotating  about  all  possible  axes  would  be  rather 
complicated,  but  from  one  or  two  particular  cases  it  is  easy  to 
recognize  the  general  character  of  the  effect  produced. 
Suppose,  for  example,  that  the  axis  of  rotation  is  perpen- 
dicular to  the  axis  of  vibration,  and  consider  the  radiation  in 
a  direction  perpendicular  to  the  former  axis.  If  co  be  the 
angular  velocity,  the  amplitude  varies  as  cos  (ot,  and  the 
vibration  may  be  represented  by 

2  cos  cot .  cos  7it  =  cos  (?i  -\-  (o)t  +  cos  (n  —  co)  t. 

The  spectrum  would  thus  show  a  double  line,  whose  compo- 
nents are  separated  by  a  distance  proportional  to  co. 

Again,  if  the  ray  be  parallel  to  the  axis  of  rotation,  the 
amplitude  is  indeed  constant  in  magnitude,  but  its  direction 


llaoult's  Law  of  tlte  Luwering  of  Vaponr-Pressure.     411 

rotates.  The  plane-polarized  rays  into  which  tho  vibration 
may  be  resolved  are  rej)resented  as  before  by  cos  &>^ .  cos  n^. 
Tliere  is  of  course  one  case  in  which  these  complications  fail 
to  occur,  i.  e.  when  the  axis  of  rotation  coincides  with  the 
axis  of  vibration  ;  but  with  axes  distributed  at  random  we 
must  expect  vibrations  («  +  &))  to  be  almost  as  important  as 
the  vibration  n.  The  law  of  distribution  of  brightness  in  the 
spectral  line  woidd  probably  be  exponential,  as  when  the 
widening  is  due  to  motion  of  molecules  as  wholes  in  the  line 
of  sight. 

It  will  be  of  interest  to  compare  the  magnitudes  of  the  two 
effects.  If  V  be  the  linear  velocity  of  a  molecule  and  V  that 
of  light,  the  comparison  is  between  w  and  nv/V,  or  between 
a)  and  v/X.  If  r  be  the  radius  of  a  molecule,  the  circum- 
ferential velocity  of  rotation  is  (or,  and  we  may  compare  <or 
with  vr/X.  Now,  according  to  Boltzmann's  theorem,  rco  would 
be  of  the  same  order  of  magnitude  as  v,  so  that  the  import- 
ance of  the  rotatory  and  linear  effects  would  be  somewhat 
as  X  :  >'.  There  is  every  reason  to  suppose  that  X  is  much 
greater  than  ?•,  and  thus  (if  Boltzmann's  relation  held  good) 
to  expect  that  the  disturbance  of  homogeneity  due  to  rotation 
would  laroelv  outweigh  that  due  to  translation. 

Your  results  seem  already  to  interpose  serious  obstacles  in 
the  way  of  accepting  such  a  conclusion  ;  and  the  fact  that 
light  may  thus  be  thrown  upon  a  much  controverted  question 
in  molecular  physics  is  only  another  proof  of  the  importance 
of  the  research  upon  which  you  are  engaged. 

I  am. 

Yours  very  truly, 

Rayleigh. 

September  23,  1892. 


XLVIII.   Ayi   Attempt  to  give   a  Simple   Theoretical  Expla- 
nation of  Raoult's  Law  of  the  Lowering  of  Vapour- Pressure. 

By  F.  G.  DONNAN  *. 

KAOULT'S  Law,  as  is  well  known,  applies  to  the  lowering 
of  the  vapour-pressure  of  a  liquid,  due  to  the  solution 
in  it  of  a  non-volatile  substance.  It  asserts  that  the  relative 
lowering  of  vapour-pressure  is  proportional  to  the  ratio  of 
the  number  of  molecules  of  the  dissolved  substance  to  the 
total  number  of  molecules  in  the  li()iiid.  Expressed  in  svm- 
bolical  language  this  is 


f-f  _  J  _^L. 

,/•    ~    .N  +  /r 

("oiiiiinmic.-itril  l(v  |lii>  Aiitlidr, 
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where  /=  original  vapour-pressure,  /'  =  reduced  pressure, 
71  =  number  of  molecules  of  dissolved  substance,  and  N  = 
number  of  molecules  of  solvent.  The  factor  k  never  deviates 
far  from  unity,  and  for  solutions  of  medium  concentration  it 
is  sensibly  equal  to  unity,  so  that  for  such  solutions  we  have 


f         N  +  ?i' 

This  is  the  usual  form  in  which  Raoult's  Law  is  applied. 
This  equation  has  been  theoretically  deduced  from  the  known 
laws  of  osmotic  pressure  by  Van't  HofF  and  by  Arrhenius. 
The  following  is  an  attempt  to  deduce  it  from  the  kinetic 
molecular  theory. 

Suppose  we  have  a  liquid  in  equilibrium  with  its  vapour 
at  a  certain  temperature  t.  Let  the  corresponding  vapour- 
pressure  be/.  We  shall  suppose  the  liquid  and  its  vapour 
to  be  contained  in  a  closed  vessel,  and  we  shall  also  suppose 
the  temperature  to  remain  constant,  so  that  no  permanent 
disturbance  of  equilibrium  due  to  a  permanent  change  of 
temperature  need  be  considered.  For  this  purpose  we  may 
imagine  the  walls  of  the  containing  vessel  to  be  perfect 
conductors  of  heat,  and  suppose  the  vessel  surrounded  by  a 
very  large  reservoir  at  constant  temperature  t. 

This  equilibrium  of  the  liquid  with  its  vapour  is  regarded 
as  conditioned  by  a  mutual  and  equal  exchange  of  molecules. 
A  certain  definite  number,  x,  of  molecules  escape  per  second 
from  the  superficial  film  of  the  liquid  and  pass  into  the 
vapour,  while  the  same  number,  x,  pass  per  second  from  the 
vapour  into  the  liquid.  Although  the  escape  of  any  one 
particular  molecule  from  the  liquid  into  the  vapour,  and  vice 
versa,  is  in  itself  a  fortuitous  occurrence,  yet,  owing  to  the 
very  great  number  of  molecules,  a  constant  average  is  main- 
tained and  equilibrium  preserved. 

This  is  the  usual  view  of  liquid-vapour  equilibrium,  on  the 
kinetic  hypothesis. 

Considering  the  vapour,  x  will,  cceteris  i^arihus^  be  propor- 
tional to  the  number  of  molecules  per  unit  volume — that  is, 
proportional  to  the  density,  and  therefore  to  the  pressure. 
Thus  we  may  write  x^cf,  t  being  constant.  The  number  of 
molecules  in  the  liquid  remains  constant.  Call  this  nnmber 
N.  Now  suppose  we  dissolve  in  the  liquid  n  molecules  of  a 
substance  which  exerts  no  apju-eciable  vapour-pressure  at  the 
temperature  t,  i.  e.  whose  molecules,  for  some  reason  or  other, 
cannot  escape  at  this  temperature  from  the  superficial  film 
into  the  outer  space.  We  have  now  a  modified  state  of 
afiiiirs   within  the    liquid,      It   is  allowable    to    suppose,    as 
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before,  that  x  molecules  per  second  get  an  opportunity  of 
escaping  from  the  liquid,  since  there  is  nothing  to  alter  this 
condition  of  things,  as  the  molecules  of  the  dissolved  sub- 
stance move  freely  about  like  those  of  the  solvent.  But, 
assuming  a  homogeneous  composition  of  the   solution,  the 

N 
theory  of  chances  shows  that  only  the  fraction  ^r^: of  the  x 

molecules  which  get  suitable  opportunities  will  be  molecules 
of  the  solvent,  and  therefore  able  to  escape.     Thus  we  have 

now  only  ^^^ x  molecules  escapuig  every  second  from  the 

liquid. 

Accordingly  the  previous  mobile  equilibrium  is  disturbed, 
for  the  liquid  will  now  be  gaining  molecules,  and  the  vapour 
losing  them. 

This  will  continue  until  the  rates  at  which  the  liquid  and 
vapour  gain  molecules  again  become  equal.     The  value  of  the 

N 
fraction  xj^-,^,  however,  changes  during  this  process,  inas- 
much as  N  becomes  N  +  r,  where  v  is  increasing  and  repre- 
sents at  any  moment  the  number  of  molecules  gained  by  the 
liquid  (we  must  suppose  that  the  film  of  pure  solvent  thus 
formed  is  dispersed  and  homogeneity  secured  by  agitation  of 
the   liquid).     Thus   when  equilibrium  is  again  attained   we 

N  +  r 

shall  have  ^^f ^  molecules  escaping  from  the  liquid  into 

N+ft  +  r  ^     '^  ^ 

the  vapour  per  second,  and  vice  versa.  If/'  is  the  new  vapour- 
pressure,  we  have  now 

]SI+?i-|-r  -^  ' 

where  v  has  now  its  final  value,  i.  e.  the  total  number  of 
molecules  gained  by  the  liquid.  If  we  divide  the  members  of 
this  equation  by  the  members  of  the  previous  equation,  we 
obtain  : — 

N+w-t-r~"/' 
whence 


N  +  71  +  u  /'    ' 

Now  if  the  solution  is  dilute,  ^r^ will  bo  a  small  fraction  and 
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V  will  be  very  small  in  comparison  with  N  +  n.      So  that  we 
may  write,  in  accordance  with  Raoult's  Law  : —  ^ 


For  concentrated  sohitions,  v  will  be  greater  and  ^rf— —  will 

'  ^  N  +  n 


N  +  /t         _/■ 

n 

not  be  a  small  fraction,  so  that  in  this  case  it  is  just  possible 
V  will  have  an  appreciable  effect,  in  which  case  vAe  should 
have 

n      _.f-f 
N  +  «~        /    ' 

where  k  is  less  than  unity.  But  as  r  will  evidently  never 
become  of  much  importance  in  comparison  with  N  +  ??,  A;  will 
never  desnate  far  from  unit}',  as  Raoult  observed. 

In  the  above  investigation,  v  stands  for  the  number  of 
molecules  gained  by  the  liquid.  But  it  is  evident  v  is  con- 
nected with  the  change  of  vapour-pressure.  At  first,  number 
of  molecules  per  unit  volume  of  vapour  =  >/.     Denoting  time 

by  t,  the  rate  at  which  the  liquid  gains  molecules  = — X-j. 

Hence  the  number  of  molecules  gained  by  the  liquid  from 
volume  V  of  vapour  in  time  t  is  expressed  by 


-''C**=^'"''--^''="- 


Thus  we  have  : — 

n  ^f-f 

N  +  7i  +  VX(/-/)         /    • 

This  expression  assumes  that  the  whole  volume  V  remains 
saturated. 

Assuming  that  the  fundamental  equation  of  the  kinetic 
theory  of  gases  is  applicable  to  the  space  occupied  by  the 
vapour  (and  the  liquid  surface  acts  towards  the  vaporous 
space  just  as  if  it  were  an  immovable  wall),  it  is  easily  seen 
that 

m 

where  m  =  mass  of  a  molecule,  and  v  =  velocity  of  mean 
square  of  the  molecules  (the  pressures /and/'  being  measured 
in  absolute  units). 


[    -im    ] 


XLIX.  On  the  Appreciation  of  Ultra-X'isihle  Qnantitiea^  and 
on  a  Gauge  to  kelp  tis  to  appreciate  them.  By  G.  John- 
stone Stoney,  M.A.,  fJ.Sc,  F.R.S.,  Vice-President,  Royal 
JJublin  Society*. 

I.  Description  of  the  Gauge. 

IMAGINE  a  quadrant  of  the  earth's  meridian  to  be 
straightened  out,  and  used  as  the  base-hne  of  a  wedge- 
shaped  gauge.  Set  a  metre  U})right  at  one  end  of  this  base, 
and  from  tiie  top  of  it  draw  the  inclined  phine  to  the  other 
end.  This  completes  the  gauge.  It  is,  in  fact,  a  wedge  with 
a  slope  of  one  in  ten  millions.  We  shall  only  require  the  last 
ten  metres  of  this  gauge,  next  its  apex  ;  and  it  is  this  portion 
which  I  propose  as  a  standard  for  the  measurement  of  small 
quantities.  Small  quantities  are  to  be  measured  by  the  ordi- 
nates  of  the  gauge,  that  is  by  the  little  perpendicular  distances 
from  its  base-line  up  to  its  sloping  top. 

Another  and  perhaps  a  better  way  of  conceiving  the  gauge 
is  to  take  a  base-line  that  is  only  ten  metres  long,  to  erect  a 
micron  t  at  one  end,  and  from  the  top  of  this  to  draw  the 
incline  to  the  other  end.  This  will  give  the  same  slope  as 
before — a  gradient  of  one  in  10,000,000. 

II.  llbtsti^ations  of  the  very  Acute  Angle  of  this  Gauge. 

1.  A  wedge  with  an  angle  of  1"  would  furnish  a  slope  of 
one  in  206,265.  Ours  has  a  slope  of  only  one  in  10,000,000. 
It  is,  accordingly,  between  48  and  49  times  more  acute  :  in 
other  words,  its  angle  is  less  than  the  forty-eighth  of  1", 
which  is  a  much  smaller  angle  than  can  be  measured  by  any 
astronomical  instrument. 

2.  Prolong  the  gauge  beyond  the  ten  metres.  Then  the 
slightly  differing  diameters  of  the  red  corpuscles  in  human 
blood  are  equal  to  the  ordinates  of  the  gauge  at  from  70  to 
80  metres  from  its  apex — about  as  far  as  street-lamps  are 
from  one  another. 

3.  At  10  kilometres  distance  (over  six  miles)  the  ordinate 
is  exactly  one  millimetre. 

*  From  the  'Scientific  Proceedings'  of  the  Royal  Dublin  Society, 
vol.  vii.  p.  53U.     Communicated  by  the  Author. 

t  The  micron  is  a  measure  that  has  come  of  late  years  into  general  u.«e 
among  microscopists.  It  is  the  tliousandth  of  a  millimetre,  which  is  tlie 
same  as  l/25400th  of  an  incli.  The  micron  is  between  the  seventh  and 
the  eighth  part  of  the  diameters  of  the  little  red  corpuscles  in  human 
blood,  which  are  tolerably  uniform  in  size  and  are  familiar  objects  to  all 
workers  with  the  microscope. 
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4.  And  to  reach  an  ordinate  wLicli  is  as  long  as  an  inch, 
we  should  have  to  go  to  a  distance  of  254  kilometres  from  the 
apex — about  158  miles,  or  across  Ireland. 

However,  in  the  study  of  molecular  physics,  we  are  dealing 
with  measures  that  are  fractions  of  a  micron  ;  so  that  the  ten 
metres  of  our  gauge  that  are  next  its  apex  are  enough  for  us 
to  retain. 

III.  Relation  of  the  Gauge  to  Angstrom's  ^fap. 

The  wave-lengths  of  light  are  the  longest  of  the  small 
quantities  with  which  we  need  concern  ourselves  ;  and  the 
gradient  of  the  gauge  has  been  specially  chosen  to  be  con- 
venient in  measuring  them.  For  this  purpose,  lay  the  gauge 
on  Angstrom's  map  of  the  "  Spectre  normal  du  Soleil," 
making  the  points  on  the  base-line  at  4,  5,  and  6  metres 
from  the  apex  of  the  gauge  coincide  with  the  positions  4000, 
5000,  and  (JOOO  on  his  map.  This  can  be  done,  since  Ang- 
strom's scale  is  a  scale  of  millimetres. 

Then  the  actual  length  of  X  (the  wave-length  in  air)  for 
each  ray  represented  in  his  map,  is  the  ordinate  of  the  gauge 
(i.  e.  the  vertical  distance  from  the  horizontal  base  of  the 
gauge  up  to  its  sloping  top)  immediately  over  the  line  of  the 
map  representing  the  ray*. 

IV.  The  "  Minimum  visihiUy 
The  minimum  visihile  (?'.  e.  the  smallest  separation  at  which 
two  points  must  stand  to  admit  of  their  being  seen  as  two,  by 
the  help  of  such  coarse  waves  as  the  waves  of  light)  is  about 
half  the  wave-length  of  the  hght  admitted  to  our  microscope; 
that  is,  it  is  the  ordinate  of  our  standard  gauge  at  some  point 
between  two  and  three  metres  from  its  apex.  All  smaller 
magnitudes  are  ultra-visible. 

V.    Tlie  Larger  Ultra-visible  Magnitudes. 

1.  Ponderable  matter  is  in  the  gaseous  state  when  its 
molecules  are  so  little  crowded  that  they  have  room  to  dart 

*  Rowland's  great  photograph  of  the  solar  spectrum  is  on  a  scale 
which  is  about  three  times  larger  than  that  of  Angstrom's  map ;  and, 
from  the  exigencies  of  the  case,  the  lengths  of  the  degrees  upon  it  ditler 
slightl}'  from  strip  to  strip.  To  adapt  a  gauge  to  it,  begin  by  extending 
both  ways  the  scale  of  the  strip  under  examination  till  it  reaches  zero  in 
one  direction  and  10,001)  in  the  other.  Over  the  10,000  mark  erect  a 
micron,  and  from  the  top  of  it  draw  the  inclined  plane  to  the  zero  mark. 
This  is  the  gauge  whose  ordiuates  will  be  the  wave-lengths  of  the  rays 
represented  in  that  strip  of  the  map.  Each  strip  will  require  its  own 
gauge ;  but  none  of  tliem  will  be  far  from  30  metres  long,  so  that  they 
are  about  three  timts  more  acute  than  tlie  proposed  standard  gauge. 
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to  a  certain  distance  along  a  free  path,  in  the  intervals 
between  their  encounters  with  one  another  ;  and  information 
as  to  the  average  length  of  these  little  journeys  can  be 
deduced  trom  experiments  on  the  viscosity  of  gases.  If  the 
gas  is  a  tolerably  "perfect"  one;  at  the  ordinary  ten)j)era- 
tiire  ;  and  exposed  to  the  pressure  of  one  atmosphere,  the 
average  length  of  the  "  free  path  "  of  the  molecules  is  small. 
In  fact  the  observed  amount  of  the  viscosity  assigns  to  it  in 
air  a  length  equal  to  the  ordinate  of  our  gauge  at  a  distance 
of  something  like  t/wee  quarters  of  a  metre  (30  inches)  from 
its  apex  ;  and  although  the  mean  length  of  the  free  path 
differs  from  one  gas  to  another,  it  is  in  all  a  magnitude  of 
this  order  ^.  Note  that  this  is  a  good  deal  smaller  than  "what 
we  have  found  to  be  the  "  minimum  visibile." 

Within  the  receiver  of  an  air-pump  the  free  path  becomes 
longer,  until  at  the  excessive  attenuations  that  Mr.  Crookes 
obtains  by  working  his  compound  Sprengel-pump  for  a  long 
time,  its  average  length  may  even  reach  to  several  centi- 
metres, which  would  be  the  ordinate  of  our  gauge  at 
a  distance  from  its  apex  of  some  hundreds  of  miles.  Pon- 
derable matter  is  then  in  what  Mr.  Crookes  calls  the  radiant 
state. 

2.  Ihe  average  spacing  of  the  molecules  in  a  gas  {i.  e.  their 
average  distance  asunder  at  any  one  instant  of  time)  may  be 
obtained  in  various  waysf;  e.  g.  it  may  be  deduced  from  the 

*  See  Philosophical  Magazine  for  August  1868,  p.  138. 

t  Calling  the  average  length  of  the  free  path  A,  the  average  interval 
between  the  molecules  a,  and  the  average  '*  diameter  of  a  molecule  "  S  ; 
we  can  obtain  X  from  experiments  on  viscosity,  we  get  S/cr  from  observing 
the  condensation  which  the  gas  undergoes  when  liquetied,  and  one  other 
equation  between  X,  o-,  and  6  would  enable  ua  to  obtain  all  three. 

Now  it  is  evident  that  X  (the  average  length  of  the  journeys  of  the 
molecules)  will,  cateris  iMrilms,  increase  if  tr  (the  space  between  the 
molecules)  is  increased,  which  may  be  effected  by  expanding  the  gas,  and 
will  decrease  if  6  (the  distance  within  which  the  molecules  sensibly  act 
on  one  another)  is  increased,  which  may  be  elfected  by  exchanging  one 
gas  for  another.  It  is,  in  fact,  a  function  of  these  two  quantities  and  of 
others,  viz.  of  the  velocities  of  the  molecules  (the  mean  of  the  squares  of 
which  is  known  from  the  pressure  and  density  of  the  gas),  of  the  events 
that  occur  in  the  struggle  of  two  molecules  with  one  another  during  their 
brief  encounters,  and  of  the  time  occupied  by  these  struggles. 

The  events  that  occur  during  the  encounters  and  the  time  they  last  are 
not  sufficiently  known  for  the  actual  equation  to  be  set  down :  but  hypo- 
theses can  be  framed  in  regard  to  them — as,  for  instance,  that  the  mole- 
cules when  they  encounter  simply  rebound  like  hard  clastic  globes — which 
enable  us  to  ascertain  what  function  (t/X  would  be  of  fija-  if  the  hypothesis 
were  true,  and  thus  enable  us  to  judge  what  kind  of  magnitudes  b  and 
(T  are. 

The  quantities  X  and  b  vary  within  wide  limits  from  gas  to  gas ;  but  it 
is  one  of  the  elementary  propositions  in  the  kinetic  theory  of  gases  that  o- 
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last  measure  by  taking  into  account  the  degree  in  wliicli  the 
gas  falls  short  of  being  "  perfect,"  /.  e.  of  accurately  fulfilling 
the  law 

JJV   _   i 

~7  7        Tv' 
p  V         i 

where  p  is  pressure,  v  volume,  and  T  absolute  temperature. 
Judged  in  this  and  other  ways,  it  appears  that  the  average 
interval  between  the  molecules  of  any  of  the  more  perfect 
gases,  when  at  atmospheric  pressures  and  temperatures,  is 
something  like  the  ordinate  of  our  gauge  at  the  distance  of 
one  centimetre  from  its  apex*.  If  the  vacuum  in  a  Sprengel- 
pump  be  carried  so  far  as  to  reduce  the  pressure  to  one 
millionth  of  an  atmosphere  (which  is  not  very  far  from  the 
greatest  exhaustion  that  can  be  attained),  the  average  spacing 

(which  uiay  be  called  the  average  spaciug  of  the  molecules)  is  nearly  the 
same  in  alf  nearly  "perfect"  gases  when  compared  at  the  same  pressure 
and  temperature.  This  is,  in  fact,  the  truth  that  underlies  and  gives  its 
value  to  Avogadro's  erroneous  hypothesis  that  at  the  same  temperature 
and  pressure  the  size  of  the  gaseous  molecules  of  all  substances  is  the 
same.  In  the  present  state  of  science  it  is  desirable  that  every  practicable 
effort  should  be  mode  to  determine  with  more  exactness  the  value  of  this 
important  physical  quantity. 

*  Phil.  Mag.  for  August'  1868,  p.  140.  If  we  assume,  in  conformity 
with  the  estimate  in  the  text,  that  the  molecules  of  a  gas  at,  say,  21°  C. 
and  700  millim.  pressure,  are  as  numerous  within  a  given  space  as  would 
be  a  number  of  points  culiically  disposed  at  intervals  of  a  ninethet-metre 
asunder  (this  being  the  ordinate  of  our  gauge  at  the  distance  of  one  centi- 
metre from  its  apex)  ;  then  the  number  of  molecules  of  the  gas  in  eveiy 
cubic  millimetre  of  its  volume  is  a  uno-eighteen  -  the  number  repre- 
sented by  1  with  eighteen  0"s  after  it.  Hence,  in  a  litre  of  the  gas  there 
will  be  a  million  times  more,  i.  e.  a  uno-twentyfour  of  molecules.  Now 
at  the  above-mentioned  temperature  and  pressure  a  litre  of  hydrogen 
weighs  just  one  twelfth  of  a  gramme  (•083').  Hence  the  mass  of  each 
molecule  is  the  twentyfonrthet  of  this  (/.  e.  the  fraction  represented  by  1 
in  the  numerator,  and' 1  followed  by  twenty-four  O's  in  the  denominator), 
»'.  e.  it  is  =8'"3  xxvi^'*  of  a  gramme;  and  according  to  this  computation 
the  chemical  atom  of  hydrogen,  being  the  semi-molecule,  has  as  its  mass 
4'-lG  xxvi*"*  of  a  gramme.  This  is  probably  somewhere  in  the  neigh- 
bourhood of  the  true  value  ;  so  that  we  may  regard  the  mass  of  a 
chemical  atom  of  hydrogen  as  a  mass  probably  not  more  than  a  few  times 
more  or  a  few  times  less  than  the  twenty-tifthet  or  tweuty-sixthet  of  a 
gramme.  This  seems  the  best  approach  that  can  at  present  be  made  to 
estimating  the  mass  of  a  chemical  atom. 

The  determination  depends  upon  the  average  spacing  of  the  centres  of 
the  molecules  of  a  gas  at  standard  temperature  and  pressure  (see  last 
footnote) ;  and  if  this  very  important  physical  magnitude,  which  is 
common  to  all  perfect  gases,  can  be  ascertained  with  more  accuracy,  we 
shall  get  a  proportionally  better  estimate  of  the  mass  of  a  chemical  atom. 
Of  course  if  the  mass  of  the  atom  of  any  one  element,  e.  g.  hydrogen,  be 
determined,  the  masses  of  all  the  others  become  known  by  the  chemical 
tables  of  atomic  weights. 
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of  tlu;  molecules  will  have  iiUTea^^ed  U|t  to  being  equal  to  the 
ordinate  of  our  gauge  at  a  distance  of  about  a  metre  from  the 
apex.  It  is  instructive  to  observe  that  even  this  enlarged 
interval  is  ultra-visible,  and  that  in  this  so-called  extreme 
vacuum  there  remain  something  like  a  million  millions  of  mole- 
cules of  the  gas  in  every  cubic  millimetre  of  the  space  within 
the  receiver — i.  e.  about  a  thousand  in  every  cubic  micron. 

3.  The  magnitude  to  be  next  considered  is  the  diameter  of 
a  molecule.  By  this  is  to  be  understood  the  distance  within 
which  the  centres  of  two  molecules  must  come,  if  they  are 
sensibly  to  deflect  each  other's  path.  This  size  of  the  gaseous 
molemle,  as  it  may  be  called,  is  intimately  related  to  the  ratio 
of  the  last  two  measures  to  one  another,  and  may  be  deduced 
from  that  ratio.  Or  it  may  be  obtained  by  observing  the 
condensation  which  a  gas  or  vapour  undergoes  when  passing 
into  the  state  of  a  liquid  or  solid.  Estimated  in  either  of 
these  ways,  it  appears  to  be  usually  about  the  8th,  10th,  or 
12th  of  the  last  measure — that  is,  it  is  something  like  the 
ordinate  of  our  gauge  at  a  distance  of  one  uiillimetre  from  its 
apex. 

VI.  Smallei'  Magnitudes. 

The  diameter  of  a  gaseous  molecule,  as  above  defined,  is 
the  smallest  measurement  for  which  the  present  sfauire  is 
suggested  as  convenient,  as  it  is  also  the  smallest  magnitude 
of  the  actual  size  of  which  any  approximate  estimate  has  been 
made.  But  we  have,  through  the  spectroscope,  indications  of 
important  events  in  nature  that  are  perpetually  going  on 
within  each  gaseous  molecule,  and  probably  on  a  very  much 
smaller  scale.  For  example,  an  easy  calculation  will  show 
that  the  motion  within  the  niolecules  of  sodium  to  which  the 
principal  double  line  in  its  sp<u'trum  is  due* — a  motion  which 
is  repeated  .5O8,911,000,()0O,U(K),  /'.  e.  more  than  five  hundred 
millions  of  millions  of  times,  every  second  within  each  mole- 
cule— would  need  to  have  a  velocity  several  times  greater  than 
that  of  the  earth  in  its  orbit  (which  is  a  velocity  of  30  kilo- 
metres, 19  miles,  per  second)  if  the  range  of  these  motions 
is  the  whole  diameter  we  have  attributed  to  the  molecule. 
This  consideration,  though  not  decisive,  is  nevertheless  quite 
sufficient  foundation  on  whicli  to  base  the  expectation  that,  if 
ever  we  are  able  to  ascertain  the  actual  range  of  this  motion 
and  others  of  a  like  kind,  they  will  turn  out  to  be  much 
smaller  than  the  ordinate  of  our  gauge  at  a  distance  of  a 
millimetre  from  its  apex  ;  so  that  if  ever  we  discover  any 

♦  See  Stouey  on  Double  Linos,  Suit-ntilic  Transactions  of  the  Royal 
Dublin  Society,  vol.  iv.  p.  rO.'5. 


420  Dr.  G.  J.  Stonej  on  the 

way  of  quantitatively  estimating  such  events,  we  shall  require 
another  and  more  acute-angled  gauge  to  aid  us  in  appre- 
ciating them. 

VII.    Of  the  Borderland  of  the  Visible. 

Meanwhile  the  gauge  now  proposed  will,  it  is  hoped,  help 
the  scientific  student  to  obtain  a  more  connected  view  of 
nature,  by  placing  before  him  in  somewhat  clear  evidence  the 
relation  in  which  some  of  the  larger  molecular  events  stand 
to  the  dimensions  of  the  smallest  objects  he  can  see  with  his 
microscope. 

He  should  never  forget  that  even  the  most  minute  of  these 
microscopic  objects  is  an  immense  army  of  molecules*,  or 
semi-molecules,  crowded  together,  more  numerous  indeed 
than  all  the  inhabitants  of  Europe.  The  individuals  that 
constitute  the  battalions  are  not  seen,  nor  is  there  the  least 
glimpse  of  the  active  motions  that  are  without  intermission 
going  on  among  or  within  the  individuals  :  nay  more,  waves 
of  light  are  too  coarse  to  supply  our  microscopes  with  infor- 
mation about  the  evolutions  of  the  companies,  regiments,  and 
brigades  of  this  great  army.  It  is  only  when  the  entire  army 
shifts  its  position  that  anything  can  be  seen  ;  and  my  object 
will  be  attained  if  the  contrivance  I  have  proposed  helps  in 
any  degree  to  bring  about  a  better  balance  of  thought  rela- 
tively to  the  cosmos  in  which  we  find  ourselves  :  it  is  so 
difficult  to  avoid  making  the  small  range  of  our  senses  a 
universal  scale  with  which  to  measure  all  nature.  Where, 
for  instance,  is  the  justification  for  our  alleging  that  any 
visible  speck  of  protoplasm  is  undifferentiated  ?  And,  in  fact, 
are  not  subsequent  events  perpetually  rebuking  this  rashness? 

A  convenient  object  to  help  in  connecting  visible  with 
ultra-visible  magnitudes,  is  the  marking  on  the  frustule  of 
the  Pleurosigma  angidatwn  (or,  Gyrosigma  angulatuni),  one 
of  the  commonest  of  test-objects.  The  little  brown  specks  are 
easily  seen  wuth  the  higher  powers  of  a  microscope  if  a  good 
condenser  and  the  proper  stop  be  used,  and  their  distance 
asunder  from  centre  to  centre  is  somewhere  between  '64  and 
•65  of  a  micron,  according  to  the  best  determinations  I  can 
make.  This  is  a  trifle  more  than  the  spacing  deduced  from 
Professor  Smithes  measurement  of  the  interval  between  the 

*  That  is,  of  molecules  such  as  are  present  in  the  gaseous  state  of  the 
ultimate  chemical  constituents  of  the  speck  of  matter  under  examination. 
These  in  a  highly  organized  substance  like  protoplasm  are  associated  into 
much  larger  organic  groups,  that  may  be  called  mega-molecules,  and  may 
be  likened  to  the  companies  or  regiments  of  the  brigades  and  corps  that 
make  up  the  army. 
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rows.  It  is  the  ordiimte  of  our  guiige  at  about  six  and  a  half 
metres  from  its  end,  and  is  the  wave-leno-fh  of  a  lay  of  red 
light  not  far  from  the  red  hj'drogen-hne,  the  line  C  of  the 
solar  spectrum  ;  so  that  the  brown  dots  succeeding  one 
another  in  a  row  mark  otF  in  the  field  of  the  microscope  the 
successive  waves  of  this  particular  ray  of  light. 

The  dots  are  arranged  in  rows  parallel  to  the  sides  of  an 
equilateral  triangle,  and  with  oblique  light  coming  at  right 
angles  to  any  one  of  these  sets  of  rows,  the  dots  will  elongate 
and  almost  run  into  one  anothei-  in  a  way  that  makes  the 
rows  look  like  a  i-uling  of  parallel  lines.  These  parallel  lines 
are  at  shorter  distances  asunder  than  the  dots  in  the  ratio  of 
n/3  to  2,  and  accordingly  present  to  the  eye  intervals  equal 
to  the  wave-length  of  a  green  ray  less  refrangible  than  the 
line  E  of  the  solar  spectrum.  The  interval  in  this  case  is  the 
ordinate  of  our  gauge  at  a  distance  of  about  five  metres  and  a 
third  from  its  apex. 

Furthermore,  what  we  have  found  above  to  be  the  minimum 
visihile  is  a  little  more  than  one  third  of  the  interval  from 
centre  to  centre  of  the  dots,  or  a  little  less  than  half  the 
interval  of  the  rows.  It  is  well  illustrated  by  the  Pleuro- 
sigma  markings.  In  fact,  judging  from  similar  markings  on 
other  scales,  the  round  dots  would  be  seen  as  rings  were  it 
not  for  their  small  size,  which  prevents  the  opposite  sides  of 
the  ring  from  being  seen  as  two  objects.  They  accordingly 
look  like  disks  *. 

VIII.  Of  the  Nomenclature  of  Small  Measures* 
It  will  often  be  found  convenient  to  connect  the  proposed 
standard  gauge  with  another  useful  way  of  describing  small 
magnitudes.  Let  us  understand  by  a  sixthet  a  unit  in  the 
sixth  place  of  decimals,  /.  e.  the  fraction  of  1/10^,  and  let  us 
use  the  phrase  sixthet-metre,  or  metre-sixthet,  to  mean  the 
sixthet  of  a  metre,  in  the  same  sense  in  which  we  say  half- 
inch  or  quarter-inch  to  mean  the  half  or  quarter  of  an  inch. 

We  can  then  conveniently  express  the  following  table  of 
equivalents. 

The  ordinate  of  the  standard  gauge,  at  a  distance  : — 
Of  ten  metres  from  the  apex  =  a  sixthet-metre. 
Of  one  metre  ,,          ,,        =  a  seventhet-metre. 

Of  one  decimetre  „         ,,        =  an  eighthet-metre. 
Of  one  centimetre  ,,        =  a  ninthet-metrc. 

Of  one  millimetre  „        =  a  tenthet-metre. 

*  The  white  peai'1-like  specks  which  take  tlie  phice  of  the  dots  wheu 
they  are  a  little  out  of  focus,  must  not  be  mistaken  for  their  being'  seen 
as  rings.    They  are  an  optical  eftect,  and  of  larger  size 
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The  sixtlitit-iiietre  is  identical  ^vitb  the  micron  spoken  of 
above.     Many  writers  represent  it  by  the  symbol  /u.. 

The  nintbet-metre  is  the  thousandth  part  of  a  micron.  It 
has  sometimes  been  called  the  micro-millimetre,  and  is  by 
some  Nvriters  represented  by  the  symbol  fifx. 

The  tenthet-metre  is  the  same  measure  as  is  usually  called 
the  tenth-metre.  It  has  also  sometimes  been  called  the 
tenth-metret. 

IX.    Of  the  Smallest  Magnitudes  that  have  been  Measured. 

The  most  minute  magnitudes  that  have  been  actually 
measured  are  differences  of  wave-length.  These  can  be  de- 
termined with  truly  astonishing  precision  by  observations  with 
the  diffraction-grating  spectroscope,  so  much  so  that  they 
carry  us  down  to  magnitudes  that  are  fractions  of  the  diameter 
of  a  gaseous  molecule.  The  observation  is  most  easily  made 
in  the  case  of  close  double  lines.  In  these  the  interval  be- 
tween the  two  constituents  is  due  to  the  difference  of  their 
wave-lengths,  and  by  measuring  the  former  the  latter  can  be 
ascertained.  Thus,  an  interval  of  one  degree  on  Angstrom's 
or  Rowland's  map  indicates  a  difference  of  wave-length 
amounting  to  a  tenthet-metre,  which,  as  we  know,  is  the 
ordinate  of  our  standard  gauge  at  a  distance  of  a  millimetre 
from  its  end.  But  lines  have  been  seen  to  be  double  with 
Prof.  Rowland's  gratings,  in  which  the  separation  of  the  two 
constituents  is  not  more  than  from  1/oOth  to  1/lOOth  part  of 
a  degree.  In  the  latter  case  the  difference  of  wave-length  is 
only  one  twelfthet-metre.  This  is  the  ordinate  of  our  gauge 
at  a  distance  from  its  apex  which  is  little  more  than  the 
diameter  of  a  single  blood-corpuscle,  and  may  be  taken  to  be 
the  smallest  measurement  that  can  as  yet  be  directly  effected 
with  certainty. 

The  following  is  a  list  of  close  double  lines  which  I  have 
myself  seen  in  the  solar  spectrum  with  a  small  Rowland's 
grating*  :— 

The  solar  line  h^,  and  a  nuiltitude  of  other  close  doubles, 
shown  as  such  on  Rowland's  map  (2nd  Series,  1888). 
The  less  refrangible  of  the  two  E  lines. 
The  line  in  the  E  group  at  X  =  526-1"I:   of  Rowland's 
'    scale. 

*  The ,gratiug  is  iiat,  iieaily  au  inch  and  tliree-quarters  lou"',  contains 
about  25,000  lines,  and  tlie  observations  were  made  in  the  fifth  spectnini. 
In  this  spectrum  the  image  is  formed  by  bringing  together  every  fifth 
wave  of  liglit  out  of  a  series  of  12.5,000  consecutive  waves,  and  the  ruling 
must  be  sufficieutlv  accurate  to  effect  this. 
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The  nickol  line  wliicli  is  neiirly  midway  between  the  two 
D  lino  :  and  the  line  at'x  =  5.S9-^-(;.  This  is  the 
second  troni  the  nickel  line  towards  D2,  of  the  eleven 
lines  which  are  at  all  times  visible  between  the  two 
D  lines. 

The  kast  refrangible  constituent  of  the  triple  line  at 
\  =  5328-7. 

This  last  is  about  the  closest  double  that  my  spectroscope 
will  resolve.  There  is  no  micrometer  on  my  instrument,  so 
that  I  cannot  give  measures,  but  I  estimate  the  coarsest  of 
these,  those  first  mentioned,  to  have  a  difference  of  wave- 
length under  two  eleventhet-nietres — and  in  the  closest,  that 
last  mentioned,  it  cannot  be  more  than  a  very  few  twelfthet- 
nietres.  Most  of  them  could  be  measured  with  a  good 
micrometer. 

This  can  be  accomplished  with  one  of  the  smaller  of 
Professor  llowland's  splendid  gratings  ;  and  he  himself  and 
other  observei's  have  carried  matters  farther,  by  taking  pho- 
tographs with  the  best  of  his  great  six-inch  concave  gratings. 
This  may  give  some  idea  of  the  marvellous  precision  of  this, 
the  latest  and  most  searching  appliance  for  exploring  Xature. 
By  it  a  brilliant  series  of  discoveries  have  already  been  made 
in  stellar  astronomy  ;  and  we  may  anticipate  still  greater 
achievements  from  the  distance  to  which  it  can  throw  its 
plumb-line  into  the  obscure  depths  of  molecular  events. 

X.    Time  Relations. 

The  fragments  of  time  that  can  be  aj^preciated  with  accuracy 
in  this  way  are  even  more  wonderful  in  their  minuteness  than 
are  the  differences  of  length.  Time  relations,  however,  lie 
somewhat  outside  the  scope  of  the  present  essay  ;  but  they, 
too,  should  be  carefully  pondered  by  anyone  w^ho  wants  to 
know  wliat  Nature  really  is.  And  after  thus  taking  the  best 
survey  that  he  can,  he  should  bear  in  mintl  that  all  he  can  do 
is  to  gauge  the  little  that  man  has  been  fortunate  enough  to 
detect ;  and  that  far  more  may  lie  beyond  the  ken  of  i\\\y  human 
being  than  the  immense  range  which  now  lies  within  it.  He 
should  also  reflect  that  the  few  molecular  events  that  are 
alr(iady  known  succeed  one  another  with  such  astonishing- 
rapidity  that  the  swiftest  visible  motions  are,  in  relation  to 
them,  as  sluggish  and  as  gradual  in  their  progress  as  are  the 
changes  in  tlie  configurations  of  the  constellations  owing  to 
the  proper  motions  of  the  fixed  stars,  in  their  relation  to  us 
and  to  the  events  we  can  see  occurring  about  us  on  the  earth. 
In  fact,  the  thousandth  of  one  second  of  time  is,  in  relation 
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to  tbem,  coiiiparaljle  witli  some  such  period  as  twenty  or 
thirty  thousand  years  in  its  relation  to  man's  slow  thoughts, 
or  the  driftings  about  of  those  accumulations  of  molecules 
which  are  the  only  kind  of  objects  he  can  perceive  even 
with  the  highest  powers  of  his  microscope.  These  visible 
objects,  these  armies  of  molecules  massed  together,  seem  to 
him  sometimes  at  rest  and  sometimes  in  motion  ;  but  in 
either  case  strenuous  activity  within  and  between  the  mole- 
cules themselves  never  ceases,  nor  the  perpetual  response 
between  them  and  the  aether  through  which  they  keep  up  a 
comnmnication  with  one  another  at  a  distance.  The  magni- 
tude of  the  consequences  throughout  all  Nature  of  this 
unflagging  intercoui;se  between  molecules  cannot  be  ap- 
proached by  the  utmost  thought  we  can  give  to  it.  It  is 
quite  impossible  for  us  to  appreciate  it  adequately.  The 
human  eye  ])laced  anywhere  intercepts  a  small  fragment  of 
the  messages  in  their  transit,  and  is  thus  a  detector  of  their 
presence.  But  it  does  so  roughly.  It  jumbles  up  the 
immense  detail  which  even  our  spectroscopes  can  show  to  be 
included  within  this  fragment.  Yet  even  so,  how  much  our 
eyes  show  us  wherever  we  turn  them,  and  with  what  seems 
to  us  such  marvellous  promptness !  The  spectroscope  in 
some  respects  penetrates  farther  as  a  detector.  Even  it, 
however,  fails  to  reach  much  detail  that  we  know  to  be 
present,  e.  g.  it  cannot  tell  us  the  innumerable  interruptions 
or  the  various  orientations  or  the  phases  of  the  actual  motions. 
And,  at  the  best,  both  these  detectors  together  can  give  us 
but  a  very  slender  notion  of  the  real  activity  that  is  going  on, 
and  of  the  precision  and  fulness  with  which  the  molecules 
everywhere  about  us  are  energetically  exchanging  many 
millions  of  dilferent  messages  with  one  another  every  second. 
Such  is  Nature  as  it  really  is. 

XL    On  the  Bearing  of  these  Determinations  on  other 
Brandies  of  Studg. 

Determinations  such  as  those  dealt  with  in  this  paper  have 
a  bearing  upon  almost  every  study  that  is  occupied  either  in 
the  interpretation  of  material  Nature,  or  investigating  the 
relation  between  the  thoughts  of  animals  and  the  operations 
that  go  on  in  their  brains  ;  inasmuch  as  the  whole  of  material 
Kature  is  found,  on  careful  analysis,  to  rest  on  molecules — 
on  their  mutual  relations  and  motions,  on  the  events  going  on 
within  the  molecules,  and  on  those  which  they  excite  in  the 
medium  in  which  they  move. 

1.  One  example  of  this  influence  upon  other  studies  is  the 
general  limitation   which   molecular   determinations   impose 
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upon  the  methods  employed  in  dynamical  inquiries,  as  pointed 
out  in  a  Paper  by  the  present  author  on  ''  Texture  in  Media." 
[Scientific  Proceedings  of  the  Koval  Dublin  Society,  vol.  vi. 
p.  392  ;  Phil.  Mag.  for  June  1890,  p.  4()7.] 

2.  The  direct  bearing  of  the  inquiry  u})on  chennstry  is 
obvious.  It  is  briefly  referred  to  in  the  Scientific  Transactions 
of  the  R.  D.  Society,  vol.  iv.  p.  608.  In  fact  the  record  of 
the  chemist  is  not  unlike  what  one  often  sees  upon  a  tomb- 
stone— "Born  in  such  a  year;  Died  in  such  another  ;'' — 
while  the  intervening  life  is  passed  over  in  silence.  So  the 
chemist  submits  two  or  more  substances  to  their  mutual 
influence,  and  finds  that  such  and  such  substances  emerge  ; 
but  he  takes  little  note  of  the  eventful  time  during  which  all 
the  protracted  contests  of  the  reaction  have  taken  place,  which, 
if  it  has  lasted  for  only  the  five-hundred-thousandth  of  one 
second,  has  been  as  long  in  reference  to  the  activities  of  the 
molecules  as  a  long  life  of  (JO  years  would  be  in  reference  to 
all  the  thoughts  and  actions  of  a  man. 

3.  The  minimum  visibile,  as  defined  above,  is  between  the 
fourth  and  fifth  of  a  micron,  and  a  speck  whose  volume  is  the 
cube  of  this  may  be  regarded  as  the  smallest  organic  speck 
that  the  biologist  can  distinguish  from  other  specks  by  the 
highest  powers  of  his  microscope.  Its  volume  is  accordingly 
about  one-hundredth  of  a  cubic  micron — about  the  l/7(HJ0th 
part  of  the  volume  of  one  blood-corpuscle.  Now,  liquid  or 
solid  material,  if  resolved  into  its  chemical  elements,  and  if 
these  be  brought  into  the  gaseous  state,  will,  at  the  tempera- 
ture and  pressure  of  the  atmosphere,  expand  about  1000  times. 
Hence  the  foregoing  speck,  if  thus  resolved  into  gas,  would 
occupy  about  ten  cubic  microns.  But  this  volume  of  gas  at 
that  temperature  and  pressure  contains  about  a  uno-teu 
(10,000,000,000)  of  molecules,  which  for  the  most  part  will 
consist  each  of  two  chemical  atoms.  Hence  the  number  of 
chemical  atoms  in  our  speck  may  be  taken  to  be  about  two 
uno-tens.  Our  speck,  perhaps,  consists  of  very  complex 
organic  molecules  ;  but  however  complex  each  of  these  may 
be  their  number  must  nevertheless  be  very  great.  For,  let 
us  make  the  liberal  allowance  of  2000  chemical  atoms  for  each 
organic  molecule,  and  the  number  of  these  very  complex 
molecules  will  be  about  ten  millions.  This  is  an  army  quite 
large  enough  to  admit  of  an  immense  amount  of  differentiation 
within  its  ranks — of  very  active  operations  within  and  among 
the  complex  molecules  or  between  brigades  of  them — all  of 
which  are  ultra-visible  events.  These  are  facts  which  every 
biologist  should  keep  constantly  before  his  mind  when  carry- 
ing out  his  investigations  and  interpreting  them,  and  especially 
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when  he  is  tempted  either  to  speak  or  think  of  "  undifferen- 
tiated protoplasm." 

.  4.  A  still  more  striking  instance  is  presented  when  we 
consider  the  o})erations  of  the  hnman  mind.  Here  I  will 
make  the  i;sual  assumption,  that  every  perception  or  other 
thought  in  the  mind  is  accompanied  by  a  physical  event 
occurring  in  the  brain,  which  is  connected  with  it  in  such  a 
way  that  neither  presents  itself  without  the  other.  Of  this 
event  we  know  that  it  is  of  a  kind  that  arises  only  in  li\dng 
brains  and  in  them  only  while  the  man  is  either  awake  or 
dreaming.  We  also  know  that  it  is  of  a  kind  that  lasts  for  a 
considerable  time  when  it  does  occur,  viz.  throughout  the 
duration  of  the  perception  or  other  thought  in  the  mind. 

This  last  consideration  is  very  signilicant.  The  event  in 
the  brain  with  which  human  perception  or  any  other  human 
thou<iht  is  associated  must  be  one  which  can  last  while  the 
thought  lasts,  i.  e.  for  a  time  immensely  long  when  compared 
with  the  original  molecular  events  that  are  going  on.  The 
event  may,  for  example,  be  such  an  event  as  a  strain  conse- 
quent on  a  stress,  whether  dynamical  or  electromagnetic, 
acting  on  some  part  of  the  l)rain  ;  or  it  may  be  of  the  nature 
of  a  forced  vibration  or  current.  These  are  events  which 
wotdd  continue  in  existence  so  long  as  the  stress  is  applied, 
and  will  cease  when  the  stress  is  removed  :  they  fulfil  the 
requisite  time  conditions.  Another  event  which  would  fulfil 
the  time  conditions  is  an  undulation — dynamical,  electro- 
magnetic, or  of  any  other  kind.  The  waves  that  make  up  an 
undulation  may  continue  in  it  but  a  short  time,  some  passing 
off  while  others  come  on^  and  the  motions  or  stresses  of  which 
each  wave  consists  may  be  such  as  succeed  each  other  with 
extreme  lapidity,  while  all  the  time  the  undulation  viewed  as 
a  whole  continues  as  much  unchanged  as  a  human  thought 
does  wdiile  it  lasts.  Hence  an  event  of  this  kind  ma}',  so  far 
as  its  relation  to  time  is  concerned,  be  that  event  in  the  brain 
which  is  intimately  associated  with  human  thought.  Possibly 
the  event  we  are  in  search  of  may  be  found  among  the  pro- 
cesses of  metabolism  whereby  nutrient  matter  brought  by  the 
blood  becomes  part  of  the  brain ;  or  more  probably  among 
those  processes  in  which  matter  that  had  formed  part  of  the 
brain  separates  and  is  swept  away  either  by  the  blood  or 
lymphatic  vessels.  Events  of  this  kind,  including  every 
interference  with  or  modification  of  those  here  specified,  and 
the  many  other  events  which  like  them  may  be  described  as 
stn.ani  effects,  are  marked  by  the  peculiarity  that  a  vast 
number  of  molecules  are  concerned  in  them  in  such  a  way 
that  different  molecules  successively  take   up  the    running. 
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All  such  events  fulfil  the  necessary  condition  of  continuing 
temporarily  in  existence,  as  each  of  our  thoughts  does,  for  a 
time  which  may  be  immensely  long  compared  with  the  funda- 
mental events  within  or  between  the  molecules,  or  in  the 
interfused  nether.  It  must,  however,  he  borne  in  mind  that 
it  is  upon  these  fundamental  events  that  the  whole  super- 
structure rests  ;  and  that  stream  effects  are  in  relation  to 
them  of  the  nature  of  very  small  outstanding  residual  events 
which  remain  over,  when  the  rest — the  great  bulk  of  the 
events  that  are  actually  happening — are  such  as  balance  one 
another*. 

It  is  evident  that  it  is  among  protracted  events  such  as 
those  spoken  of  in  the  last  paragraph  that  we  must  search  for 
the  physical  event  in  the  brain  with  which  human  thought  is 
associated.  It  is  also  evident  that  it  is  with  but  a  very  small 
selection  out  of  the  vast  number  of  such  events  occurring  in 
the  brain  durino-  life,  that  the  thoughts  of  which  man  is 
conscious  can  be  directly  associated.  All  the  rest  of  the 
innumerable  stream  events,  and  all  the  underlying  funda- 
mental events  within  and  between  the  individual  molecules, 
go  on  besides. 

Now,  what  happens  in  the  brain  is  an  index  to  us  of  what 
is  going  on  in  that  portion  of  the  Antic  Universe!  which  is 
most  closely  connected  with  human  thought.  For  what  goes 
on  in  the  phenomenal  world  (to  which  the  brain  belongs)  is 
an  index  to  us  of  what  is  going  on  in  the  Autic  Universe 
(to  which  our  thoughts  belong),  in  the  same  sense  in  which  a 
weather-cock  is  an  index  to  us  of  the  direction  of  the  v,ind  ; 
since  what  occurs  in  the  phenomenal  world  is  dependent  upon 
and  determined  by  what  occurs  in  the  Autic  Universe  (see 
passim  a  paper  by  the  Author,  "  On  the  Relation  between 
Natural  Science  and  Ontology,"  Scientific  Proceedings  of  the 
Royal  Dubhn  Society,  vol.  vi.  p.  475).  Hence  in  the  Autic 
Universe  there  are  events  as  closely  related  to  the  thoughts 
which  exist  in  my  mind  at  any  time,  as  are  the  other  physical 
events  going  on  in  my  brain  at  that  time  to  those  few  which 
are  directly  associated  with  my  thoughts.  The  autic  events 
here  spoken  of  probably  more  or  less  distantly  resemble  the 
events  within  my  own  mind  of  which  I  am  conscious,  inas- 
much as  all  the  physical  events  in  the   brain  in  a  certain 

*  Wind  is  such  a  residual  event.  It  arises  whenever  there  is  a  small 
preponderance  in  one  direction  of  the  very  much  swil'ter  velocities  with 
which  the  individual  molecules  of  air  are  at  all  times  darting  about  in 
all  directions.     So  also  the  current  in  a  river  is  a  similar  residual  event. 

t  Auta,  actual  existences  (of  which  the  thoughts  that  are  in  my  mind 
are  a  sample  directhj  known  to  me).  The  Autic  Universe,  the  totality 
of  all  really  existing  things,  of  all  auta. 
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degree  resemble  one  another  ;  and,  in  partienlar,  the  time 
relations  between  them  and  ])etween  them  and  my  thoughts 
are  the  same  as  the  time  relations  of  the  physical  events  that, 
as  a  consequence,  go  on  in  my  brain.  This  body  of  events  in 
the  Autic  Universe  and  the  thoughts  or  other  auta  between 
which  they  occur,  may  suitably  be  spoken  of  as  a  synergos 
{(Tvvep<yo<i,  a  fellow- worker)  which  is  ever  on  th(;  alert  to  work 
along  with  my  mind,  and  on  which  the  thoughts  that  are  my 
mind  as  much  depend  (in  the  autic  sense  of  that  word),  as 
do  those  few  physical  events  in  my  brain  which  are  associated 
with  my  thoughts  depend  (in  the  physical  sense  of  the  word) 
upon  the  vast  multitude  of  other  physical  events  also  going 
on  in  m}'  brain.  The  one  cannot  even  exist  without  the 
other. 

The  lesson  to  be  learned  from  all  this  is  that  psychology 
and  the  other  branches  of  metaphysics,  as  presented  by  the 
ablest  men  who  were  unaware  of  the  existence  of  this  synergos 
and  of  the  large  degree  in  which  it  intervenes  in  all  that 
happens  in  the  mind,,  will  now  have  to  be  rewritten.  In 
memory  ;  in  the  association  of  ideas  ;  and  in  the  other  mis- 
called "  faculties  and  operations  of  the  human  mind,'"  it  is 
little  we  do:  it  is  much  that  is  done  for  us"^.     Man's  mind^ 

*  Take,  for  example,  some  particular  instance  of  memory.  I  remember 
where  I  sat  at  breakfast  this  morninji;,  where  my  companions  sat,  also 
several  particulars  of  what  was  said  during  breakfast,  of  the  gestures  of 
my  companions,  of  my  own  motions,  of  what  I  ate,  of  tlie  equipage  on  the 
table,  and  so  on.  None  of  these  things  have  occupied  my  thoughts  since 
breakfast,  till  I  sat  down  to  write  these  lines  ;  since  when  they  have  all 
come  into  my  mind. 

. .  Now  what  does  all  this  mean  ?  It  means  that  the  group  of  thoughts 
which  I  call  myself — my  mind — and  which  at  each  instant  is  a  group  the 
several  parts  of  which  are  connected  and  interacting  in  that  way  that  we 
call  being  within  one  consciousness,  is  a  group  of  tlioughts  that  has 
undergone  change  :  that  one  instance  of  this  change  has  been  the  dis- 
c^mtinuance  of  the  above-recited  perceptions  that  formed  part  of  the  group 
at  brealcfast-time,  and  that  another  instance  has  been  the  occurrence 
now  within  this  group  of  what  is  more  or  less  an  imperfect  and  much 
modified  repetition  of  some  of  those  perceptions,  accompanied  by  the 
.'idditional  thought  which  we  call  being  aware  that  they  had  at  breatfast- 
time  occupied  a  ]ilace  within  the  group  in  the  fuller  form  of  complete 
perce]itions.  During  the  intervening  hours  none  of  these  occupied  any 
place  in  the  group  either  in  their  fuller  or  in  their  modified  form :  never- 
theless, there  must  have  been,  somewhere  in  the  autic  universe,  a  chain 
of  causation  connecting  the  original  perceptions  and  tlie  memory  of  them. 
Of  this  chain  the  first  link  icas  a  part  of  my  mind,  the  last  link  is  a  part 
of  my  mind,  but  the  connecting  links  have  been  in  the  .synergos. 

This  becomes  clearer  when  we  turn  to  the  objective  or  phenomenal 
world,  which  is  a  kind  of  shadow  thrown  in  a  special  waj'^  by  the  suc- 
cession of  events  that  occur  in  the  autic  universe  (see  Stoney  "  On  the 
Relation  between  Science  and  Ontology,"  Scientific  Proceedings  of  the 
Koyal  Dublin  Society,  vol.  vi.  pp.  o02,  503,  504).     My  thoughts,  which 
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the  little  changeful  group  of  interwoven  thoughts  that  is 
himself — is  a  very  small  part  of  the  great  Autic  Universe. 
We  must  shift  our  centre,  and  exchange  the  metaphysician's 
narrow  Ptolemaic  for  a  broad  Co[)ernican  view  of  existence. 


L.    The  Lair  of  Krror  and  Correlated  Averages. 
13y  Professor  F.  Y.  Edgeworth,  JA.l.,  D.C.L.* 

ri^HLS  is  a  contribution  to  the  investigation  of  the  most 
J-  general  conditions  under  which  the  exponential  law  of 
error  is  fulfilled  ;  together  with  some  applications  to  the 
theory  of  "  correlated  averages"  f. 

I.  The  simplest  case  in  which  a  group  of  measurable  objects 
range  in  conformity  with  the  law  of  eiTor  is  where  every 
member  of  the  group  is  a  sum  of  a  certain  number  of  items, 
or  elements,  each  of  which  has  or  has  not  a  certain  quality,  e.  g. 
the  colour  white,  or,  as  it  may  be  expressed,  assumes  the  value  1 
or  0,  with  a  certain  average  frequency  {e.  g.  1  just  as  often — 
or  half  as  often— as  0,  in  the  long  run)  and  at  random,  or  in 

are  a  part  of  the  autic  universe,  are  shadowed  by  certain  objective 
changes  in  my  brain  ;  and  the  term  syuergos  means  that  other  portion  of 
the  autic  universe  which  is  shadowed  hy  all  the  other  event.?  that  happen 
objectively  in  luy  brain.  It  appears  from  physical  considerations  that  the 
particular  stream  effects  or  other  changes  in  the  brain  that  were  the 
shadows  of  the  perceptions  I  had  at  breakfast-time,  cannot  have  occurred 
alone,  but  were  accompanied  by  more  subtile  motions  or  changes  in  the 
brain,  which  were  the  shadow  of,  and  thus  betokened,  certain  closely 
associated  events  then  going  on  in  my  synergos.  These  again  were  suc- 
ceeded by  motions,  changes,  or  states  of  strain  in  the  brain  dm-ing  the 
intervening  hours,  all  of  which  were  a  part  of  the  varying  shadow  of  the 
synergos  as  it  underwent  whatever  changes  took  place  in  it  during  that 
interval.  Moreover,  these  intervening  events  in  the  brain  were  of  such  a 
kind,  as  the  result  has  proved,  that  they  have  been  now  followed  up  by 
motions  or  changes  in  the  brain  which  resemble  those  that  were  the 
shadow  of  my  thoughts  at  breakfast-time,  and  which  are  a  part  of  the 
group  of  events  now  going  on  in  my  brain  that  are  the  shadow  of  those 
thoughts  that  constitute  my  mind  as  it  exists  at  present. 

Softening  of  the  brain  is  the  shadow  cast  within  the  objective  world 
when  very  unfortunate  events  have  happened  in  the  antic  universe — 
events  which  have  included  a  wealvening  of  the  power  which  the  synergos 
and  tlie  mind  previously  had  of  mutually  acting  on  one  another,  or  else 
which  have  prevented  the  full  formation  witliiu  the  synergos  of  some  of 
the  intermediate  links  of  causation  spoken  of  above.  iMther  of  these 
would  involve  a  partial  loss  of  memory. 

*  Communicated  by  the  Author. 

+  See  Galton  (Proc.  iloy.  Soc.  1888),  "Co-relations  and  their  Mea- 
surements;" and  AVeldou  (Proc.  Roy.  Soc.  18t):2),  "Certain  Correlated 
Variations  in  Cranyon  ndyaiis;"  also  "Correlated  Averages,"  by  the 
present  wiiter  in  the  Philosophical  Magazine  for  August  1802. 
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such  wise  that  the  value  assumed  by  one  item  does  not  affect 
that  of  another.  This  is  a  case  fully  discussed  by  the  classical 
writers  on  Probabilities;  under  the  guise  of  problems  relating 
to  games  of  chance.  Thus  if  we  take  several  batches  of  balls, 
every  batch  containing  n  balls,  each  of  which  is  either  black 
or  white,  the  probability  of  a  white  being  p^ ;  then  the  fre- 
quency of  white  balls  is  approximately  represented  liy  a  curve 
of  error,  of  which  the  centre  corresponds  to  np,  the  most  pro- 
bable number  of  svhite  balls  in  a  batch,  and  the  modulus  is 
v^2nj9(l— ^j).  I  venture  to  refer  to  my  reproduction,  in  a 
former  number  of  this  Journal  f,  of  Poisson's  reasoning  on 
this  problem,  in  order  to  recall  a  proposition  which  will  be 
required  here  :  namely,  that  the  liuiits,  on  either  side  of 
nj},  up  to  which  the  approxiuiation  holds  gootl  are  of  tlie 
order  v/?t|. 

II.  An  easy  transition  brings  us  to  a  more  general  case  in 
which  each  item  has  any  finite  limits  cf^.  and  a^  (a  greater  than  a). 
These  limits  need  not  be  identical  for  each  item  ;  provided  that 
the  range  of  any  one  item,  say  a,.— «,.,  is  small  in  comparison 
with  the  sum  of  the  ranges  S(ar  — a^).  Nor  are  we  confined  to 
the  supposition  that  each  item  should  assume  one  or  other  of 
two  values  a,,  and  a,. ;  it  may  assume  any  one  of  an  indeiinite 
number  of  values  indicated  by  the  curve  of  distribution 
y^=f\[x)^  representing  the  frequency  with  which  the  rth 
element  assumes  each  value  x  ;  where  /j.  may  have  any  form 
whatever,  continuous  or  not,  provided  that  it  does  not  extend 
beyond  a,,  and  cir,  and  that  the  integral  between  those  limits 
is  unitv.  Mo'*eover,  it  is  allowable  to  affect  each  item  with  a 
different  factor  or  "  weight";  provided  that  no  weight  is  pre- 
ponderant— large  in  comparison  with  the  sum  of  all  the  other 
weights.  When  we  have  thus  substituted,  for  a  "sum,"  a 
linear  function  of  independently  varying  items,  we  have 
reached  the  extent  of  generalization  to  which  Laplace  thought 
it  necessary  to  carry  the  investigation  for  the  purpose  of 
the  theory  of  errors  § . 

III.  We  enter  on  a  less  trodden  path  when,  following  the 
lead  of  Mr.  Glaisher||,  we  pass  from  a  "linear^'  function  of 
items  to  an//  function  ivliatever.  To  make  the  transition  less 
violent,  let  us  break  it  up  into  two  steps  ;  and  first  consider 

*  n  being  a  large  number,  and  p  not  a  very  small  fraction. 

t  Phil.  Mag.  1H87,  xxiv.  p.  330. 

X  There  is  some  approximation  outside  these  limits ;  but  not  of  the 
degree  usually  assigned. 

§  There  is  a  good  account  of  Laplace's  analysis  in  Todhunter's  '  History 
of  Probabilities,'  art.  1001  et  seqq. 

II  Memoii's  of  the  Astronomical  Society,  vol.  xl.  p.  105. 
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the  cnse  in  which  each  member  of  a  group  is — not  a  linear 
function — hut  .fome  fiincfwn  of  a  linear  function  of  numerous 
elements  oscillating  in  the  manner  defined  ahove  :  say  r(H); 
wliei'e 

Pi,  P21  *fcc.  are  of  the  same  order  of  magnitude  :  .I'l,  .rg,  &c. 

oscillate    respectively    between    limits   which   we   may  write 

without  loss  of  generahty  0 — aj,  0 — a^,  &c. ;  while  S«  may  be 

'taken  as  the  unit.     Now  by  the  usual  theory  5  fluctuates 

about    its    averaoe    value — say    X — in    conformity    with   a 

.       .  .       .  '1 

Probability-curve  of  which  the  modulus  is  ot  the  order  —7^* 

(Stt  being  =1).     Put  H  =  F(X  +  |)  and,  expanding,  write  _ 

F(H)  =  F(X)  +fF(X)  +  |F''(X  +  6'f) 

(where  6  is  a  proper  fraction).  This  expression  is  approxi- 
mately equal  to  its  first  two  terms  F(X)  +  |F'(X) ;  provided 
that,  for  the  values  of  F(H)  with  which  we  are  concerned — 
at  most  from  0  to  1  (if  S«  =  l) — the  function  is  free  from 
singularity  and  contintious  in  senses  defined  by  the  con- 
dition that  fF"(X+^^)   is  small   in   relation  to   F'(X),  for 

^  1 

values  of  ^  of  the  order  — r^t. 
w  n 

That  condition  holding,  we  may  reason  thus: — Of  the 
group  formed  by  the  varying  values  of  S  the  greater  part  is, 
by  the  usual  theory,  arranged  according  to  a  probability- 
curve  with  centre  X  (the  average  value  of  H),  up  to  a  dis- 
tance from  that  centre,  +f,  where  ^  is  a  small  fraction.  But 
every  value  of  F(X  +  ^)  =  F(X)  +  ^F'(X)  nearly.  Therefore 
the  greater  part  of  the  group  F(S)  ranges  in  conformity  with 
a  probability-curve  whose  centre  is  F(X),  and  whose  modtthis 
is  that  of  I  "multiplied  by  F'(X). 

For  example,  let   F(5)=5'^:  where  H   is  the  sum  of  m 

*  Above,  p.  430,  and  the  article  there  referred  to. 

t  This  is  a  kind  of  assumption  continually  made,  I  think,  by  mathe- 
maticians. To  take  an  instance  cognate  to  the  present  subject,  Laplace, 
when  introducing  the  Method  of  lieast  Squares  (Theorie  ana/i/fiqitc, 
Book  II.  ch.  iv.  art.  20)  supposes  the  datum  of  observation  to  be  a  func- 
tion of  the  "  element '"  which  it  is  sought  to  determine.  An  approxinu^te 
value  for  this  value  having  been  obtained ;  and  this  value,  plus  a  correc- 
tion z  having  been  suljstituled  for  the  element ;  "  expanding  in  ascending 
powers  of  z  [e/i  rcduisd/if  en  .se'rie  par  rcpport  a  z]  and  neo^lecting  the 
square  of  z,  this  function  will  take  the  form  h-{-pz."  It  will  take  that 
form  only  upon  the  condition  above  stated. 
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independent  elements,  each  element  in  random  fashion  assu- 
ming either  the  value  0  or  +  /  with  equal  frequency  in  the 
long  run.  Then,  according  to  the  magnitude  of  m,  and  the 
degree  of  accuracy  required,  the  group  formed  hy  the  varying 
values  of  H  may  be  regarded  as  conforming  to  a  probability- 
curve  whose  modulus  is  a  /'"  r,  up  to   a  distance  from   the 

^ntral  value  (  ^  0  amounting  to  the  quartile,  octile,  decile, 


cei 

&c.,  as  the  case  maj'-  be.     Thus  of  a  group  of  values  assumed 

w 
"2 


tn 
by    E    about    a  quarter  occurs  between    the    limits    -^  /  and 


VI 

—  1. 
2 


o"  '~'J  \/^'-  ''  ^vhere  <j  is  the  "  quartile  "  for  modulus  unitv 
=  '470  ....     Another  quarter  occurs  between  ~^'  +  9\/ 
Similarly  the  octiles,  deciles,  &c.  are 

.  ,  /m  •      in  .  /ni  ■    n 

-*V  2"''    i'  +  'V  2''       ' 


V 


where  r,  s,  &c.  are  coefficients  obtained  from  the  tables  ;  either 
below,  or  not  much  above  unity.  And  so  on,  up  to  the 
largest  percentile  up  to  which  the  approximation  is  accurate. 
Now  let  this  group  be  deformed  by  squaring  each  of  the 
observations.  The  new  median,  quartile,  octile,  &c.  will  of 
course  be  the  squares  of  the  respective  old  ones.     The  new 

median    will   he—P;   the   new    quartiles  (  .y  ivx/ ^  )  *^' 

7n 
distant  respectively  from  the  new  median,  -r-  /^,  by 

4 

v/2^V         \/2mJ  v/2^\        ^/2m/ 

Now  the  last-written  two  expressions  diflPer  from  the  ex- 
pression outside  the  brackets  and  from  each  other  by  small 
quantities  ;  so  that  but  a  small  proportion  of  the  group  occurs 
liet  ween  the  limits 

It  +  71*)'  ""''  (t  +  73  2J'  +''  2  '• 

and  in  the  corresponding  interval  in  the  neighbourhood  of  the 
quartile  heloic  the  Me;in.     Thus  the  new  quartiles  are  approxi- 


ma 


ie\y  (— + —y^gVi'^.     In   like   manner  it  may  be  shown 
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that  the  new  octiles,  rleeiles,  kc.  are  approximately 

(/•,  .*?,  &c.  having  the  meaning  assigned  in  the  last  paragra})h). 
Thus  the  translated  curve  of  distribution  is  such  that  its  quar- 

tiles  are  approximately  i-r-±q  —7=  ) i^,  its  octiles ( -p  +  *'~7^ V^' 

-T-  -\iS—y:^\i^\   that   is,    the    new   distribution    is 
approximately  a  probability-curve  whose  centre  is  —  /^,  anil 

modulus  — ^  i^. 

v/2 

In  the  preceding  example  the  conformity  of  3  to  a  proba- 
bility-curve is  known  a  priori  h\  the  usual  theory,  referred 
to  in  our  second  section*.  Let  us  take  another  example  in 
which  this  conformity  is  known  a  posteriori  by  actually 
observing  the  measurements  of  a  group  :  for  instance,  heights 
of  men.  The  annexed  numerals  give  the  number  of  men  per 
thousand  of  each  particular  height  in  inches ;  as  ascertained 
by  Mr.  Elliott  from  the  measurement  of  some  25,000  Ame- 
rican recruits  (International  JStatistical  C/ongress,  1863).  Thus 
there  are  121  men  (per  thousand)  of  the  height  70  inches,  that 
is,  as  I  understand,  between  the  heights  69*5  and  70*5  inches. 


1 

0 

0 

0 

1 

2 

20 

48 

75 

117 

134 

57 

58 

59 

60 

61 

Q2 

63 

64 

65 

m 

67 

157     140     121      80      57       26      13       5        2        0         1 

68      69      70      71      72      73      74      75      76      77       78 

Now  let  the  curve  or  locus  of  disti-ibution  thus  constituted  be 
translated  by  squaring  each  of  the  measurements ;  while  each 
compartment  thus  dislocated  carries  with  it,  so  to  speak,  the 
men  appertaining  thereto.  E.  g.  the  121  men  who  were 
originally  found  between  69*5  and  70"5  are  now  distributed 
between  69'5^  and  70'5^.  It  will  be  found  that  the  trans- 
lated observations  fulfil  the  law  of  error  in  the  same  sense  as 
the  original  ones  ;  that  is,  in  the  sense  in  which  a  planet  is 
})roved  a  posteriori  to  move  in  an  ellipse.  The  parameters 
being  calculated  from  some  of  the  observations,  other  obser- 
vations are  found  to  tally  with  the  curve  thus  determinetl. 
Let   us  adopt  a  uniform  method  of  calculating  the  para- 

*  The  case  might  be  brought  under  our  first  section  by  a  mere  change 
of  unit. 
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meters  (the  centre  and  the  nioduliis)  for  the  primary  and  for 
the  dislocated  curves  ;  namely,  from  the  Arithmetic  mean, 
and  from  the  distance  between  certain  percentiles  which  are 
given  by  observation.  In  the  primary  group,  above  the  point 
69*5  occur  305  observations,  '305  of  the  total  thousand  ;  and 
below  the  point  66"5  occur  264  observations,  '264  of  the  total. 
Whence  between  the  Mean  and  the  point  69'5  there  should 
occur  "5  — "305  =  '195  of  the  total;  and  between  the  Mean 
and  the  point  60*5,  '236  of  the  totaL  Now  it  is  found  from 
the  tables  that  "lya  of  the  total  number  corresponds  to  '361 
of  the  Modulus,  '236  of  the  total  to  -447  of  the  Modulus. 
Accordingly  we  have '808  (  =  '361  + •447)  modulus,  equated 
to  the  interval  between  66*5  and  69'5  inches  =  3  inches. 
Whence  the  modulus  =  3-7- "808  =  3* 71  inches. 

Let  us  now  apply  this  result  to  predict  the  number  of 
observations  at  particular  heights  (not  too  near  the  ex- 
tremity, where  the  fultilment  of  the  Probability-curve  is  not 
to  be  looked  for).  To  predict  the  number  above  70" 5  (which 
gives  the  number  between  69'5  and  70'5,  the  number  above 
69*5  being  already  taken  for  granted)  we  are  to  employ  the 
Arithmetic  mean,  which  is  68*20.  70*5  — 68*2  =  2*3  inches 
=-''6'2  modulus.  Now,  according  to  the  Tables,  the  jiroportiou 
outside  the  point  which  is  at  a  distance  of  '62  modulus  from 
the  Mean  =  1(1 --6 194)  of  the  total  =i  x  -380 x  1000=190. 
The  real  number  is  184. 

To  find  the  number  above  71*5  we  have  71"5  — 68'2  =  3*o 
inches  =*89  modulus;  corresponding  to  |(1  — '7918)  of  the 
total  =  i-2082  X  1000  =  104.     The  real  number  is  also  104. 

Proceeding  similarly  with  the  lower  limb,  to  predict  the 
number  below  65*5,  we  have  68*2  — 65*5  =  2'7  =  nearly  "728 
modulus;  corrresponds  to  i(l  — -6971)  total  =^'302x1000 
=  151.     Whereas  the  real  number  is  147. 

By  parity  we  find  below  6 4" 5,  79  by  calculation,  against 
72  observed. 

The  question  is  now  whether  we  shall  fare  equally  well  when 
we  apply  the  same  method  to  the  group  which  is  formed  by 
squaring  each  observation  in  the  manner  explained.  By 
parity  of  calculation  the  modulus  of  the  new^  curve  x  "808 

=  (69-5^2 _(3(3.52j  inches  =408. 

Whence  the  new  modulus  =505  inches.  Also  the  Arithmetic 
mean  of  the  new  group  is  465 7 "38.  Accordingly,  to  predict 
the  number  of  observations  above  (70'5)^  we  have 

4970-25-4657-38  =  312-87  = -62  modulus. 

Whence  the  calculated  number  is  190,  exactly  the  same  result 
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as  beforo.  By  parity  the  number  above  (71-5)2  is  calculated  to 
be  102. 

^Vitll  regard  to  the  lower  limb,  in  order  lo  [)redi(-t  the 
number  below  65-52, we  have  4G57-38—421»0-25  =  oG7-13  = -727 
modulus,  which  corresponds  to 

i(l-(-6014  +  -7  X  -0067))  x  1000  =  4(1-'6961)  x  1000=rl52  ; 

a  result  which  is  wider  than  the  former  result  from  the  true 
figure  147  by  only  an  unit.  For  the  number  below  (G4'5)^ 
there  is  found  by  parity  a  result  not  much  worse  than  that 
which  was  obtained  from  the  primary  observations. 

I  have  applied  a  similar  test  to  the  group  which  is  formed 
by  cubing  the  original  observations.  The  results  of  both 
verifications  are  embodied  in  the  annexed  Table  "^  : — 


Below 
645  in. 

Below 
65-6  in. 

Above 
70-6  in. 

Above 
71-5  in. 

Observer! 

72 

147 

184 

104 

6 

From     the     original  1 
observations    J 

From     the     squares "[ 
thereof J 

From  the  cubes 

79 

82 
86 

161 

152 

151 

190 

190 
191 

104 

102 

98 

This  verification  might,  I  think,  have  been  predicted  from 
the  circumstance  that  the  Arithmetic  means  of  the  squares  and 
cubes  differ  by  very  little  from  the  respective  medians,  GS"!"^ 
and  08-2^  (the  square  root  of  the  one  Arithmetic  mean  being 
G8-2,  the  cube  root  of  the  other  68-3,  each  correct  to  the  first 
decimal).  Now  the  distortion  to  be  apprehended  is  the 
unsymmetrical  extension  of  the  upper,  and  shrinking  of  the 
lower  limb  ;  but  this  cannot  be  considerable,  while  the 
Median  and  Arithmetic  mean  are  nearly  coincident. 

Accordingly  we  may  add  to  the  verifications  above  re- 
corded other  instances  in  which  the  consilience  betweeii  the 
Median  and  Arithmetic  mean  is  preserved.  Thus  in  the  case 
of  observations  on  the  height  of  adult  males,  recorded  by  the 
Anthropometric  Committee  of  the  British  Association  (Report 
of  the  Brit.  Assoc.  1883),  the  Arithmetic  mean  of  the  })rimary 
observations  (expressed  as  per-milles,  and  upon   the    under- 

*  I  have  to  thank  Mrs.  liryant,  D.Sc,  of  the  North  London  Collegiate 
School,  for  having  worked  tlio  greater  part  oi  tlie  arithmetical  exani])les  in 
this  and  the  preceding  paper  (I'hil.  Mag.  Aug.  16'J2J. 
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le 


standino-  '^tbat  each  iuiml)er  o'i\\\Q\\,e.g.  155,  entered  aojainst  a 
certain  height,  e.  g.  67  inches,  means  that  there  were  155  men 
between  66*5  and  67'5  inches)  is  67'02o.  The  Arithmetic 
mean  of  the  squares  is  4498*671,  very  nearly  the  square  of 
the  primary  Arithmetic  mean,  viz.  4492-08.  Also  the  Arith- 
metic mean  of  the  cubes  is  not  far  from  the  cube  of  the 
Arithmetic  mean. 

Similar  verifications  would  no  doubt  be  obtained,  if  we 
employed,  for  F,  any  other  simple  function,  e.g.  c  logH  or 
ce—'^.  The  limits  within  which  the  rule  may  be  expected 
to  hold  will  appear,  if  we  consider  an  exception.     Let 

E  =  (^-X),  and  F(X)=(^— X)2  =  p 
(employing  the  same  notation  as  on  p.  431).     If  the  varying 
values  of  ^  range  under  a  probability-curve,  then  the  squares 
of  these  measurements  will  not  range  under  such  a  curve. 
The  operation  of  squaring  wnll  cause  the  negative  limb  of  the 

Fig.  1. 

a 


original  curve  to  be  screwed  round  to  the  positive  side  ;  and, 
in  addition  to  this  displacement,  there  will  l)e  the  distortion 

1       -Jl 
caused  bv  substituting,  for  the  error-tunction       ,^e  c^  , 


tbt 


function 


2  s/x  Vttc 


e  0'  t . 


*  A  misunderstauding :  for  as  I  Lave  learut,  since  the  above  was 
printed,  tlie  entry  155  men  against  G6  inches  mean's  that  there  were  155 
men  above  &i  inches  ;  but  our  argument  is  not  affected  by  pushing  up  the 
whole  set  of  measurements  eti  blue  half  an  inch  higher. 

I  In  general  substituting  for  a:,  in  the  error-function,  (f)—i(x),   and 

multiplj'ing  by  -j-  (f)—i  (.i) ;  where  </)(.r)  is  the  new  value  of  an  observa- 
tion which  originally  measured  x —  or  rather  something  between  x  and 
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This  dislocation  is  exhibited  in  the  annexed  diagram  (fig.  1), 
"where  B'AB  is  the  original  curve,  a^  what  it  becomes 
when  each  of  the  observations  (measured  from  the  centre  12) 
is  squared. 

11'  for  F(5)  be  put  the  cube  or  any  odd  power  of  [x — X), 
then  the  original  ])robability-curve  under  which  the  values  of 
X  (and  X — X)  ranged  will  be  transformed  to  a  curve  sym- 
metrical on  both  sides  of  X,  but  not  a  probability-curve. 

These  exceptions  arise  when  F  is  a  function  of  the  deviation 
ot  an  observation  from  its  aA'erage  value.  The  rule  is  fulfilled 
when  F  is  a  simple  continuous  function  of  the  observations 
themselves  measured,  as  is  usual  with  concrete  quantities, 
from  an  origin  below  the  least  possible  value — as  we  measure 
human  heights,  or  death-rates,  or  other  statistics,  from  zero  ; 
and  not  from  67^  inches,  or  "2  per  cent.,  or  whatever  the 
average  may  be.  If  any  such  function  of  an  observation  is 
substituted  for  the  observation  itself  in  a  group  obeying  the 
law  ot  error,  we  may  expect  that  the  transformed  group  will 
also  obey  that  law. 

We  have  here  the  explanation  of  incidents  which  must 
have  puzzled  many  students  of  Probabilities  :  why  Mr.  Gralton 
should  have  found  the  Arithmetic  and  Geometric  means  of 
observations  to  give  sensibly  identical  results  (Proc.  Roy. 
!Soc.  188G) ;  how  Quetelet  could  be  justified  in  afSrming  that 
both  weights  and  heights  of  men  obey  the  law  of  error 
{Anthropometrie)  ;  supposing,  a,s  is  plausible,  that  the  weight 
of  a  man  is  apt  to  be  proportioned  to  the  square  of  his  height. 

In  fine  we  have  here  an  answer  to  the  objection  which  has 
been  made  to  Quetelet's  doctrine  of  the  Mean  Man  by  Cournot 
and  other  high  authorities  on  Statistics.  The  objection  is 
thus  stated  by  the  eminent  Prof.  Westergaard  (llieorie  der 
Statist ik,  p.  189)  : — • 

"  Suppose  we  bad  measured  i'or  a  number  of  men  three  lines 
of  the  body  which  make  a  right-angled  triangle,  and  we  wished  to 
determine  the  corresponding  triangle  of  the  Average-mau.  Then 
it  may  be  shown  [^es  zeiyt  sich  dann  so  fort]  tliat  the  three 
averages  do  not  make  a  right-angled  triaugle.  Call  the  sides 
<t^,  h^,  Cj,  a.,,  6.,,  p,  &c.,  Cj,  c,  &c.  being  the  hypotheuuses ;  then  the 
sides  of  the  average-triangle  are 

-  2«,     -2^aud-:Sc;=     ^v^o^+'A 
n  n  n  n 

One  should  have  accordingly 

{%<tf  +  {y.l,f=^{:^s/cr^lr)^r 

But  this  can  only  occur — except  by  accident— -[i>i  der  lier/el  nw 
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dann  zutreffen  ivurde]  when  the  quajitities  a^,  h^,  o,  are  proportional 
to  a^,  b^,  c^  &c. ;  which  in  general  is  not  the  case"  *. 

Suppose  that  the  two  sels  of"  measurements  wliich  we  have 
above  adduced  as  examples  had  been  made  not  on  American 
recruits  and  English  adult  males,  but  upon  two  organs  a  and 
hj  so  related  to  a  third  c  that  c=  v^ct^  +  U^-  1'he  values  of  a^, 
as  we  have  shown,  vary  according  to  a  law  of  error  ;  and  so 
do  those  of  V^.  Accordingly,  by  universal  admission  the 
sum  a'^  +  h'^  wdll  vary  according  to  the  typical  law  ;  and  we 
have  shown  that  in  general,  if  a  quantity  varies  according  to 
this  law,  so  also  will  its  square  root.  Thus  the  Arithmetic 
mean  of  the  observed  c's  will  fit  the  Arithmetic  means  of  the 
observed  a's  and  ?>'s. 

The  gist  of  the  reasoning,  it  will  be  remarked,  is  that  the 
greater  part  of  a  group  conforming  to  the  law  of  error  is  apt 
to  be  packed  within  limits  which  are  narrow  relatively  to  the 
largest  possible  member  of  the  group,  and  even  the  average 
member  ;  in  the  symbols  above  used  ^  (the  deviation)  is  small 
relatively  to  X  (the  average)  ;  for  the  greater  part  of  the 
group,  at  least,  up  to  some  percentile  near  the  extremities, 
'i'his  is  true  by  the  Laplace-Poisson  theory  above  adverted 
to,  even  in  the  case  most  unfavourable  for  the  argument 
where  X  is  measured  from  a  point  just  below  the  least 
possible  ;  as  in  the  example  given  at  p.  432.  Even  then  it 
would  be  safe  to  treat  (X  +  f)^,  or    VX  +  |,  as  equal  to  the 

linear  function  X  +  2f,  or    >y/x  +  i — —  |^,  respectively.     But 

for  natural  groups  the  origin  should  perhaps  be  placed  at 
some  distance  below  the  smallest  possible  observation.  The 
smallest  possible  dwarf  must  be  well  above  zero.  Upon  this 
view  the  smallness  of  the  modulus  in  comparison  with  the  dis- 
tance of  the  centre  from  the  origin  becomes  more  decided. 

As  a  matter  of  fact,  the  ratio  of  the  modulus  to  the  mean 
value  (the  order  of  our  ^-r-X)  is  found  upon  an  average  of 
several  instances,  taken  from  Mr.  Galton's  men*  and  Mr. 
Weldon's  shrimps f,  to  be  from  -^^^  to  0^,7.  Mr.  Galton  in 
some  authoritative  observations  on  this  topic |  assigns  for  the 
ratio  in  question  (in  tlie  case  of  huuian  stature)  ^^. 
[To  be  contiuued.] 

*  Cf.  Cournot,  ^Theorie  des  Chmices,' Ch.  X.  Art.  12-3.  Morselli  follows 
CJouruot  in  attempting  to  demoustmte  «  priori  the  inipos.sibility  of 
constructing  a  type  involving  numerous  means  of  dilfert  nt  organs  {Metodo 
in  Avtropoloyia,  1880,  p.  26). 

+  Prof.  Koy.  Soc.  1888  and  1892. 

X  Phil.  Mag.  vol.  xlix.  p.  44.  lie  gives  for  tlie  r;\tio  of  the  mean  to 
the  probable  error,  "  about  -jO." 


[  ^^i'  ] 

]il.   Farther  Data  on.  Colour-Bllndness. — No.  IE. 
Bu  Dr.  ^VILLIA^[  Polk,  F.li.S* 

IN  tlio  July  miiiiher  of  the  Phil.  Mag.,  seeing  the 
importance  that  had  been  attached  to  the  subject  of 
Colour-blindness,  1  conlributed  some  data  as  to  certain  early 
investigations  of  my  o^Yn.  8ince  that  time  the  interest  in 
the  matter  has  been  much  increased  by  the  prominence  given 
to  it  at  the  late  meeting  of  the  British  Association  in  Edin- 
burgh, and  by  criticisms  made  on  some  of  the  views  still  held 
on  it  in  this  country.  It  may  therefore  be  useful  to  invite 
more  attention  than  has  yet  been  given,  to  opinions 
expressed  on  it  by  foreign  writers  of  eminence  and  authority 
who  have  made  it  their  sj)ecial  study  ;  and  I  propose  to  add 
some  notes  with  this  object. 

I  will  begin  with  a  writer  whose  reputation  as  physicist, 
physiologist,  and  ])ractical  oculist  was  second  to  none, — 
the  late  Professor  F.  C.  Donders  of  Utrecht.  He  took 
great  interest  in  Colour-bhndness,  made  many  valuable 
investigations,  and  wrote  much  thereupon.  The  position  he 
took  was  jieculiarly  independent.  He  embraced  and  strongly 
advocated  Young's  trichromic  theory,  but  entirely  dissented 
from  the  application  of  it  so  connnonly  made  to  dichromic 
vision.  At  the  same  time,  though  he  agreed  with  some  of 
Hering's  fundamental  principles,  he  opposed  his  colour  theory. 
And,  consistently  enough,  luning  objected  to  the  current 
explanations,  he  brought  forward  a  hypotiiesis  of  his  own, 
remarkable  for  its  originality  and  its  consonance  with  modern 
biological  science. 

Professor  Donders  came  over  to  the  meeting  of  the  British 
Medical  Association  at  Cambridge  in  August  1880,  and  gave 
there  an  able  lecture  on  Colour  ;  but  his  views  are  still  but 
little  known  here.  They  are  contained  chieHy  in  two  elaborate 
articles,  namely  : — 

^'  Ueber  Parbensysteme,"  in  Graefe's  Arcluvfilr  Ophthal- 

mologle,  vol.  xxvii.  part  i.  1881. 
"  Noch  einmal  die  Farbensysteme,"  Ibid.  vol.  xxx.  part  i. 
1884. 

In  giving  his  ideas  al)out  Normal  Vision,  he  considers  that 
our  natural  impressions  point  to  four  "  simple  "  colours — 
red,  yellow,  green,  and  blue  (which  is  o\u\  of  the  starting- 
points  of  Hering's  theory)  ;  but  he  believes  these  sensations 
are  caused   by  the  combinations  of  three  more-highly   satu- 

*  Communicated  by  tlie  Author. 
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rated  "  fundamental  "  energies,  corresponding  to  red,  green, 
and  violet,  which  is  essentially  the  Young-Helndioltz  doctrine. 

He  describes  the  phenomena  of  dichromic  vision,  according 
to  the  testimony  of  patients  (laying  some  stress  on  my  own 
case),  confirmed  by  his  own  experiments  and  observations. 
But  he  prefers  to  denote  the  contrasting  colours  as  "  warm  " 
and  "  cold  "  respectively. 

He  then  discusses  at  some  length  (what  is  the  most  im- 
})ortant  part  of  his  work  for  our  purpose  here,  namely),  "The 
connexion  between  the  Normal  and  the  Abnormal  Systems/* 
and  he  puts  the  question  thus  : — 

Is  one  of  the  energies  belonging  to  the  normal  system  wanting 
in  the  dichromic  system  ?  Or,  in  other  words,  Does  every  di- 
chromic system  consist  of  two  of  the  energies  of  the  trichromic 
system  ? 

Maxwell  and  Helmholtz  assumed  this  ; — and  they  believed  they 
found  it  so. 

After  discussino-  at  some  length  the  reasonings  and  calcula- 
tions  of  Maxwell  and  Helmholtz,  the  author  continues  : — 

Now  do  these  facts  prove  that  the  colour  wanting  in  colour- 
blindness is  generally  one  of  the  fundamental  colours  ? 

We  call  those  colours  fundamental  which  do  not  spring  from 
others,  but  are  necessary  to  form  others.  AVe  assume  that  every 
fundamental  colour  shall  base  its  specific  process  in  definite  retina- 
elements,  and  in  order  to  characterize  it  more  closely,  we  determine 
its  subjective  luminosity  as  a  function  of  the  wave-length,  inasmuch 
as  we  presuppose  that  this  will  coincide  with  the  intensity  of  the 
i^etiua-process.  AVithout  regai'd  to  colour-blindness  we  come  to 
the  result  that  the  terminal  colours  of  the  spectrum,  red  and 
Aiolet,  and  the  central,  green,  are  the  fundamental  colours,  as 
Young  had  already  shown. 

Now  it  happens  that  in  Red-blindness  the  wanting  colour  is 
not  the  spectral  red,  but  a  red  which  approaches  to  carmine,  i.  e. 
a  red  which  does  not  appear  in  the  spectrum,  and  is  only  to  be 
obtained  by  a  mixture  of  two  spectral  colours,  red  and  violet. 

AVith  Green-blind  patients  there  is  reason  enough  to  look  for 
the  wanting  colour  in  their  neutral  spot ;  but  this  by  no  means 
decides  that  the  bluish  green  A\hich  corresponds  to  this  neutral 
must  be  one  of  the  fundamental  colours  of  the  normal  system. 

The  final  result  of  this,  therefore,  is  that  we  have  no  right  to 
consider  the  colours  wanting  in  the  various  forms  of  colour-blind- 
ness as  the  fundamental  ones  of  the  normal  system. 

He  adds  elsewhere  : — 

In  a  theoretical  point  of  view  the  simple  falling  away  of  one  of 
the  energies  is  inadmissible.  It  does  not  harmonize  with  our  idea 
of  the  origin  of  things,  that,  of  three  activities  which  develop 
themsehes  in  a  reciprocal  relation  as  an  organic  whole,  one  should 
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be  absent  without  the   defect  having  an  influence  on  the  other 
two. 

Edmund  Rose  was  the  first  to  point  out  this  difficulty  in  the 
application  of  Young's  theory,  but  he  was,  in  my  opinion,  quite 
wrong  in  inferring  that  this  w  as  fatal  to  the  theory.  The  retina 
is  not  a  thing  formed  by  human  liands.  It  is  not  an  instrument 
with  three  strings,  one  of  which  is  broken  for  the  colour-blind. 
It  is  a  living  m^\.i-i\m.ent-—genitHmnonfacAtiin — whose  three  differ- 
ently-tuned strings  have  developed  themselves  in  combination  with 
each  other.  If  one  is  absent,  then  the  tuning  of  both  the  others  is 
certainly  not  what  it  would  have  been  under  a  regular  develop- 
ment of  the  uhole. 

AVe  have  also  to  consider  the  subjective  sensations  of  the  colour- 
blind. 

I  presuppose  that  they  see  the  ordinary  daylight  as  the  normal 
eyes  see  it,  i.  e.  neutral,  colourless.  Ilerschel,  in  his  remarkable 
letter  to  Dalton,  says,  "  when  your  two  colours  are  in  ecpiilibrium, 
they  form  your  \\hite  ; "  and  in  the  case  of  Mr.  Pole  also  he  says 
he  "  is  strongly  disposed  to  believe  that  he  (Mr,  Pole)  sees  white 
as  we  do." 

The  reason  why,  according  to  my  view,  the  white  of  the  colour- 
blind should  correspond  with  that  of  the  normal-eyed,  lies  deeper. 
What  the  total  light  brings  forth  must  necessarily  be  the  manifes- 
tation of  the  total  process,  and  according  to  the  nature  of  things 
this  is,  in  opposition  to  the  partial  process,  neutral,  or  it  would 
become  so,  if  it  were  not  so  already.  Colour-blind  people  who 
have  due  regard  to  their  sensations,  see  in  white  no  third  colour, 
but  only  the  negation  of  the  other  two,  something  neutral.  Mixed 
with  either  of  these,  it  leaves  the  colour  unchanged,  and  only  re- 
duces the  saturation.  Nobody  can  believe  that  the  white  to  the 
Green-blind  should  be  a  purple,  such  as  for  the  normal  eye  is 
formed  out  of  red  and  violet,  aud  no  one  has  ever  believed  it. 

According  to  the  assumption  that  the  white  light  of  the  colour- 
blind is  neutral,  colourless,  I  consider  their  fundamental  colours  as 
com  plementary. 

In  common  with  the  declarations  of  intelligent  colour-blind 
persons,  I  have  assumed  that  the  Red -blind  must  have  for  their 
warm  colour  a  yellow,  leaning  towards  green,  and  the  Green-blind 
a  yellow  leaning  towards  red  ;  and  that  blue  or  violet,  as  cold 
colours,  will  correspond  with  these.  And  I  consider  these  assump- 
tions as  already,  to  a  certain  extent,  proved  by  the  revelations  of 
one-eyed  colour-blindness. 

In  the  lecture  given  at  Cambridge,  1881,  Bonders  repeats 
this  opinion  :  he  says  : — 

The  warm  and  cold  must  be  considered  as  complementary 
colours  ;  to  which  of  our  sensations  they  corres])ond  cannot  well 
be  told,  probably  the  cold  colour  is  blue  or  violet,  and  the  warm 
one  is  yellow,  approaching  to  red  or  green. 
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From  these  extracts  it  is  clear  tliat  lie  agrees  in  the 
view,  drawn  from  observation,  that  the  colours  seen  in 
dichromic  vision  are,  generally  speaking,  yellow  and  blue,  and 
he  does  not  consider  that  there  is  any  such  connexion  between 
the  dichromic  and  the  normal  vision  as  should  require  them 
to  be  otherwise. 

But  he  goes  farther,  and  puts  forward  a  view  of  his  own, 
which  he  believes  may  explain  Colour-blindness  without 
interfering  with  the  Young-Helmholtz  theory.  He  considers 
dichromic  vision  may  be  a  step  in  the  evolution  of  the  colour- 
sense,  anterior  and  introductory  to  the  present  normal  vision. 

He  appears  to  have  been  led  to  this  by  the  analogy  of  the 
remarkable  variation  of  colour-perception  in  the  different 
parts  of  the  human  retina.  He  describes  this  at  some  length, 
shows  how  practically  to  examine  and  test  it,  and  notices  the 
remarkable  arrangement  of  full  normal  colour-perce[)tion  in 
the  central  portion,  dichromatism  in  a  surrounding  ring,  and 
total  colour-blindness  in  the  outer  periphery. 

The  Young-Helmholtz  theorists  had  tried  to  explain  this, 
as  they  did  dichromatism,  by  the  falling  away  of  one  or  two 
of  their  fundamental  sensations  ;  but  Fick  had  shown  the 
unsatisfactory  nature  of  tbis  explanation,  in  which  opinion 
Bonders  entirely  concurs. 

His  view  is  that  this  structure  of  the  eye  points  to 
a  gradual  development  of  colour-seeing  power.  In  the  first 
instance,  the  whole  eye  was  in  the  state  that  its  exterior  ring- 
is  now,  namely,  having  a  power  of  vision  of  light  and  shade 
without  colour. 

That  afterwards  an  improved  state  set  in,  with  two  colour- 
sensations,  which,  beginning  in  the  centre,  gradually  extended 
to  a  certain  diameter  over  the  retina.  This  was  the  state 
corresponding  to  the  present  colour-blind  or  dichromic 
vision. 

That,  thirdly  and  lastly,  a  still  further  improvement  set  in, 
extending  to  a  smaller  circle,  and  giving  the  ])i-osent  normal 
vision.  And  all  these  states,  be  it  observed,  still  renuiin  in 
the  human  eye. 

Now  if  we  call  in  the  well-known  phenomenon  of  atavism, 
an  exceptional  return  in  cerhiin  individuals  to  a  former  inferior 
state  of  development,  the  whole  explanation  lies  open  before 
us.  In  some  few  cases  the  inner  circle  of  the  three-colour 
sensation  is  absent,  and  the  dichromic  ring  extends,  as  in 
former  ages,  to  the  centre.  These  are  the  cases  of  dichromic 
vision.  In  some  cases,  rarer  still,  the  structure  reverts  to  the 
still  earlier  type,  where   both  the  trichromic  and  dichromic 
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stiites  are  absent,   and   these  are  the   very   rare  people  with 
vision  of  hght  and  shade  only. 

Donders  even  thinks  that  he  can  trace,  within  the  ocular 
area,  a  vestioe  of  a  difference  of  the  kind  existinoj  between 
red  and  green  blindness,  the  former  having  a  shortened 
spectrum,  and  the  latter  being  a  stage  nearer  perfect  vision, 
which,  if  it  were  established,  would  be  an  additional  element 
in  the  analogy.  The  idea  of  a  complete  system  of  evolution 
for  colours  might  then  be  sketched  out  somewhat  as  follows  : — 

1.  Achromic  vision  (light  and  shade  only). 

2.  Dichromic  imperfect  vision  (called  "Red-blindness": 
short  spectrum,  low  sensitiveness  to  the  long-waved  rays). 

3.  Dichromic  perfect  vision  (called  "  Gi'een-blindness "  : 
longer  spectrum,  full  sensitiveness  to  the  long-waved  rays). 

4.  Trichromic  imperfect  vision  (as  pointed  out  by  Lord 
Rayleigh) ,  with  low  sensitiveness  to  certain  colours. 

5.  Trichromic  perfect  vision. 

These  classes  would  be  subject  to  intermediate  gradations, 
as  in  other  evolutionary  development. 

Looked  upon  in  this  way,  colour-blindness  would  be  only 
an  imperfect  development  of  normal  vision,  not  springing  out 
of  it,  as  the  Young-Helmholtz  explanation  would  suggest,  but 
antecedent  to  it.  It  would  be  a  system  whose  two  energies 
resulted  independently  from  the  decomposition  of  white  light, 
and,  therefore,  would  be  complementary  to  each  other. 

Donders  also  cites,  as  favouring  this  view,  the  peculiar 
mode  of  hereditary  transmission  of  the  defect,  according  to 
the  unanimous  testimony  of  experts.  A  patient  transmits  it, 
not  to  his  sons,  but  to  his  grandsons  through  a  daughter, 
who  is  free  from  it  herself :  thus  causing  it  to  skip  over  one 
generation. 

Athentieum  Club,  S.W. 
October,  1892. 


LIL    On  Grapliic  Solution  of  Dynamical  Problems. 
By  Lord  Kelvin"^. 

THE  method  of  drawing  meridianal  curves  of  capillary 
surfaces  of  revolution,  described  in  '  Popular  Lectures 
and  Addresses,'  vol.  i.,  2nd  edition,  pp.  31-42,  and  illustrated 
by  woodcuts  made  from  large  scale  curves,  worked  out  ac- 
cordino-  to  it  with  great  care  and  success  by  Professor  Perry 
when  a  student  in  the  Natural  Philosophy  Class  of  Glasgow 

*  Communicated  by  the  Autlior, 
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University,  suggests  a  corresponding  method  for  the  sohition 
of  dynamical  problems. 

In  dynamical  problems  regarding  the  motion  of  a  single 
particle  in  a  plane,  it  gives  the  following  plan  for  drawing 
any  possible  path  under  the  influence  of  a  force  of  which  the 
potential  is  given  for  every  point  of  the  plane.  Suppose, 
for  example,  it  is  required  to  find  the  path  of  a  particle 
projected,  with  any  given  velocity,  in  any  given  direction 
thri3ugh  any  given  point  Po  (fig.  1).  Calculate  the  normal 
component   force  at  this  point;  and  divide  the  square  ot  the 


Fiff.  1. 


velocity  by  this  value,  to  find  the  radius  of  curvature 
of  the  path  at  that  point.  Taking  this  radius  on  the  com- 
passeSj  find  the  centre  of  curvature,  Co,  in  the  line,  PyK, 
perpendicular  to  the  given  direction  through  Pq,  and  describe 
a  small  arc,  PoPiQi,  making  PiQi  equal  to  about  half  the 
leno-th  intended  for  the  second  arc.  Calculate  the  altered 
velocity  for  the  position  Qi,  according  to  the  potential  law  ; 
and  as  before  for  Pq,  calculate  a  fresh  radius  of  curvature 
for  Qi  by  finding  the  normal  component  force  for  the  altered 
direction  of  normal  and  for  the  velocity  corresponding  to  the 
position  of  Qi-  With  this  radius,  find  the  position  of  the 
centre  of  curvature,  Ci,  in  PiCoL,  the  line  of  the  radius 
throuo-h  Pi.  With  this  centre  of  curvature,  and  the  fresh 
radius  of  curvature,  describe  an  arc  P1P2Q2  making  P2Q2  equal 
to  about  half  the  length  intended  for  the  third  arc  ;  calculate 
radius  of  curvature  for  position  Q2  ;  draw  an  arc  P2P3Q3 ;  '^wd. 
continue  the  procedure.  This  process  is  well  adapted  for 
findino-  orbits  by  the  'trial  and  error''  method  described  in 
my  article  "  On  Some  '  Test  Cases '  of  the  Maxwell- 
Boltzmann  Doctrine  regarding  Distribution  of  Energy/'  sect. 
13;  Proc.  Royal  Soc,  June  11,  1891. 


of  Dynamical  Prohlem.t.  \  \  •> 

The  accompanying  curve  (tig,  2)  lias  been  drawn  willi 
great  care,  and  with  very  interesting  success,  in  the  '  (rial 
and  error'  method  of  finding  the  first  and  simplest  orbil,  hj 
my  secretary,  Mr.  Thomas  Carver,  for  the  case  of  motion 
defined  by  the  equations 

J  =  -'"-■ 
FiL'.  2. 
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The  initial  point  Pq  was  taken  on  one  of  the  lines  cutting  the 
axes  of  X  and  y  at  45°,  and  at  first  at  a  random  distance  from 
the  origin.  A  trial  curve  was  worked  according  to  the 
method  described  above,  and  was  found  to  cut  the  axis  of  x 
at  an  oblique  angle.  Other  trial  curves,  with  unchanged 
energy-constant,  were  worked  from  initial  points  at  greater 
or  less  distances  from  the  origin,  until  a  curve  was  found  to 
cut  the  axis  of  x  perpendicularly.  This  curve  is  one-eighth 
part  of  the  orbit  ;  and  is  shown  in  fig.  2  repeated  eight 
times  in  order  to  complete  the  orbit,  which  is  symmetrical  on 
the  two  sides  of  the  axes  of  x  and  y. 

As  an  interesting  case  of  motion  related  to  the  Lunar 
Theory;  suppose  the  mass  of  the  moon  be  infinitely  small  in 
comparison  with  the  mass  of  the  earth ;  and  the  earth  and  sun 
to    have    uniform   motions  in  circles  round   their  centre  of 
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gravity.  Let  (x,  y)  be  coordinates  of  the  moon  relative  to 
OX  in  line  with  the  sun,  outwards,  and  0  Y  perpendicular  to 
it  in  the  direction  of  the  earth's  orbital  motion.  The  well- 
known  equation  of  motion  relatively  to  revolving  coordinates 
gives,  for  the  equations  of  the  moon's  motion,  if  a  denote  the 
distance  from  0  (the  earth)  of  the  centre  of  gravity  of  the 
sun  and  earth, 

d'^x       „    du        <,/     ,     N  ^^  /iv 

__2„-|-»^(«+..)=-j^,   ...(,, 

f|+2a,'i^-<»V  =-^,      ...      (2) 

dl^  dt  ''  dy'  ^  ^ 

where  V  is  the  potential  of  the  attractions  of  the  sun  and 
earth  on  the  moon,  and  o)  the  angular  velocity  of  the  earth's 
radius-vector.  From  this  we  find,  for  the  relative-energy 
equation 

where  E  denotes  a  constant ;  and  for  the  relative-curvature 

equation  we  find 

dxd'y—dyd°x_  dt  '^df 

'Jd^+df)^    -  -^«(^^^^2^^2ji  +  dx'  +  dy-''      '     ^^ 

where  N  denotes  the  component  perpendicular  to  the  path, 

of  the  resultant  of  (X,  Y)  with 

X  =  a,^(a-  +  a)-^, (5) 

dY 
Y  =  -y-f7^ (6). 

Hence  if  q  denote  moon's  velocity  and  p  the  radius  of  curva- 
ture of  her  path,  relatively  to  the  revolving  plane  XOY,  we 

i<f  =  E  +  W{^r+f)-Y,      ....     (7) 
and 

1        -2a)        N 

-= +-2 8). 

Calling  S  the  sun's  mass,  and  a  his  distance  from  the 
earth,  and  supposing  the  earth's  mass  infinitely  small  in  com- 
parison with  the  sun's,  we  have 

S 

-,=(o\ (9) 


and  therefore 


.2.3  ,^^ 
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~  [{a  +  xf+y-'Y^'^l^'  '     '     '     '      ^^^^ 


where  m  denotes  the  earth's  mass,  and  r=  \/{x'+y'^). 


Hence 


of  Di/iiamicaf  Prohleins. 
_  V^  i  o)^  ( 2(t2  _  2a.f  +  2.i'-  -/)  4- 


With  this,  and  with  &)  =  1  and   m  —  b^,  tor  simplicity  i 
numerical  work  which  follows,  we  have 

'^^+2^=Y=-,j;, 


dt-    '  '  dt 

V' =  2E  + 3.1-2  + 


r  ' 


and 


From  equations  (12)  and 
(13),G.  W.Hill  has,  with  four 
different  values  of  E,  found  x 
and  y  explicitly  in  terms  t,  for 
the  particular  solution  in  each 
case  which  gives  the  simplest 
orbit  (relatively  to  the  revolving- 
plane  XOY)  ;  of  which  the 
one  which  presents  the  greatest 
deviation  from  the  well-known 
'variational'  oval  of  the  ele- 
mentary lunar  theory  is  a 
symmetrical  curve  with  two 
outwardly  projecting  cusps  cor- 
responding to  the  moon  in 
quadratures.  He  sup[)osed 
this  to  be  the  most  extreme 
deviation  from  the  variational 
oval  possible  for  an  orbit  sur- 
rounding the  earth.  Poincare, 
in  his  Methodes  Nouvelles  de 
la  Mecanique  Celeste,  p.  101) 
(181)2),  admiring  justly  the 
manner  in  which  Hill  has  thus 
'  si  niagistralement  '  studied 
the  subject  of  finite  closed  lunar 
orbits,  points  out  that  there 
are  solutions  corresponding  to 
looped  orbits,  transcending 
Hill's,  wrongly  supposed  ex- 
treme, cusped  orbit.     Mr.  Hill 
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(11). 
n  the 

(12) 
(13) 
(14) 

(15). 


Fig.  3. 
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tells  me  that  he  accepts  this  criticism.  The  labour  of  working 
out  a  fairly  accurate  analytical  solution  for  any  of  Poincare's 
looped  orbits,  by  Hill's  method,  would  probably  be  very 
great.  I  have  therefore  thought  it  might  interest  others 
besides  ourselves  to  applj^  my  graphic  method  to  the  drawing 
of  at  least  one  of  Poincarc^s  looped  orbits,  in  our  Physical 
(and  Arithmetical)  Laboratory  in  the  University  of  Glasgow. 
Figure  3  represents  a  looped  orbit,  which  has  been  worked 
out  accordingly  by  Mr.  Magnus  Maclean,  Chief  Official 
Assistant  of  the  Professor  of  Natural  Philosophy,  from  the 
equations  (14)  (15)  above.  The  initial  values  used  for 
obtaining  the  curve,  were  a'=2;  y  =  0;  />  =  10;  2E  =  — 130  ; 
and  .'.  yu'  =  8S2  and  po=4*8. 


LIII.  Notices  respecting  New  Boohs. 
Organic  Byestvffs. 

Chemistrg  of  the  Organic  Dyestvjfs.  By  K.  Nietzki,  Ph.D. 
Translated,ivith  additions, by  A.  Collin,  Ph.D.,  andW.  Eichabd- 
soN.     (London:  Gurnej  &  Jackson,  lS9li.) 

^pHE  German  editions  of  this  little  volume  are  so  well  known  to  ail 
-■-  chemists  who  interest  themselves  in  the  tar  colouring-matters 
that  Messrs.  Collin  &  Eichardson  have  done  good  ser\ice  by  pre- 
senfiug  Dr.  Kietzki's  Mork  in  an  English  form.  The  autlior,  it  is 
perhaps  needless  to  state,  is  Professor  in  the  University  of  Basle, 
and  is  best  known  in  the  chemical  world  as  one  of  the  most  suc- 
cessful investigators  into  the  constitution  of  the  complex  organic 
colouring-matters  which  science  furnishes  to  technology.  Coming 
from  tlie  pen  of  such  a  recognized  authority  as  Dr.  Nietzki,  no 
special  commendation  is  necessai'y  to  assure  English  students  and 
technologists  that  they  have  received  a  most  important  and  valuable 
contribution  to  their  literature.  The  translators  have  done  their 
part  of  the  work  also  with  commendable  skill,  and  have  fairly  well 
expressed  the  author's  meaning  throughout. 

One  special  feature  of  the  present  work  is  its  purely  scientific 
treatment  of  a  subject  which  is  necessarily  intimately  connected 
with  manufacturing  processes.  There  are  already  in  Germany 
several  exhaustive  works  on  the  technology  of  coal-tar  colouring- 
matters,  notably  those  of  Schultz  and  Miihlhauser,  but  while  these 
are  replete  with  manufacturing  details  and  reprints  of  hulky  patent 
specifications,  Dr.  Nietzki  concerns  himself  more  especially  with 
the  classification  and  constitution  of  the  compounds,  and  his  work 
appeals  therefore  to  the  purely  scientific  chemist  as  w^ell  as  to  the 
technologist.  Only  sufficient  technology  is  introduced  to  make 
the  scientific  discussion  coherent  and  iutelligihle.     Many  of  the 
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compounds  described  also  have  at  present  no  technical  value,  but 
are  introduced  in  illustration  of  general  methods  of  formation  oi* 
on  account  of  their  historical  interest. 

The  volume  is  in  its  waj'  a  model  of  conciseness,  extending  to 
little  more  than  300  pages  and  comprising  fifteen  chapters,  an 
introduction,  an  appendix,  and  a  remarkably  complete  list  of 
references  occupying  about  fifteen  pages.  The  reader  who  masters 
the  contents  of  the  work  \\ill,  in  spite  of  the  conciseness  referred 
to,  find  that  he  has  obtained  an  accurate  and  comprehensive  grasp 
of  ihe  chemistry  of  the  coal-tar  colouring-matters,  and  this  is 
[X'rliaps  the  very  best  tribute  that  can  be  paid  to  the  merits  of 
Dr.  Nietzki's  production.  A  brief  analysis  of  the  contents  will 
suffice  to  show  what  extent  of  ground  is  covered. 

Tlie  introductory  chapter  deals  with  the  general  question  of 
colour  and  the  relation  between  chemical  constitution  and  tinctorial 
power.  In  this  connexion  Witt's  theory  of  the  Chromophor  and 
Chromogen  is  explained.  It  is  of  interest  to  note  also  in  this 
chapter  the  acceptance  of  the  view  as  to  the  probable  existence  of 
trivalent  phenyl,  C,.!!/",  in  aromatic  compounds  as  first  suggested 
in  the  pages  of  this  Magazine  by  Meldola  in  1887  (vol.  xxiii.  p.  513). 
Among  other  subjects  touched  upon  is  that  of  the  theory  of  dyeing, 
the  action  of  mordants,  the  formation  of  lakes,  the  testing  of 
dyestuffs  for  tinctorial  value  ;  and  the  chapter  concludes  with  a 
brief  historical  summary  which  is  fair  on  the  whole,  although  open 
to  correction  on  one  or  two  points.  In  fact,  this  particular 
section  is  hardly  as  complete  to  date  as  the  author  might  have 
made  it  for  this  Englisli  edition  of  his  work.  There  is  an  error 
on  p.  7  which  confuses  the  meaning  of  the  whole  paragraph  in 
which  it  occurs,  viz.  "  a  valent  chromophor  "  for  a  "  polyvalent 
chromophor  "  as  it  stands  in  the  original.  Also  we  object  to 
the  adoption  in  English  of  the  literal  translation  "  methane  rest  " 
on  p.  9, 

The  fifteen  chapters  following  the  introduction  are  devoted  to 
the  various  groups  of  colouring-matters  arranged  according  to  a 
very  convenient  system  of  classification  introduced  originally  by 
Dr.  Nietzki  and  now  generally  adopted.  The  first  chapter  deals 
with  nitro-compounds  and  comprises  such  well-known  dyestuffs  as 
picric  acid,  dinitronaphthol,  acid  naphthol  yellow,  &c.  The  large 
and  important  class  of  azo-dyes  form  the  subject  of  the  second 
chapter.  With  respect  to  the  much-discussed  question  of  the 
constitution  of  theamido  and  oxyazo-compounds  the  author  prefers 
to  retain  the  old  formula?,  because,  as  he  says,  there  is  just  as  much 
evidence  for  the  view  which  regards  these  compounds  as  containiuo- 
Nil,,  and  110  as  for  the  later  theory  of  Zincke,  Goldschmidt,  &c. 
according  to  which  the  groups  C^^O  and  C  — Nil  are  present. 
The  probability  is  that  botii  views  are  correct  and  that  the  com- 
pounds can  behave  in  one  way  or  the  other  according  to  the  nature 
of  the  reagent  which  acts  upon  them.  In  this  chapter  there  is  a 
slight   error,   present  also  in  the  German  edition.     One    of  the 
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jiltornative  formulae  on  p.  29  ascribed  to  Zincke  is  not  clue  to  that 
author,  as  will  be  found  on  reference  to  the  original  paper. 

Oxyquinones,  such  as  the  important  authraquinone  dyestuffs 
and  the  quinoneoximes,  formerly  known  as  nitrosophenols,  form 
the  subject  of  the  third  chapter.  The  author  here  unreservedly 
accepts  the  isouitroso-formula  of  Goldschmidt.  The  fourth  chapter 
deals  with  Ketoneimides  and  Ilydrazides,  the  sole  representative  of 
the  former  class  of  compounds  being  auramine,  and  the  latter 
class  being  represented  by  lartrazine. 

The  derivatives  of  Triphenylmeihane  form  the  subject  of  tlie 
fifth  chapter,  and  are  dealt  with  under  the  three  headings  of 
Eosaniline  Djrestuffs,  Eosohc  Acid  Dyestuffs,  and  Phthaleins. 
Ovyiug  to  the  large  number  of  colouring-iuatters  comprised  under 
this  group  this  is  necessarily  one  of  the  longest  chapters  in  the 
book,  extending  over  about  4(3  pages.  The  sixth  cliapter  is  devoted 
to  the  Quinoneimides,  viz.  Indamlnes,  Indophenols,  and  Thiazines, 
the  latter  comprising  the  well-known  Methylene  Blue  of  Caro. 
In  this  same  chapter  the  author  includes  the  oxyindamiues  or 
oxaziues,  typified  by  the  first  known  member  of  the  series,  Naphthol 
Blue  or  Meldola's  Blue.  In  accordance  \vith  his  own  researches 
Dr.  Nietzki  also  comprises  the  dichroines  or  Liebermann's  Phenol 
dyestuffs  in  this  chapter. 

The  Aziues,  treated  of  as  Eurhodines,  Em-hodols,  8affrauines, 
Magdala  red,  and  MauveVne,  constitute  the  seventh  chapter,  which 
is  also  of  considerable  length.  A  short  chapter,  the  eighth,  is 
devoted  to  Anihiie  Black,  a  subject  on  which  the  author' is  well 
known  to  be  an  authority.  Chapter  IX.  treats  of  Indulines  and 
Nigrosines  ;_ Chapter  X.  of  the  Quinoline  and  Acridine  dyestuffs, 
and  it  is  of  interest  to  note  that  the  author  includes  the'  natural 
dyestuff  berberine  in  this  group,  to  which  it  is  evidentlv  related, 
since  it  gives  pyridine-tricarbonic  acid  on  oxidation.  Indigo  dye- 
stuffs  are  discussed  at  some  length  in  Chapter  XL,  and  an  excellent 
summary  of  Prof,  von  Baeyer's  results  is  given.  In  Chapter  XII., 
devoted  to  Euxanthic  Acid  and  Gallofiavine,  we  notice  the  objection- 
able Teutonism  : — "  Euxanthic  acid  contains  as  chroinogen  the 
rest  {sic)  of  diphenyleneketoue-oxide."  Cauarine  is  dealt  with  in 
a  short  page  constituting  Chapter  XIII.,  and  a  similar  Chapter 
(XIV.)  suffices  for  Murexide.  The  dyestuffs  of  unknown  con- 
stitution forming  the  subject  of  Chapter  XV.  are  Ha^matoxylin, 
HajniateVn,  Brazilin,  Morin,  Quercitrin,  Archil  and  Litunis' 
Cochineal,  Catechu,  and  several  other  well-known  and  largely-used 
vegetable  colouring-matters.  Any  oi  these  may,Avith  the  advance- 
ment of  chemical  science,  have  their  constitution  explained  or  even 
become  transferred  to  the  true  tar-products  before  the  appearance 
of  the  next  edition  of  the  work. 

In  an  industry  of  such  importance,  and  we  may  add  of  such 
great  scientific  interest  as  that  of  the  coal-tar  colouring-matters, 
the  value  of  a  work  like  that  forming  the  subject  of  the  present 


JSolices  rcfijK'cting  New  Books.  4;")! 

notice  (.•aniiot  be  too  highly  appraised.  From  our  own  estimate  of  its 
soundness,  and  our  knowledge  of  the  author's  eapability  of  speaking 
with  the  liigliest  authority,  viz.  tliat  of  the  original  investigator, 
we  can  only  state  that  Dr.  Nietzki's  book  is  alike  indispensable  to 
chemist  and  technologist. 

Li<j7Uning  Conductors  and  L'njJititliuj  GaardA,  Bi/  Olivkii  J. 
Lodge,  D.Sc,  F.B.S.,  LL.D.  Crown  8vo.  Loudon  :  Whittaker 
&  Co.  1892. 

Dk.  Lodge's  work  on  this  subject  is  the  result  of  his  having 
agreed  in  1888  to  deliver  two  lectures  at  the  Society  of  Arts. 
It  is  not  for  the  first  time  that  the  preparation  of  such  lectures 
has  led  to  great  developments  in  the  practical  applications  of 
scientific  principles.  In  this  case,  the  mathematician  and  physicist 
owe  their  thanks  to  the  »8ociety  of  Arts  as  well  as  the  mere  engineer 
or  person  who  applies  scientific  principles  to  useful  purposes. 
There  can  be  no  doubt  that  Dr.  Lodge  has  effected  a  complete 
revolution  in  our  notions  as  to  protection  from  lightning-discharge. 
I'ive  years  ago,  all  engineers  and  nearly  all  physicists,  in  thinking 
of  this  subject,  applied  to  it  Ohm's  law  for  steady  currents.  A 
few  telegraph-engineers  knew  that  something  more  than  Ohm's 
law  ought  to  be  applied,  and  interesting  experiments  had  been 
made  by  Prof.  Hughes  and  others.  Dr.  Lodge  has  threshed  out 
the  whole  subject,  experimentally  and  mathematically  ;  he  has 
encountered  much  opposition  of  a  kind  that  was  to  have  been 
expected  ;  he  has  overcome  this  opposition,  and  at  the  present 
time  his  views  are  held  to  be  correct. 

There  is  no  such  thing  as  absolute  protection  of  a  building  or 
instrument  from  evil  eifects  due  to  hghtning-discharges  any  more 
than  there  is  absolute  protection  of  a  building  from  earthquakes. 
Protection  is  merely  a  question  of  degree  ;  and  although  Dr.  Lodge 
assumes  with  Clerk-Maxwell  that  a  powder-magazine  "can,  if 
desired,  be  absolutely  protected  from  internal  sparking  by  enclosing 
it  in  a  metallic  cage  or  sheath,"  there  can  be  no  doubt  that  the 
statement  is  too  absolute. 

A  summary  of  Dr.  Lodge's  vie\^s,  which  may  now  be  called 
the  accepted  vieM  s,  is  given  in  Chap.  21  in  nine  pages,  which  no 
practical  man  will  find  any  difficulty  in  understanding.  The 
rest  of  this  volume  of  over  500  pages  is  mainly  devoted  to  a 
description  of  the  experiments  and  other  evidence  and  mathe- 
matical reasoning  which  have  led  Dr.  Lodge  to  hold  these  views, 
with  the  controversial  matters  which  were  brought  forward  by 
his  opponents. 

The  experiments  are  very  interesting,  and  so  is  the  mathematical 
reasoning.  In  both,  very  simple  cases  are  taken  to  give  and  illus- 
trate rather  vague  general  rules  for  studying  the  exceedingly  com- 
plicated cases  which  occur  in  practice.  Until  the  experiments  of 
Professor  Hughes,  six  years  ago,  very  little  attention  was  paid  to 
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the  self-induction  of  short  pieces  of  wire  or  rod.  It  is  now 
generally  known  that  the  impedance  in  even  large  copper  rods  or 
strips  may  be  enormous,  ancl  that  W'hen  there  is  a  condensing 
acliou  and  rapid  discharge,  great  surging  of  electricity  may  take 
place  and  the  potential  differences  which  may  exist  between 
difterent  parts  of  such  rods  may  be  enormous.  The  currents  on 
the  outsides  of  conductors  may  fuse  the  metal  when  there  is  no 
current  and  no  heating  inside.  AVe  are  led  to  the  use  of  round 
rods  of  iron  because  their  strength  and  endurance  are  of  more 
importance  than  any  other  qualities.  The  reader  of  this  book  sees 
clearly  how  Dr.  Lodge  was  led  to  the  study  of  those  electric 
oscillations  vhich  Prof.  Hertz  began  to  consider  a  year  or  so 
previously.  It  is  good  that  these  lectures  and  papers  and  extracts 
from  discussions  before  learned  societies  should  be  published  in  a 
book  form.  Now  that  they  are  published,  it  would  be  good  to 
have  a  much  smaller  book  published  with  those  parts  left  out 
which  are  merely  historically  interesting. 

Volcanoes,  Past  and  Present.  By  Edavaed  Hull,  M.A.,  LL.D., 
F.Ii.S.  270  pages,  with  41  illustrations  and  4  plates  of  rock- 
sections.  8vo.  1892.  Walter  Scott,  London. 
Tins  handy  little  volume  is  one  of  the  "  Contemporary  Science 
Series";  and,  with  its  many  nice  illustrations,  is  intended  as  a 
popular  account  of  volcanic  phenomena,  their  characteristics  and 
probable  causes.  A  bibliographic  sketch  of  some  of  the  chief 
woi'ks  on  volcanoes  and  earthquakes  is  first  given ;  and  is  sup- 
plemented by  numerous  foot-notes  throirghout  the  book.  Then 
follow  some  notes — on  the  form,  structure,  and  composition  of 
volcanic  mountains, — on  the  lines  and  groups  of  active  volcanic 
vents, — and  on  mid-oceanic  volcanic  islands.  A  condensed  account 
of  the  active,  dormant,  and  extinct  volcanoes  of  Europe  forms 
Part  II. ;  and  those  of  other  parts  of  the  world  are  briefly  described 
in  Part  III.  The  districts  in  the  British  Islands  in  which  volcanic 
energy  was  active  in  the  geological  Tertiary  period  are  succinctly 
treated  in  Part  IV. ;  and  in  Part  V.  the  author  notices  older  vol- 
canic rocks,  both  in  other  parts  of  the  globe  (India,  Abyssinia,  and 
Cape  Colonv),  and  in  the  British  Isles.  The  eruption  of  Krakatoa 
and  some  earthquakes,  as  well  as  the  volcanic  aspect  of  the  moon, 
together  with  theoretical  considerations,  are  referred  to  in  Parts  VI. 
andVIL 

An  Appendix  offers  "  a  brief  account  of  the  principal  varieties 
of  volcanic  rocks,"  with  the  four  plates  of  "magnified  sections" 
sliowing  their  structure. 

This  little  book  on  a  large  subject  has  been  written  by  the  pen 
of  a  ready  writer,  who,  appreciating  the  picturesque  and  the 
wonderful,  but  not  working  up  to  the  strict  scientific  standard  of 
the  investigators  whom  he  mentions  at  pages  viii  and  2G0,  has 
produced  a  somewhat  dilettante  sketch  of  the  results  of  volcanic 
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action,  interesting  to  some  of  the  reading  public,  but  not  to  be 
taken  aa  a  complete  or  safe  guide  for  students.  They  had  better 
have  recourse  to  fuller  and  more  complete  works,  which  embotly 
recent  researches  on  the  miuei"alogy,  petrology,  and  physics  of 
volcanoes  and  earthquakes. 

Principles  of  the  Aljehra   of  Physics.     By  A.  Macfaelane,  M.A., 
D.Sc,  LL.D  ,  F.B.S.E.    Salem,' Mass.,  U.S.A.,  1891  ;  8vo,  pp.  52. 

Tins  brochure  is  a  reprint  of  a  paper  read  before  Sections  A 
and  B  of  the  American  Association  for  the  Advancement  of 
Science  on  the  occasion  of  its  Meeting  in  August  1891  at 
Washington. 

The  author,  an  alumnus  of  the  University  of  Edinburgh,  now 
Professor  of  Physics  in  the  University  of  Texas,  published  some 
few  years  back  a  volume  with  the  title  "  Physical  Arithmetic,"  the 
object  of  which  was  to  substitute  direct  calculations  from  first 
principles  for  the  use  of  formulae,  in  elementary  concrete  examples 
and  exercises.  In  the  present  paper  Dr.  Macfarlane  criticises 
some  of  the  critics  of  the  bases  of  the  Calculus  of  Quaternions  as 
laid  down  by  Hamilton  and  of  Geassmann's  system  as  expounded 
in  the  Ausdehmmgslehre,  and  proposes  such  modifications  as  have 
commended  themselves  to  his  experience. 

The  objections  made  to  the  square  of  a  vector  being  a  negative 
quantity, — or,  more  generally,  to  the  sign  of  the  scalar  part  of  the 
product  of  two  vectors — ;  the  "  want  of  harmony  between  the 
notation  of  Quaternions  and  that  of  Determinants,"  and  the  dis- 
cordance of  sign  between  the  square  of  the  Hamiltoniau  V  ^nd 
Laplace's  operator  are  noticed  in  particular  and  commented  on  : 
as  well  as  the  limitation  of  the  Quaternion  to  tridimensional  space 
in  contrast  to  the  general-dimensional  character  of  Grrassmann's 
method,  insisted  on  by  Profs.  Gibbs  (Letters  to  '  Nature ')  and 
Hyde  ('  Directional  Calculus  ').  After  these  preliminaries, 
occupying  some  sixteen  pages,  Prof.  Macfarlane  addresses  himself 
systematically  to  the  development  of  a  basis  for  the  Calculus  of 
Quaternions,  beginning  with  '  Definitions  and  Notation,'  then  pro- 
ceeding successively  to  the  '  Addition  and  Subtraction  of  Vectors,' 
*  Products  of  two  Vectors  '  (introducing  generalized  Cos.  and  Sin. 
to  replace  Sa/?  and  Va/3),  of  'Three,'  and  of  '  Four  Vectors.'  The 
interpretation  in  the  last  two  cases  involving  the  consideration  of 
space  of  four  dimensions.  And  here  it  may  be  remarked  that  the 
author,  in  general  full  and  clear  in  his  demonsti'ations,  in  a  critical 
case  at  the  foot  of  p.  88  is  satisfied  to  tell  his  readers  that  "  it  can 
be  shown  "  that  a  certain  expression  is  scalar  in  a  space  of  three, 
but  directed  in  one  of  four  dimensions. 

Justice  could  not  be  done  to  Prof.  Macfarlane's  views  within  the 
space  at  command  by  any  attempt  to  reproduce  them  here ;  but 
under  the  head  of  "  Quaternions  "  his  definition  may  be  quoted  : — 
"  By  a  Quaternion  proper  (a)  is   meant  an  arithmetical  ratio  (a) 

Phil.  Mag.  S.  5.  Vol.  34.  No.  210.  Nov.  1892.        2  I 
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combined  with  an  amount  of  turning"  (A,  axis  o),  viz.  a  =  «  a, 
index  A.  It  "  may  be  expressed  as  the  sum  of  two  components 
one  of  which  has  an  indefinite  axis  and  the  other  the  same 
axis  as  the  Quaternion":  viz.  if  A  is  less  than  a  quadrant, 
a=«  (cos. A. a,  index  0  f  sin.  A. a,  index  7r/2).  Here  it  may 
be  of  interest  to  recall  Hamilton's  original  definition  as  given 
in  the  Phil.  Mag.  for  July  1844,  viz.:  il  =  iv ■\-ix -\-jy -\-lcz,  where 
r^=  —  1  .  .  .  ?/=  —jiz=Jc  . .  .  and  no  linear  relation  connects  i,  j>,  Ic 
The  later  definition  (adopted  in  the  '  Lectures '  and  'Elements') 
of  a  Quaternion  as  the  operator  which  changes  one  vector  into 
another,  is  not  the  same  thing  exactly,  Prof.  Macfarlane  explains, 
as  the  quotient  of  two  vectors.  Sums  and  Products  of  Quaternions 
are  then  dealt  with  and  "  Quaternion  Exponentials."  "  Scalar 
Differentiation,""  JMatrices,"  "  Vector  Differentiation,"  and  "  Gene- 
ralized Addition  "  occupy  the  concluding  fifteen  pages  of  what  is 
thus  a  tolerably  complete  monograph  on  the  bases  of  the  Calculus 
written  from  the  point  of  view  which  commends  itself  to  the 
author.  That  all  his  readers  will  be  prepared  to  adopt  these 
views  can  scarcely  be  hoped — qiiot  Jiomines,  tot  sententke  being 
apparently  the  rule  here  too.  But  Prof.  Macfarlane  has  con- 
tributed an  interesting  and  well  thought-out  essay  to  the  small 
stock  of  Quaternion  literature.  J.  J.  W. 

Watts'  Dictionary  of  Cliemistnj.  By  H.  Fobsteb  Morlet,  M.A., 
D.Sc,  and  M.  M.  Pattison  Muir,  M.A.  Yol.  Til.  London : 
Longmans,  Green,  &  Co.,  1892. 
This  third  volume  of  the  new  edition  of  Watts'  Dictionary  of 
Chemistry,  by  Dr.  Morley  and  Mr.  Muir,  shows  no  falling  off 
in  quality  as  compared  with  the  preceding  volumes,  which  have 
already  been  noticed  in  the  pages  of  this  Magazine.  The  work 
extends  to  856  pages,  and  comprises  references  and  articles  under 
the  letters  I  to  P  inclusive.  Among  the  longer  articles,  that  on 
Iron,  by  Mr,  Muir,  occupies  14  pages,  and  is  followed  by  a  useful 
article  on  the  Iron  Group  of  Elements  by  the  same  author,  who 
summarizes  the  chief  properties  and  relationships  of  Iron,  Man- 
ganese, Cobalt,  and  Nickel  in  the  course  of  3  pages. 

The  subject  of  Isomerism  is  treated  of  by  Dr.  Armstrong  in 
about  9  pages,  an  amount  of  space  which  hardly  enables  the 
author  to  do  full  justice  to  this  all-important  topic.  It  is  to  be 
regretted  that  under  this  restriction  so  much  space  is  devoted  to 
the  historical  treatment.  The  author  has,  however,  managed  to 
compress  a  very  large  amount  of  information  into  the  space  allotted 
to  him.  He  criticises  adversely  the  recent  stereochemical  develop- 
ments of  the  theory  of  isomerism  by  Wislicenus  and  others.  None 
of  the  objections  urged  against  these  views  appear  to  us,  however,  to 
be  fatal,  and  whatever  decision  may  be  arrived  at  as  the  result  of 
future  investigation  it  cannot  be  denied  that  the  extension  of  the 
Le  Bel-Van't  Hoff  hypothesis,  by  Wislicenus,  Victor  Meyer,  <^c.. 
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has  beeu  one  of  the  most  prolific  suggestions  in  organic  chemistry 
since  the  "  benzene  theory "  of  Kekiile.  The  article  concludes 
with  some  suggested  changes  in  the  terminology  of  the  subject 
which  chemists  will  do  well  to  consider  carefully  whether  they 
adopt  them  or  not. 

The  next  article  demanding  notice  is  that  on  Isomorphism  by 
Dr.  Hutcliinson,  which  extends  to  nearly  8  pages.  The  author 
has  found  it  necessary,  in  view  of  the  development  of  the  subject 
since  the  time  of  Mitscherlich,  to  modify  the  definition  of  the  term. 
Dr.  Hutchinson  considers  isomorphism  to  be  "  a  part  of  that  branch 
of  physical  chemistry  which  studies  the  relations  between  the 
chemical  composition  and  crystalline  form  of  bodies,  and  which 
from  a  knowledge  of  the  constitution  and  chemical  properties  of  a 
substance  seeks  to  predict  its  system,  form,  and  crystallographic 
cxjnstants."  The  author  justly  points  out  that  this  final  aim  has 
rarely  been  achieved  as  yet,  and  he  then  goes  on  to  discuss  the 
relations  between  the  chemical  composition  and  crystalline  form 
under  the  three  headings  of  Polymorphism,  Morphotropy  (includ- 
ing Isomorphism),  and  Isogonism  ("  bodies  not  chemically  related 
possess  the  same  form  ").  The  article  as  a  whole  is  a  decidedly 
valuable  summary  of  existing  knowledge  with  respect  to  a  subject 
which  has  hardly  as  yet  recei^•ed  its  proper  shai'e  of  attention. 

The  article  on  Ketones  by  Dr.  Japp  displays  this  authors  well- 
known  special  knowledge  of  these  interesting  compounds.  A 
somewhat  lengthy  article  on  Lead  is  contributed  by  Mr.  Muir, 
and  the  same  author  writes  on  Magnesium,  the  Magnesium  Group 
of  Elements,  Manganese,  and  Mercury.  The  article  on  Metal- 
lui'gical  Chemistry  by  Dr.  Huntingdon  is  much  too  short,  extending 
over  only  4  pages.  Mr.  Crookes  discusses  the  Eare  Metals  in. 
some  8  or  9  pages  profusely  illustrated  with  maps  of  spectra. 
This  article,  as  might  have  been  anticipated  fiiDui  its  authorship, 
is  not  only  a  masterly  summary  of  our  present  knowledge — to 
which  Mr.  Crookes  has  himself  made  such  splendid  contributions 
— but  it  is  equally  valuable  from  its  suggestiveness.  The  state  at 
which  we  have  arrived  appears  to  be  this  : — 

"  We  have,  therefore,  some  thirty  bodies  of  which  the  so-called  rare 
metals  are  composed,  or,  at  least  which  they  contain ;  and  a  variety  of 
facts  point  to  the  conclusion  that  we  have  by  no  means  come  to  the  end. 
Several  even  of  the  new  bodies  give  signs  of  a  capability  of  further 
.splitting  up,  if  they  are  examined  with  sufficient  nicety  and  persistence. 
It  is  far  from  unlikely  that  when  the  various  methods  of  research  known 
as  fractionation  have  been  more  generally  applied  we  may  have  to  deal, 
not  with  thirty,  but  with  nearer  sixty,  unknown  bodies." 

In  answer  to  the  question  as  to  what  these  bodies  into  which 
the  rare  earths  have  been  resolved  are  the  author  goes  on  to  say : — 

"  Pending,  therefore,  tlie  completion  of  a  scries  of  investigations, 
(•liemical  and  optical,  which  will  prohably  occupy  several  generations  of 
clienusl.'j.  it  mav  be  safest  to  call  these  receutlv  observed  bodies  not,  as 
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yet,  elements,  but  quasi-  or  meta-elements.  Oui*  notions  of  a  chemical 
element  have  been  eularp:ed ;  hitherto  the  elemental  molecule  has  been 
regai'ded  as  an  aggregate  of  two  or  more  atoms,  and  no  account  has  been 
taken  of  the  manner  in  which  these  atoms  have  been  agglomerated.  The 
structure  of  a  chemical  element  is  certainly  more  complicated  than  has 
hitherto  been  supposed.  We  may  reasonably  suspect  that  between  the 
molecules  which  we  are  accustomed  to  deal  with  in  chemical  reactions, 
and  the  component  or  ultimate  atoms,  there  mjiy  intervene  sub-molecules, 
sub-aggregates  of  atoms,  or  meta-elements,  differing  from  each  other 
accordmg  to  the  positions  which  they  occupy  in  the  very  complex 
stractm-es  commonly  known  as  didymium,  yttrium,  and  the  like." 

A  careful  consideration  of  this  important  utterance  by  Mr, 
Crookes  will  lead  readers  to  the  conclusion  that,  after  all,  the  re- 
solution of  the  rare  earths  by  the  methods  of  fractionation  and 
phosphorescent  spectra  may  simply  be  a  separation  into  modifica- 
tion of  the  nature  of  isomerides  or  polynierides  having  different 
optical  properties.  The  basic  element  or  metal  may  be  the  same 
form  of  matter  throughout  whole  groups,  and  if  so  we  should 
expect  that  compounds  giving  different  "  radiant "  spectra  would 
give  identical  emission  spectra  under  the  influence  of  the  more 
violent  disruptive  discharge.  The  problem  appears  to  require  attack 
from  this  side  also  before  we  can  hope  to  arrive  at  any  finality. 

The  article  on  Mineralogical  Chemistry  is  short  and  is  con- 
tributed by  Mr.  L.  Fletcher,  of  the  British  Museum ;  this  is 
sufficient  guarantee  of  its  soundness.  About  7  pages  are  devoted 
to  an  important  discussion  of  the  Molecular  Constitution  of  Bodies 
by  Prof.  J.  J.  Thomson.  In  the  first  part  of  this  article  the  author 
gives  a  brief  account  of  the  researches  w  hich  have  led  to  the  con- 
elusion  that  matter  possesses  a  n)olecular  structure,  and  he  then 
proceeds  to  consider  the  theories  of  such  structure.  Although 
Prof.  Thomson's  article  is  essentially  phj'sical  it  is  well  in  place  in 
the  present  volume;  the  points  of  contact  between  chemistry  and 
physics  are  in  fact  becoming  moi'e  and  more  numerous  with  the 
})rogi-ess  of  research  and  speculation.  To  give  one  example :  in 
discussing  Von  Helmholtz's  theory  of  the  "  electric  charge  on  the 
atom,"  the  author  says : — "  On  this  view  of  molecular  structure 
the  'bonds  of  affinity'  of  chemists  have  a  distinct  physical  mean- 
ing, as  they  ai'e  the  tubes  of  electrostatic  force  connecting  the 
atoms."  It  is  impossible  to  do  more  than  give  this  brief  reference 
to  Prof.  Thomson's  article  ;  it  must  be  read  to  be  appreciated  at  its 
full  value,  which  in  our  judgment  is  certainly  the  highest  among 
the  contributions  to  the  volume.  The  article  on  Molecular  Weights 
by  Mr.  Muir  is  a  kind  of  appendix  to  the  article  on  Atomic  and 
Molecular  Weights  in  the  first  volume  necessitated  by  the  later 
researches  of  Eaoult,  and  the  application  of  this  investigator's 
methods  to  the  determination  of  the  molecular  weights  of  chemical 
compounds. 

Considerable  space  is  devoted  to  Molybdenum  and  its  compounds 
by  Mr.  Muir;  and  his  co-editor.  Dr.  Morley,  treats  of  Naphthalene 
in  a  lengthy  contribution  of  over  40  ])ages.     This  article  is  \ery 
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complete  and  necessarily  overlaps  to  some  extent  the  article  ou 
this  same  subject  in  the  compauion  'Dictionary  of  Applied 
Chemistry,'  edited  by  Prof.  Thorpe.  It  is  interesting  to  notice 
as  an  illustration  of  the  inseparable  union  between  theoretical  and 
applied  chemistry  that  the  theory  of  the  constitution  of  the  naphtha- 
lene derivatives  is  more  completely  discussed  by  Mr.  Wynne  in 
Thorpe's  Dictionary  than  by  Dr.  Morley  in  the  present  article. 
Among  other  lengthy  contributions  under  this  letter  are  two  by 
J\Ir.  Muir  on  Nitrogen  and  the  Nitrogen  Group  of  Elements, 
which  together  occupy  about  20  pages.  The  article  on  the 
Periodic  Law  by  Mr.  Douglas  Carnegie  is  also  noteworthy  as  an 
admirable  statement  of  this  subject. 

Enough  has  been  said  of  the  contents  of  the  present  volume  to 
show  that  it  is  as  full  of  interest  to  chemists  as  its  predecessors, 
and  the  editors  are  again  to  be  congratulated  on  the  results  of 
their  labours.  We  have  tested  the  work  over  and  over  again  by 
referring  to  those  topics  with  which  we  happen  to  be  personally 
familiar,  and  have  found  it  in  no  way  behind  its  compauion  volumes 
in  completeness  and  accuracy.  Amoug  the  contributors  whose 
articles  we  base  not  hitherto  mentioned  are  Dr.  Halliburton,  who 
writes  on  Milk  and  Muscle ;  Dr.  Eideal,  who  contributes  the 
articles  on  Paraffin  and  Petroleum  ;  Mr.  Shenstone,  who  treats  of 
Ozcne ;  and  Dr.  Tilden,  who  writes  on  Pentinene.  Some  of  the 
present  contributors  have  not  before  appeared  in  the  pages  of  the 
new  Dictionary,  but  their  names  indicate  that  the  editors  have 
known  where  to  look  for  authoritative  treatment  of  the  respective 
subjects. 


LIV.   Intelligence  and  Miscellaneous  Articles. 

ON  THE  COLOUR  OF  IONS.   BY  W.  OSTWALD. 

IT  follows  from  the  dissociation  hypothesis  of  Arrhenius  that  the 
absorption-spectrum  of  a  very  dilute  solution  of  a  salt  is  the 
sum  of  the  spectra  of  the  ions.  If  one  of  the  ions  be  so  chosen  that 
it  exerts  no  absorption  in  the  region  investigated  and  is  therefore 
colourless,  the  colour  of  all  the  salts  formed  of  one  coloured  ion 
and  several  colourless  ions  must  be  identically  the  same.  This 
conclusion  has  been  tested  and  confirmed  by  the  author  on  a  series 
of  salts,  both  by  actual  observation  and  by  photographs.  The 
photographs  were  so  arranged  that  the  spectra  of  one  series  of 
salts  were  on  a  plate  under  each  other,  so  that  they  could  be  con- 
veniently compared. 

The  following  salts  \A-ere  investigated  : — 

1.  Permanganates. — The  solutions  investigated  were  prepared  by 
mixing  a  decinormal  solulion  of  barium  ]K'rmanganate  with  an 
equal  volume  of  an  equivalent  solution  of  the  desired  metal,  and 
then  diluting  with    50  times  as  much  wa'er.      The  final  solutions 
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contained  therefore  a  gramme-equivalent  of  the  ion  MnO^  in  500 
litres.  The  first  four  absorption-bands  measured  from  red  had  the 
same  position  in  15  different  salts  of  permanganic  acid. 

2.  Fluoresceine  and  its  derivatives. — The  solutions  to  be  compared 
were  prepared  in  the  same  way  as  the  permanganates,  by  decom- 
posing solutions  of  barium  salts  of  known  strength  \x\t\\  the 
sulphates. 

(a)  Fluoresceine. — The  salts  showed  the  same  position  of  the 
absorption-spectra  with  a  strength  of  one  gramme-equivalent  in 
4080  and  the  same  position  of  the  absorptiou-bands. 

(b)  Eoshie. — In  opposition  to  the  observations  of  Cx.  Kriiss 
(Zeifsch.  fur phi/s.  Chan.  ii.  p.  320,  1888)  and  v.  Knoblauch  (Wied. 
Ann.  xliii.  p.  767,  1891),  all  the  salts  investigated  showed  the  same 
absorption-spectrum.  The  author  attributes  this  difFerence  to  the 
different  preparation  of  the  specimens  used.  The  salts  which 
the  above-named  experimenters  had  used  were  prepared  by  double 
decomposition  and  purified  by  long  continued  washing.  With 
eosine-alumiuium  the  author  observed  in  the  wash-waters  on 
continued  washing  a  displacement  of  the  absorption-bands  towards 
the  side  of  the  longer  waves  of  light.  Hence  there  are  probably 
two  very  similar  compounds  ;  for  example,  two  eosines  isomeric  as 
regards  the  positions  of  the  bromine  atoms,  the  salts  of  which  are 
of  different  solubility.  In  the  mode  of  preparation  adopted  by 
Kriiss  the  more  easily  soluble  part  was  removed,  \\hile  in  the 
method  which  the  author  adopted  the  same  mixture  (if  such  there 
was)  in  the  same  proportion  was  used. 

(c)  lodeosine.—  TAwi'e  was  the  same  absorption  for  the  different 
salts.  If  dilute  solutions  of  aluminium  sulphate  and  eosine-barium 
or  potassium  are  mixed  the  absorption-band  is  very  feeble,  and 
disappears  with  any  excess  of  aluminium  sulphate.  Hence  the 
aluminium  salt  of  iodeosine  is  not  probably  present  in  the  solution 
as  a  regularly  dissolved  salt,  but  is  pi'obably  present  as  a  colloid 
body.  This  conclusion  is  supported  by  the  fact  that  the  electrical 
co]iducti\ity  of  a  solution  of  4000  litres  is  about  20  per  cent,  less 
than  that  calculated  for  a  mean  value  if  iodeosine-potassium  and 
aluminium  sulphate  are  brought  together  in  equivalent  quantities  ; 
whereas,  for  instance,  with  a  mixture  of  eosine-potassium  and 
cadmium  sulphate  the  value  calculated  is  nearly  obtained. 

(d)  DinitroJIuoresceim  and  (e)  the  tetrabrom- derivative  of  orcin- 
phthaleine  also  confirm  the  conclusion  drawn  from  the  dissociation 
hypothesis. 

3.  liosolic  acid. — Solutions  were  prepared  which  contained  an 
equivalent  of  the  neutral  salt  in  2600  litres.  Both  by  direct 
observation  and  by  photographs  they  sho^^"ed  considerable  variations 
in  their  spectra.  The  author  ascribes  this  to  an  hydrolysis.  When 
solutions  were  prepared  by  mixing  the  neutral  solutions  of  barium 
rosolate  with  barium  hydrate  equivalent  to  the  barium  they 
contained  already ;  and  when  then  quantities  of  the  vai'ious 
sulphates  were  added  equivalent  to  the  whole   barium  present. 
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and  the  dilutiou  extended  to  2G50  litres,  the  rosolates  were  in  the 
presence  of  an  equivalent  of  free  base,  and  the  hydrolysis  was 
.suiRciently  avoided.  Unlike  the  prexious  gi'eat  deviations  these 
solutions  showed  now  only  small  differences. 

The  salts  of  the  following  groups  showed  finally  equal  spectra  : 
(4)  Diazoresorcine,  (5)  Diazoresoriijiiie,  (6)  Cliromoxalates.  The 
absorption  is  relatively  small ;  the  investigation  was  therefore 
made  by  the  photographic  method.  The  chromoxalates  all  exert 
an  absorption  in  the  violet  and  ultraviolet.  The  boundaries  had 
all  the  same  position  with  the  exception  of  tbe  solutions  of  copper 
and  aluminium  salts,  which  exceptions  the  author  ascribes  to  a 
hydrolytic  decomposition. 

(7)  Safrosine. — Here  again  the  aluminium  and  copper  salts  show 
a  deviation  which  is  distinct  with  the  former  and  just  perceptible 
with  the  latter. 

(8)  p-Bosaniline,  (9)  Aniline  Violet.- — -The  different  intensity 
of  the  absorption-spectra  which  the  salts  of  some  acids  show  is 
explained  by  their  insolubility. 

(10)  CJirt/sanillne,  (11)  Chrysoidine. — The  salts  of  this  last 
group  which  were  prepared  with  various  acids  showed  a  develop- 
ment like  that  observed  with  rosolic  acid.  They  have  different 
spectra,  which,  however,  assume  the  same  appearance,  if  the  solution 
contains  an  equivalent  of  the  acid  in  the  free  state  along  with 
the  neutral  salt.  The  deviations  originally  observed  may  be  referred 
to  an  hydrolysis. — Ahliandl.  der  Kyi.  Sikhs  Gesellscliaft,  vol.  xviii. 
p.  281,  1892.     Bulletin  der  Physil;  No.  8,  p.  534,  1892. 


ON    THE   PHYSICAL    SIGNIFICATION    OF   b   IN  VAN    DER  WAALs' 
EQUATION.      BY    E.    HEILBORN. 

M^hat  is  called  the  covolume  of  gases,  &,  is  proportional,  as  gene- 
rally accepted,  to  the  space  u  occupied  by  the  whole  of  the 
molecules  contained  in  the  unit  volume.  It  may  therefore  be 
written 

b  =  All, 

where  A  is  a  constant  for  all  gases.  Van  der  Waals  finds  ("  On  the 
Continuity  of  the  Liquid  and  Gaseous  States  of  Matter,"  p.  384  of 
the  English  translation)  from  considerations  based  on  the  theory 
of  probabilities  the  number  4,  while  O.  E.  Meyer  (KinetiscJie 
Theorie  der  Gase,  p.  298),  also  from  theoretical  considerations, 
deduces  4  v^2. 

To  decide  this  question  we  may  utilise  the  equation  deduced  by 
Dorn  and  Exner, 

_  ''IlzI 
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where  n  is  the  refractive  index  of  gases  for  infinitely  long  waves. 
In  this  way  we  get  for 

Hydrogen  at  4°-4.  .6=0-035244  (Waals);  w=0-0,938  ;  A=5-69, 
Ethylene  at  101°.  .6  =  0-0,254    (Waals);  «=0-03467  ;  A=5-62. 

From  this  we  have  as  the  mean 

A  =  5-655  =  4  \/2. 

Exner's  Ilejy.  vol.  xxvii.  p.  369, 1891 ;  from  Beibldtter  der  Physih, 
No.  8,  1892,  p.  503. 


ON  THE  THEORY    OF    THE    USE  OF  A  PERMANENTLY  MAGNETIZED 
CORE  IN  THE  TELEPHONE. 

In  No.  208  of  this  Journal  Dr.  Trouton  has  explained  the 
meaning  of  the  permanent  magnet  in  telephonic  receivers. 
Although  his  explanation  is  undoubtedly  true,  there  is  a  second 
side  to  the  question  that  he  has  wholly  left  alone. 

According  to  my  investigations,  the  permanent  magnet  in  the 
telephone  plays  two  roles,  quite  different  from  each  otlier : — 

1.  It  serves  to  give  the  sounds  the  required  loudness. 

2.  It  serves  to  give  the  sounds  the  true  pitch. 

My  researches  have  shown  me  that  when  a  non-polarized 
telephone  is  joined  to  the  secondary  of  an  induction-coil,  in  the 
primary  of  which  a  microphone  is  placed,  the  sounds  given  out  by 
the  telephone  are  an  octave  higher  than  those  produced  before 
the  microphone.  Of  course  it  follows  from  this,  that  such  a 
telephone  will  be  unable  to  speak  intelligibly,  as  all  the  vowels 
lose  their  character  by  this  change  of  pitch  *. 

The  experimental  proof  of  this  fact  is  very  difficult,  owing  to 
the  inevitable  remanent  magnetism  of  every  ii*on  core  and  also  to 
the  feebleness  of  the  sounds  given  by  a  non-polarized  telephone  ; 
but  is  very  easily  proved  when  a  speaking  condenser  is  used 
instead  of  a  telephone. 

For  my  experiments  on  this  subject,  I  refer  to  my  papers 
"  La  Polarisation  des  Eecepteurs  Teldphoniques  "  and  "  I'Emploi 
de  la  Pile  auxiliaire  dans  la  Telephonie,"  which  are  to  be  found 
in  the  Archives  Neerlandaises,  t.  xix.  and  t.  xx.,  1884  and  1885. 

J.  W.  GiLTAY. 

Delft,  October  2,  1892. 

*  The  vowel  O  thus  becomes  A,  prouounced  as  iu  Dutch  or  in  French, 
but  the  other  vowels  are  quite  lost. 


THE 
LONDON,  EDINBURGH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL    OF    SCIENCE. 


[FIFTH  SERIES.] 


DECEMBER   1892. 


LV.  An  Electrolytic  Theory  of  Dielectrics. 
By  A.  P.  Chattock  *. 

IT  is  well  known  that  a  displacement  of  electricity  along 
the  axes  of  cei-tain  crystals  is  capable  of  accounting  for 
the  phenomena  of  both  pyro-  and  piezo-electricity  observed  in 
them,  the  fact  having  been  pointed  out  by  Lord  Kehiu  in 
1878.  Such  a  displacement  may  be  conceived  of  as  taking 
place  (1)  by  the  separation  of  the  two  electricities  within 
pre"\aously  unelectrified  conducting  atoms  or  molecules,  or 
(2)  by  the  relative  motion  of  two  sets  of  initially  and  oppo- 
sitely charged  molecules,  distributed  throughout  the  crystal. 
There  seems  to  be  no  third  way  for  the  displacement  to  occur 
if  electricity  cannot  exist  apart  from  matter. 

To  explain  the  displacement  by  the  first  of  these  hypo- 
theses amounts,  in  the  present  state  of  our  knowledge,  to 
little  more  than  a  confession  of  ignorance.  The  mechanism 
for  such  a  process  has  yet  to  be  invented.  But  with  the 
second  hypothesis  the  case  is  different.  Given  a  certain 
arrangement  of  unalterably  and  oppositely  charged  mole- 
cules, and  both  pyro-  and  piezo-electric  phenomena  follow  at 
once  from  mechanical  principles.  Moreover,  it  is  possible  to 
calculate  an  approximate  value  for  the  molecular  charges 
assumed  ;  and  the  fact  that  this  comes  out  of  the  same 
order  of  magnitude  as  that  of  the  charges  carried  by  ions  in 
electrolysis,  seems  to  me  to  lend  no  little  support  to  the  view 
that  such  charges  exist. 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  34.  No.  211.  Dec.  1892.       2  K 
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Arrange  two  sets  of  equally,  oppositely,  and  permanently 
charged  spheres,   A,  B,  C, (fig.  1)   in  a   frictionless, 

Fig.  1. 


horizontal,  non-conducting  tube  which  just  fits  them  ;  so  that 
they  stand  in  line,  alternately  +  and  —  along  its  length. 
Their  mutual  attractions  will  at  once  bring  them  into  contact 
with  each  other ;  and  the  resulting  chain  of  spheres  will  be 
electrically  polarized — a  sort  of  electrostatic  magnet ;  the 
amount  of  free  +  or  —  electricity  at  either  end  being  equal, 
roughly  speaking,  to  half  that  possessed  by  each  of  the 
spheres. 

Now  endow  the  spheres  with  a  mutually  repulsive  tendency, 
such  as  is  possessed  by  the  molecules  of  a  body  due  to  their 
mechanical  heat-motion.  This  will  open  out  the  chain  length- 
wise, but  it  will  not  do  so  uniformly.  There  will  be  a  pair- 
ing tendency  among  the  spheres — A  tending  to  pair  wuth  B, 
C  with  D,  and  so  on.  This  may  result  in  the  complete  dis- 
integration of  the  chain — the  spheres  flying  off  in  pairs  ;  but 
if  the  repulsive  action  is  not  powerful  enough  to  effect  tliis,  it 
wall  still  give  rise  to  a  partial  pairing ;  with  the  result  that 
A  will  be  nearer  to  B  than  B  to  C,  and  so  on  ;  A  not  having 
separated  from  B  quite  so  far  as  B  from  C.  This  means,  of 
course,  that  of  the  whole  number  of  lines  of  force  emanating 
from  A,  a  greater  proportion  goes  to  B  than  before,  and 
therefore  fewer  remain  to  pass  out  into  space  and  give  rise  to 
external  effects.  In  other  words,  the  chain  possesses  less  free 
electricity  at  its  ends  than  before  ;  and  when  the  pairing  is 
complete  it  possesses  none. 

The  apphcatiou  of  the  above  to  pyro-electricity  is  obvious. 
It  is  only  necessary  to  suppose  that,  in  the  building-up  of 
the  crystal,  chains  of  alternately  positively  and  negatively 
electrified  molecules  occur  parallel  to  its  pyro-electric  axis  ; 
and,  provided  no  alteration  in  the  formation  takes  place 
during  the  process,  a  change  of  temperature  from  absolute 
zero  (where  the  molecules  are  in  contact  and  the  free  charge 
is  a  maximum)  to  evaporation-point  (where  they  fly  off  in 
pairs  and  the  free  charge  has  vanished)  will  give  rise  to  an 
alteration  in  the  free  charge  at  the  end  of  each  chain  equal 
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in  amount  to  about  half  the  charge  possessed  by  each  mole- 
cule. But  there  is  no  necessity  for  the  chains  to  be  opened 
out  by  heat  in  order  to  cause  pairing  of  the  molecules. 
Tension  along  their  lengths  will  give  rise  to  the  same  effect, 
while  compression  will  correspond  with  cooling ;  the  result  of 
either  being  what  is  known  as  piezo-electricity.  Such  an 
agreement  of  heating  with  tension  and  of  cooling  with  com- 
pression appears  to  exist*.  It  is  true  that  it  is  not  invari- 
able ;  but  there  seems  to  be  no  great  difficulty  in  supposing 
that  in  those  cases  where  the  rule  is  reversed,  disturbing  effects 
may  exist  due  to  some  action  on  the  chains  of  the  molecules  on 
either  side  of  them  ;  for  while  both  heating  and  tension  affect 
the  chains  similarly,  they  produce  opposite  effects  in  planes  at 
right  angles  to  them — heating  decreasing,  while  tension  in- 
creases the  proximity  of  the  molecules  therein.  The  theory 
does  not  therefore  necessitate  the  above  agreement — it  only 
renders  it  likely;  but  the  calculations  which  follow  can  only 
be  made  when  the  agreement  occurs. 

The  point  at  which  the  free  piezo-electric  charge  is  a 
maximum,  and  which  corresponds  with  the  absolute  zero  of 
temperature  in  the  case  of  pyro-electricity,  occui's  at  a  pres- 
sure which  is  suiticient  to  bring  the  molecules  into  contact. 
As  this  pressure  is  reduced  the  pairing  tendency  comes  more 
and  more  into  play,  until,  after  changing  from  compression 
to  tension,  the  breaking-point  is  reached.  Now  the  break 
occurs  when  the  cohesion  of  the  weakest  place  in  the  test- 
piece  is  overcome  by  the  pull ;  and,  on  the  above  view,  the 
weakest  place  will  be  found  between  the  molecules  which 
are  farthest  apart  in  the  chains  (flaws  being  supposed  absent), 
i,  e.  between  B  and  C,  D  and  E,  &c.  (fig.  1).  On  the  other 
hand,  from  the  fact  that  when  a  crystal  breaks  it  does  so 
under  a  definite  tension,  it  follows  that  the  pairing  is  not  com- 
plete at  the  point  of  rupture.  Hence  all  that  can  be  said  is 
that  the  pairing  is  on  the  way  towards  completion,  and,  in  the 
light  of  what  follows,  that  an  appreciable  amount  of  it  has 
been  already  accomplished  when  this  point  is  reached.  A 
change  of  stress,  then,  along  the  piezo-electric  axis  of  a 
crystal,  from  a  compression  which  brings  the  molecules  into 
contact  to  a  tension  which  breaks  the  crystal,  will  alter  the 
free  charge  at  the  end  of  each  molecular  chain  by  an  amount 
which  is  less  than,  but  probably  of  the  same  order  of  magni- 
tude as,  half  the  charge  possessed  by  each  molecule. 

*  Wiedemann's  Electricitiit,  ii.  p.  842.    % 

2K2 
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Molecular  Charge. 

If,  then,  the  number  (n)  of  molecular  chains  per  sq.  cm. 
of  cross  section  of  a  crystal  were  known,  and  if  it  were  possible 
to  measure  the  alteration  {p)  in  the  density  of  the  free  charges 
on  its  two  electrified  surfaces,  due  to  an  alteration  (either 
pyro-  or  piezo-electrically)  from  the  state  in  which  the  mole- 
cules are  in  absolute  contact  to  that  in  which  they  are  com- 
pletely paired, it  would  be  easy  to  calculate  the  value  {q)  of  the 
charge  possessed  by  each  molecule.    For,  by  what  has  been  said, 

2p 
q=   ~^. 

71 

This  it  is  not  possible,  with  any  accuracy,  to  do  ;  but  neverthe- 
less, both  from  pyro-  and  piezo-electric  data,  a  rough  estimate 
of  the  value  of  q  may  be  formed. 

J.  and  P.  Curie  *  have  measured  the  piezo-electric  constant 
for  tourmaline  and  quartz  :  for  the  former  they  found  it  to  be 
5-4  X  10-«,  and  for  the  latter  6'4  x  10-^  E.S.  units  of  electri- 
city per  dyne. 

Consider  a  cubic  centimetre  of  one  of  these  crystals,  cut 
with  two  faces  perpendicular  to  the  piezo-electric  axis.  It  is 
very  jDrobable  that  the  molecules  of  a  solid  body  occupy 
from   about   |  to  ^  the  space  occupied  by  the  body  itself  f. 

7T 

1  — a/  "77?  is  therefore  about  the  length  by  which  a  crystal 

1  centimetre  long  must  be  shortened  in  order  to  bring  its 
molecules  into  contact.  Let  M  be  the  average  value  of 
Young's  Modulus  for  this  compression,  and  the  force  in 
dynes  per  sq.  cm.  which  will  effect  the  compression  is 


0-\^F5)^^=^'^ 


M. 


This  quantity  added  to  the  tenacity  (T)  represents  the  whole 
range  of  stress  to  which  the  crystal  can  be  subjected,  and  this 
multiplied  by  the  average  value  [k)  of  the  piezo-electric 
constant  over  the  whole  range  of  stress  =  (0*4  M  +  T)  Ic,  a 
quantity  which  is  less  than  p  in  the  above  equation  for  q.  In 
this  expression  T  can  be  known  accurately,  but  M  and  k  are 
only  measurable  under  normal  conditions;  and  it  cannot  be 
doubted,  of  course,  that  even  if  the  crystal  could  be  kept  from 
crushing,  the  values  of  both  M  and  k  would  undergo  very 

*  Comptes  Rendus,  xciii.  p.  204  (1881). 

t  Rucker,  Jouru.  Chem.  Soc.  liii.  p.  222  (1888). 
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great  alterations  long  before  tlie  molecules  were  brought  into 
contact.  Nevertheless,  the  following  considerations  seem  to 
me  to  render  it  j^robable  that  if  M  and  k  are  represented  by 
their  normal  measured  values  in  the  above  expression,  the 
resulting  number  will  not  be  hopelessly  diflFerent  from  what 
it  ought  to  be. 

T  is  small  compared  with  0*4  M,  as  JM  is  almost  certainly 
larger  than  the  measured  value  of  M.  The  expression 
(0'4  M  +  T)/;  therefore  reduces  itself  practically  to  the  inte- 
gral of  the  product  M/;  with  alterations  in  length  of  the 
crystal  between  the  limits  0  and  0'4  cm.  Now  M  and  k  are, 
from  their  nature,  closely  connected  (if  the  chain  hypothesis 
be  true).  Whatever  alteration  one  undergoes,  the  other  must 
undergo  a  similar  one  and  in  the  opposite  sense.  If,  for  in- 
stance, at  high  pressures  M  increases,  it  will  be  due  to  the 
fact  that  the  molecules  resist  being  brought  together  more 
than  they  do  at  low  pressures  ;  but  this  is  only  another  way 
of  saying  that  they  are  more  reluctant  to  unpair  at  high  than 
at  low  pressures  :  in  other  words,  that  the  value  of  k  has  di- 
minished, and  to  an  extent  which  is  roughly  comparable  with 
the  increase  of  M.  The  variations  of  M  and  k  thus  tend  to 
compensate  each  other,  and  it  therefore  follows  that  the  varia- 
tions in  the  value  of  their  product  will  be  small  compared  with 
those  of  either  factor  separately,  and  that  the  assumption  that 
MA;  is  constant  over  a  wide  range  is  probably  not  very  far 
from  the  truth. 

Mallock*  gives  the  value  of  M  for  tourmaline  parallel  to 
the  axis  as  1*3  x  10^^  C.G.S.     Hence  we  may  write 

(0-4  M  +  T)!^:  2-8  X  10' <  p. 

As  regards  the  value  of  n  one  can  only  assume  that  the  chains 
are  close  together  ;  /.  e.  that 

'^  ""  {\  X  10-«)2  ^  ^  ^  ■^^"'■ 

It  is  quite  possible,  and  even  likely,  that  the  true  value  is  less 
than  this,  but  it  cannot  be  much  greater. 

Putting  these  quantities  into  the  equation  for  q,  we  obtain 
for  tourmaline, 

>  2  X  2*8  X  10'  ^  ,  .      1  A— 1>  t?  Q 
g=       <4xl0^^     >^-^^^Q  ^•^• 

For  quartz,  ^  >  I'O  x  lO-i^  E.S. 

The  most  prolxiblc  value  of  the  ionic  charge  of  oxygen  is 
10-11  E.S. 

*  Proc.  Roy.  Soc.  xli.v.  p.  '598. 
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Now  I  think  it  will  be  admitted  that  if  permanent  charges 
are  to  exist  on  the  molecules  of  a  body,  the  probabilities  are 
enormously  in  favour  of  their  being  ionic  charges  ;  so  that 
the  fact  that  the  above  line  of  argument  leads  to  a  value  for  g 
so  near  10~^*  is  in  itself  evidence  in  favour  of  the  truth  of  the 
assumptions  on  which  the  reasoning  was  based.  It  w^as  on 
this  ground  that  I  concluded  above  that  the  pairing  of  the 
molecules  had  taken  place  to  an  appreciable  extent  before  the 
limit  of  tenacity  was  reached.  At  first  sight,  it  is  true,  this 
method  of  justifying  the  means  by  the  ends  looks  like  a  vicious 
circle,  but  I  believe  it  is  in  reality  reliable.  One  obtains,  as 
it  were,  a  new  fact  in  the  agreement  between  q  and  10~^^ ; 
and  this  affords  a  fresh  point  of  departure  for  the  reasoning. 

Coming  now  to  the  calculation  of  q  from  pyro-electric  data, 
Riecke  *  has  measured  what  he  calls  the  "  specific  electrical 
moment  "  brought  about  by  a  change  of  temperature  of  100° 
in  tourmaline  ;  i.  e.  the  quantity  of  electricity  set  free  at  the 
end  of  a  rod  of  tourmaline  of  unit  length  parallel  to  the  axis 
and  weighing  one  gramme.  The  mean  value  of  this  quantity 
for  twenty-two  different  specimens  is  42  E.S.  units,  which, 
when  multiplied  by  the  mean  value  of  the  densities  of  the 
specijnens  (3'1)  and  divided  by  100°,  gives  1"3  as  the  number 
of  E.S.  units  liberated  per  sq.  cm.  of  crystal  surface  normal 
to  the  pyro-electric  axis  per  degree  alteration  of  temperature 
(  =  «).  The  different  specimens  do  not,  however,  agree  very 
closel}^  with  each  other ;  the  maximum  value  of  te  for  any 
specimen  being  1*8  while  the  minimum  value  is  0*5  f. 

Proceeding  in  the  same  manner  as  for  piezo- electricity, 
q  will  be  given  by  the  equation 

^        2«T 
q=  ; 

n 

where  T  is  the  range  of  temperature  within  which  the  mole- 
cules pass  from  the  state  of  absolute  contact  with  each  other 
to  the  state  of  complete  pairing  (i.  e.  the  range  from  the 
absolute  zero  of  temperature  to  the  evaporation-point  of  the 
crystal),  and  k  is  the  mean  value  of  k  throughout  that 
range. 

Now  K  is  necessarily  unknown,  and  in  all  probability  very 

*  Wied.  Ann.  xl.  p.  264. 

t  It  is  perhaps  wortli  mentiouing  that  an  exceedingly  rough  attempt 
of  my  own  to  integrate  the  current  from  a  crystal  of  tourmaline  with  time 
duriuji'  a  known  alteration  of  temperature  corroborates  Iliecke's  result  so 
far  as  the  order  of  magnitude  is  concerned.  It  indicates  a  value  of  k 
greater  than  any  of  his,  but  the  maximum  galvanometer  reading  was  only 
half  a  millimetre. 
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different  from  k  measured  at  ordinary  temperatures ;  and  in 
the  expression  «T  there  is  no  compensating  action,  such  as 

occurred  in  the  corresponding  expression  k  M  for  piezo-elec- 
tricity.  Hence  it  is  inadmissible  to  substitute  the  measured 
value  of  K  for  «.  If,  however,  instead  of  T  we  write  a  quan- 
tity corresponding  to  Young's  Modulus — if,  in  other  words, 
we  make  pyro-electricity  a  question  of  change  of  length  of 
the  crystal,  hke  piezo-electricity,  rather  than  of  change  of 
temperature — the  difficulty  of  not  knowing  the  true  value 
of  K  vanishes  to  a  great  extent,  as  it  did  in  the  case  of  k. 
Instead,  therefore,  of  tiiking  for  T  a  range  of  temperature  equal 
to  the  absolute  temperature  of  evaporation,  calculate  the 
alteration  of  temperature  required  to  bring  the  molecules  into 
contact  ({.  e.  to  shoi-ten  the  crystal  by  0*4  of  its  length)  in 
terms  of  the  mean  coefficient  of  expansion  (a)  during  such  an 
alteration;  add  to  this  the  temperature  of  evaporation  (t) 
reckoned  from  0°  C,  and  the  result  is  T.     q  thus  becomes 

n 

Now  by  precisely  similar  reasoning  to  that  employed  in  the 
case  of  the  product  ^M  for  piezo-electricity,  it  may  be  shown 
that  as   K  alters  in  one  direction  so  1/a  alters  in  the  other ; 

their  product  thus  tending  to  constancy.     -=  may  therefore  be 

fC 

represented  by  -  («  and  a  being  for  normal  temperature)  with 

the  same  sort  of  accuracy  that  ^•M  is  represented  by  kM.. 
Unfortunately  t  cannot  be  considered  negligible   compared 

with  -^,  as  this  is  by  definition  equal  to  273.     If,  however, 

a 
we  strike  out  t  from  the  equation,  we  shall  be  calculating  q 
from  the  amount  of  electricity  set  free  during  an  alteration  of 
the  crystal  from  the  condition  in  which  its  molecules  are  in 
contact  to  the  condition  of  normal  temperature  and  pressure; 
that  is  to  say,  for  precisely  the  same  change  that  was  used  for 
the  piezo-electric  calculation.  The  values  of  q  obtained  by 
these  two  methods  should  therefore  agree  with  one  another, 
at  the  same  time  that  both  are  too  small. 

According  toFizeau,  a  for  tourniahne  =0'000009.    Hence 

.  0-4 
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a  value  which  is  in  striking  agreement  with  that  obtained  from 
the  stress  data. 

It  may  be  well  to  refer  here  to  an  argument  brought  for- 
ward by  Wiedemann  in  his  Electricitdt  *  against  Lord  Kelvin's 
theory,  by  which  he  seems  to  consider  that  the  latter  is 
rendered  untenable.  According  to  him  a  pyro-electric  crystal 
when  carefully  broken  at  right  angles  to  its  axis  does  not 
exhibit  opposite  charges  on  its  new  surfaces,  as  it  should  do 
if  polarized  throughout.  This  argument  would  be,  of  course, 
unanswerable  if  it  were  applied  to  magnetic  polarization,  and 
it  holds  also  in  the  corresponding  electrical  case  provided  the 
separated  electricities  both  occur  within  the  dimensions  of  a 
single  atom.  But  if  they  occur  in  different  parts  of  a  complex 
molecule  (and  under  this  head  may  be  included  the  pairs  of 
oppositely  charged  molecules  already  referred  to)  they  may  be 
separated  by  dissociation  of  the  latter,  and  Wiedemann's  result 
seems  to  me  to  be  just  what  should  be  expected.  At  the  instant 
of  breaking,  the  molecules  at  the  point  of  rupture  will  be 
violently  agitated.  Some  of  them,  in  the  conflict,  will  almost 
necessarily  become  dissociated,  and  if  their  parts  are  oppositely 
charged  it  follows  that  the  infinitesimal  gap  between  the  newly 
formed  surfiiceswdll,  for  the  moment,  be  playing  the  part  of  a 
nearly  perfect  conductor.  Instantly,  therefore,  a  rush  of 
negatively-charged  particles  Avill  take  place  to  the  positively- 
charged  surface  and  vice  versa;  and  the  surfaces  will  be  ren- 
dered more  or  less  neutral,  as  Wiedemann  found  them  to  be. 
Even  without  this  action,  the  field  in  the  gap  would  probably 
be  strong  enough  to  start  discharge  in  air. 

Cohesion. 

The  agreement  of  the  above  estimations  of  the  value  of  q 
both  with  each  other  and  with  the  ionic  charge  leads  naturally 
to  the  search  for  a  possible  connexion  between  the  hypo- 
thetical molecular  charges  and  other  physical  properties  of 
the  crystals. 

Imagine  a  mixture  of  two  equal  numbers  of  particles, 
equally  and  oppositely  charged,  and  uniformly  spaced.  The 
mass  will  cohere  in  virtue  of  the  lines  of  force  which  pass  in 
all  directions  from  positive  to  negative  particles.  Draw  an 
imaginary  surface  through  the  mass,  in  such  a  way  that  it 
cuts  none  of  the  particles,  but  passes  midway  between  those 
on  either  side  of  it,  Provided  the  mixture  of  the  opposite 
charges  is  thorough,  and  their  distance  apart  not  too  small, 
this  surface  will  everywhere  cut  lines  of  force,  roughly  speaking, 

•  Vol.  ii.  pp.  338,  345. 
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at  right  angles  ;  the  number  of  lines  passing  across  it  from  a 
particle  on  either  side  being,  on  the  average,  one  sixth  of  the 
whole  number  emanating  from  that  particle.  If  q  be  the 
charge  per  particle,  and  d  the  distance  from  centre  to  centre 
of  adjacent  particles,  the  average  number  of  lines  crossing  the 

surface  per  sq.  cm.  =  -r-i  ;  and  the  mechanical  tension  across 

it  per  sq.  cm.  is  therefore  approximately 

This  quantity  represents  the  cohesive  force  of  the  mass^  and 
is  consequently  equal  to  the  internal  pressure  per  sq.  cm.  of 
the  particles  due  to  their  heat-motions. 

Pairing  of  the  particles  will,  however,  reduce  the  cohesion ; 
for  it  will  strengthen  some  bonds  at  the  expense  of  others,  and 
the  cohesion  depends  on  the  strength  of  the  weakest  part.  On 
the  other  hand,  the  above  formula  is  only  accurate  if  the 
closeness  of  the  lines  of  force  cutting  the  imaginary  surface  is 
constant  all  over  it.  This  will  not  be  strictly  the  case  ;  and 
want  of  uniformity  will  increase  the  cohesion,  as  the  latter  is 
proportional  to  the  mean  square  of  the  field  strength,  while 
the  calculated  value  is  in  terms  of  the  square  of  the  mean 
field.  These  two  causes  of  error  thus  tend  to  compensate — to 
what  extent  it  is  impossible  to  say,  but  sufficiently,  in  all  pro- 
bability, to  allow  of  a  determination  by  the  formula  of  the 
order  of  magnitude  of  q.  Applying  it  to  the  crystals  already 
discussed,  w^e  have  therefore 

^-7g  :^  cohesion  per  sq.  cm.  =  internal  pressure  per  sq.  cm. 

Now,  of  the  value  of  the  internal  pressure  in  a  solid  it  is  only 
possible  to  obtain  the  very  roughest  idea,  by  applying  Boyle's 
law  and  assuming  that  the  unoccupied  space  in  a  solid  is  three 
fourths  its  apparent  volume.  The  volume  of  a  substance  in 
the  form  of  vapour  is^  on  this  assumption,  about  1700  times 
as  great  as  the  unoccupied  space  within  it  when  in  the  solid 
form  ;  from  which  the  internal  pressure  comes  out  by  Boyle^s 
law  to  be  about  2  x  10^  dynes  per  sq.  cm.  Of  course  this  is 
the  merest  approximation  to  the  true  value,  but  it  serves  as  a 
guide  to  a  better  determination  in  the  following  manner  : — 
When  tension  is  applied  to  a  rigid  body,  the  internal  pressure 
along  the  line  of  pull  is  reduced,  the  sum  of  these  two  forces 
(tension  and  pressure)  being  now  balanced  by  the  cohesion. 
The  maximum  possible  tension  (/.  e.  the  tenacity  of  the  sub- 
stance) must  therefore  l)e  less  than  the  intcMuul  pressure  in  the 
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unstrained  condition  ;  assuming  that  the  cohesion  does  not 
increase  on  the  appHcatiou  of  stress,  which  seems  unlikely. 
Now  the  tenacity  of  quartz  in  fibres  of  ordinary  thickness  is 
about  7  X  10^  *.  Hence  the  internal  pressure  must  be  at 
least  equal  to  this  ;  and  as  its  calculated  value  is  so  much 
less,  its  true  value  will  probably  not  greatly  exceed  7  X  10®  (as 
it  mi^ht  have  done  if  its  calculated  value  had  been  larger). 

For  the  purpose,  therefore,  of  obtaining  the  order  of  mag- 
nitude of  q  from  the  above  equation  (which  is  all  that  can  be 
hoped  for  from  such  a  rough  calculation),  it  will  probabl}'  be 
allowable  to  write  tenacity  for  internal  pressure  in  the  formula, 
bearing  in  mind,  however,  that  the  value  of  g  so  obtained  will 
be  too  small.     Putting  for  d  the  value  ^  x  10~^  cm.,  we  have 

^>7xl03, 

"''™'='^  2>5xlO-^ 

a  number  which  is  not  to  be  distinguished  from  the  ionic 
charge  of  hydrogen.  Of  course  the  extreme  closeness  of  the 
agreement  is  purely  accidental ;  but  I  cannot  think  that  the 
agreement  of  the  values  of  q  calculated  by  the  above  three 
independent  methods,  both  with  each  other  and  with  the  ionic 
charge,  can  be  due  to  mere  chance. 

On  the  other  hand,  it  does  not  follow  immediately  that 
cohesion  is  due  to  electrical  attraction  because  a  good  value 
can  be  calculated  from  ionic  charges.  As  Dr.  Lodge  has 
shown  t,  the  work  done  by  the  attraction  of  two  oppositely 
charged  ions  is  of  the  same  order  of  magnitude  as  that  done 
by  their  chemical  affinity  in  bringing  them  together  ;  and 
consequently,  if  cohesion  can  be  shown  to  be  numerically 
equal  to  either  of  these  forces,  it  may  just  as  well  depend  on 
one  as  on  the  other.  It  is  only  wdien  considered  in  con- 
nexion with  the  electrical  properties  of  crystals  (for  which,  if 
the  view  here  put  forward  be  accepted,  initially  charged 
molecules  are  required  on  electrical  grounds)  that  the  above 
result  suggests  that  cohesion  may  turn  out  to  be  an  electrical 
and  not  a  chemical  phenomenon.  The  idea  is  at  any  rate  in 
accordance  with  the  most  striking  feature  of  cohesive  attrac- 
tion— its  variation,  namely,  in  inverse  proportion  to  a  high 
power  of  the  distance  between  the  cohering  particles.  For  a 
mass  of  oppositely  charged  particles  this  power  could  not  be 
less  than  the  cube,  and  would  probably  be  nearer  the  fourth 
power. 

*  Boys,  'Nature/  xl.  p.  249,  His  value  is  7-8 X  10^  =  50  tons  to  the 
inch. 

t  "  Seat  of  E.M.F." 
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Of  course  a  theory  which  is  to  account  for  the  cohesion 
of  pvro-electric  crystals  must  also  account  for  that  of  all 
dielectrics.  And  in  fact,  according  to  the  present  view, 
pyro-electric  crystals  only  differ  from  other  crystals  in  the 
])eculiar  chain-like  arrangement  of  their  molecules,  whereby 
the  cohesive  force,  as  it  were,  shows  itself  externally  ;  whereas, 
in  the  case  of  other  substances,  it  is  kept  entirely  within  their 
bounding  surfaces.  As  regards  the  variations  of  tenacity 
in  different  substances,  they  are,  I  think,  to  be  easily  accounted 
for  by  the  different  sizes,  masses,  and  perhaps  shapes  of  the 
molecules  as  compared  with  the  charges  they  carry.  Varia- 
tions in  these  quantities  will  give  rise  to  a  greater  or  less  degree 
of  pairing,  as  well  as  to  alterations  in  d  and  in  internal 
pressure,  sufficient  to  account  for  a  greater  range  of  variation 
than  is  observed  in  the  tenacity  of  homogeneous  bodies. 
(Porous  substances  hke  cement  do  not  fall  under  this  head, 
of  course.  They  may  be  regarded  as  containing  an  infinite 
number  of  flaws,  and  their  tenacity  will  therefore  be  too 
small.) 

The  chief  difficulty  is,  however,  met  with  in  the  case 
of  elementary  substances.  It  is  not  easy  to  see  where  a  want 
of  symmetry  occurs  in  the  combination  of  two  like  atoms,  to 
account  for  their  being  or  becoming  oppositely  charged.  The 
question  is  a  large  one,  and  one  which  is  intimately  connected 
with  the  manner  of  discharge  of  electricity  through  simple 
gases.  It  is,  for  instance,  uncertain  whether  the  two  atoms 
of  an  oxygen  molecule  are  oppositely  charged  to  start  with,  or 
become  so  by  induction  on  entering  a  strong  electrostatic 
field.  It  is,  however,  extremely  probable  that  after  separation 
they  possess  their  ionic  charge  ;  so  that,  unless  there  is  a  limit 
to  the  capacity  of  an  atom  for  having  electricity  induced  on  it, 
the  former  view  is  perhaps  the  more  likely.  I  merely  mention 
this  to  show  that  the  existence  of  opposite  charges  in  like 
atoms  is  not  a  priori  impossible. 

Specific  Inductive  Capacity  and  Dielectric  StrengtJi. 

Two  other  physical  constants  with  which  initial  molecular 
charges  should  be  closely  connected  are  those  of  Specific 
Inductive  Capacity  and  Dielectric  Strength.  From  both 
these  quantities  it  is  possible  to  obt:iin  a  value  of  g. 

Place  the  mixture  of  opj)Ositoly  charged  j)articles,  discussed 
under  cohesion,  in  an  electrostatic  field.  If  the  field  is  not 
too  strong  there  will  be  a  slight  movement  of  all  the  +  par- 
ticles in  one  direction  and  of  the  —  particles  in  the  opposite 
direction.  This  will  be  equivalent  to  coating  the  surfaces  of 
the  mixture  at  which  the  lilies  of  force  enter  and  leave  it  with 
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—  and  +  electricity  respectively.  These  coatings,  which  are 
really  due  to  a  slight  protruding  of  all  the  —  particles  in  one 
surface  and  all  the  +  in  the  other,  correspond  exactly  with 
the  "  fictive  layers  '■*  of  electricity,  which  for  mathematical 
purposes  are  assumed  to  appear  on  the  bounding  surfaces  of  a 
dielectric  under  similar  conditions. 

Arrange  that  the  lines  of  force  of  the  field  enter  and  leave 
the  mixture  normally,  and  consider  a  particle  in  the  interior. 
It  is  urged  with  a  force  of  fq  dynes  in  the  direction  of  the 
field  (/  being  numerically  equal  to  the  slope  of  potential  at 
the  point  considered) .  If  fa  be  not  too  great,  the  particle 
will  be  displaced  a  distance  6,  which  is  small  compared  with 
the  distance  d  between  it  and  its  nearest  neighbours.  In 
other  words,  d  has  been  shortened  by  8  on  one  side  and 
increased  by  S  on  the  other  in  the  direction  of  /.  Let  M  be 
Young's  Modulus  for  the  mixture.     Then,  if  there  are  n  par- 

2M    S 

tides  per  sq.  cm.  of  a  surface  at  right  angles  to  /,  —  .  -  is 

the  mechanical  force  required  to  produce  the  displacement  8 
in  the  particle  considered.     Hence 

2M    S        .  .^. 

Now  if  it  were  possible  to  continue  the  process  of  displace- 
ment by  increasing  /  until  the  +  particles  had  moved  a 
distance  d  relatively  to  the  —  particles,  the  fictive  layer  at 

n 
either  end  would   contain    ^   particles  per  sq.   cm.,  and  its 

ii 

density  would  therefore  be  ^  =  p.  Consequently,  if  the 
displacement  is  only  S,  the  value  of  p  will  be  —: 


in     S 

T  •  d' 

But  (K-1) 


where  K  is  the  specific  inductive  capacity  of  the  mixture. 
Hence 

qn     g_(K-l)/ 
2  '  d~       47r 

Combining  (1)  with  (2),  and  putting  —^  for  n, 


(2) 


.v^ 


l)M^* 
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The  measured  value  of  K  for  quartz  is  4' 6,  and  of  M  7*5  x  10^^. 
Hence,  for  quartz, 

^  =  2-3x10-". 

If  K  be  calculated  from  the  index  of  refraction  {jx)  of  quartz 
its  value  is  2'4,  which  makes 

il=  1-4x10-". 

(As,  however,  M  was  measured  by  a  "slow"  method,  the 
first  value  of  q  is  likely  to  be  the  more  correct.) 

For  tourmaline  K  (obtained  from  yt)  =2*7,  M  =  l-3  x  10^^. 
Hence 

<7  =  2-1x10-". 
For    glass    K  =  7    (about)    for    slow    electrification,    and 
M  =  5-5xlOi', 

q  =  2-6x10-". 

These  values  are  about  double  the  ionic  charge  of  oxygen, 
so  far  as  it  is  known ;  and  the  method  of  calculation  is  at  the 
same  time  far  more  reliable  than  those  that  have  hitherto 
been  discussed.  There  are  no  very  uncertain  assumptions  in 
it  ;  and  the  only  quantity  not  accurately  known  is  d,  which 
enters  equally  into  all  the  methods.  It  is  therefore  satis- 
factory that  the  results  obtained  by  this  particular  method 
should  be  so  good. 

Applying  now  these  considerations  to  liquids  and  gases,  the 
results  are  at  first  sight  less  satisfactory. 

Taking  water  as  an  example  of  a  liquid  dielectric,  K  =  l*8 
(calculated  from  fi) ;  M  *  =  2  x  lO^o, 

^  =  1-8x10-12. 

For  bisulphide  of  carbon  K  =  I'S  (measured),  M=  1-6  x  lO^*', 

q  =  1-6x10-12. 
These  values  are  small;  and  if  we  take  gaseous  oxygenf  the 

•  M  is  now  the  coefficient  of  volume  elasticity,  of  course.  For  solids 
it  makes  very  little  difference,  theoretically  or  practically,  whether  this 
or  Young's  Modulus  is  used. 

t  In  using  the  formula  for  a  gas  there  are  one  or  two  modifications  to 
be  made.  The  number  of  molecules  in  the  protruded  (fictive)  layer  of 
electrified  particles  at  either  end  of  the  gas  is  d/d^^  per  sq.  cm.,  where  d 
is  the  thickness  of  the  layer  (  =  ^  xlO-8)  as  before,  and  rf,  is  the  distance 
apart  of  the  gas-molecules,  say  5-3x10-8  (=dx  v^l200).  Hence  the 
equation  for  q  comes  to  bo 


V 


{K-1)M  dd,' 


It  is  worth  noticing  that  the  direct  variation  of  (K-  1)  with  the  density 
of  the  gas  {\/d^^)  follows  from  this  as  it  should  do. 
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discrepancy  is  far  greater:  K=1'00054,  M  =  l"l  x  10®,  and      1 

^  =  8x10-1^ 

The  following  considerations,  however,  seem  to  me  to  show 
that  these  results  are  just  what  they  should  be,  on  the  view  of 
initially  charged  particles.  According  to  that  view,  the 
oppositely  charged  particles  tend  to  pair  more  and  more  as 
the  temperature  rises.  When  the  pairing  has  gone  on  to  a 
certain  extent  the  body  becomes  liquid  (provided,  of  course, 
the  critical  pressure  is  not  overstepped),  the  bonds  holding 
the  paired  particles  together  having  been  strengthened  at  the 
expense  of  the  others  to  such  an  extent  that  the  latter  are  no 
longer  capable  of  holding  the  particles  in  relatively  fixed 
positions.  At  a  still  higher  temperature  they  have  become  so 
weakened  that  the  paired  particles  fly  off  in  the  form  of 
vapour. 

Now  Young's  Modulus  expresses  the  difficulty  experienced 
in  bringing  the  particles  of  a  body  nearer  together.  When  a 
body  is  compressed  it  yields  chiefly  at  those  places  where  the 
particles  are  furthest  a])art.  Hence,  in  the  case  of  a  body 
composed  of  partially  paired  particles,  the  yielding  will  chiefly 
occur  where  the  pairing  is  least,  /.  e.  between  the  particles  B 
and  C,  D  and  E,  &c.  in  fig.  1.  The  same  is  of  course  true  of 
tension. 

When,  however,  the  body  is  strained  electrically  the  case  is 
different.  The  electrostatic  field  takes  hold,  as  it  were,  of  all 
the  +  charges  throughout  the  dielectric,  and  urges  them  past 
all  the  —  charges,  which  it  pulls  in  the  opposite  direction. 
The  resistance  to  this  straining  will  obAdously  depend  prin- 
cipally on  the  firmness  with  which  the  paired  particles  hold 
together.  It  will  be  determined,  therefore,  by  the  forces 
between  the  particles  A  and  B,  C  and  D,  &c.,  and  will 
consequently  be  greater  than  M. 

From  this  it  follows  that  as  the  particles  become  more  and 
more  paired  (i.  e.,  as  they  pass  from  the  solid  to  the  gaseous 
condition)  M  will  get  less  and  less,  as  it  is  known  to  do,  while 
the  resistance  to  electrical  strain  will  probably  not  differ  much 
from  the  value  it  possessed  in  the  solid  state.  And,  in  fact,  if 
for  M  in  the  above  three  cases  of  fluids  we  substitute  the  value 
2  X  10^^,  which  is  fairly  representative  of  M  for  the  most 
elastic  solids  (it  is  necessary  to  take  a  high  value,  since, 
by  what  has  just  been  said,  low  elasticity  only  applies  to 
mechanical  strain  in  bodies  where  pairing  is  pronounced), 
we  obtain  for  q  : — 
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For  water  and  bisulphide  of  carbon     .     1*8  x  10~", 
For  oxygen        1-2x10-", 

numbers  which  are  in  satisfactory  agreement  with  the  ex- 
pected result.  It  would  be  necessary  to  divide  the  M  for 
paired  particles  by  2,  as  it  acts,  as  it  were,  on  one  side  only 
of  each  particle  ;  but  the  increased  nearness  of  the  particles 
due  to  pairing  probably  increases  M  sufficiently  to  render  this 
unnecessary. 

Even  in  solids  there  must  bo  some  difference  between  the 
electrical  and  mechanical  elasticities.  Pairing  must  have 
taken  place  to  a  certain  extent,  or  there  would  be  no  pyro-  or 
piezo-electricity.  If,  however,  we  may  take  the  values  of  q 
obtained  from  these  two  phenomena  as  an  indication  of  the 
amount  of  pairing  actually  achieved  at  ordinary  tempei'atures 
in  unstrained  solids,  that  amount  is  probably  about  a  tenth  of 
what  it  might  be,  and  may  therefore  be  neglected  for  the 
present  purpose. 

It  only  remains  now  to  consider  the  question  of  dielectric 
strength. 

Divide  the  tenacity  (T)  of  a  substance,  in  any  direction,  by 
the  number  of  molecules  in  each  sq.  cm,  of  a  plane  at  right 
angles  to  that  direction.  The  result  is  the  greatest  stress 
which  a  single  molecule  can  bear  without  being  torn  from  its 
neighbours.  Hence,  if  M  represent  the  mean  value  of  Young^'s 
Modulus  up  to  this  point,  and  A  the  corresponding  displace- 
ment of  the  molecule,  we  have,  by  (1)  : — 

2M    A_T 

n    '  d       n' 

If  now  force  be  applied  to  each  molecule  by  an  electro- 
static field,  the  disruptive  discharge  should  occur  at  the  point 
where  the  molecules  are  subjected  to  this  maximum  possible 
stress.  In  other  words,  by  what  has  been  said  above,  the 
density  of  the  fictive  layer  at  the  point  of  discharge  will  be 
given  by  the  equation 

gn    A  _ 

Y  '  d  ~P^^^- 

]Nowp=— T —  .  —T-,  where  -7-  represents  the  slope  of  poten- 
tial in  the  direction  of  the  applied  field  (the  surfaces  at  which 
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the  lines  of  force  enter  and  leave  the  substance  being,  as 
before,  normal  to  the  lines).  Hence,  by  combining  these 
equations, 

_dV    (K-l)^^M 
^~  ds  '         ttT        ' 

-p  being  here  the   maximum   slope  of  potential  which   the 

substance  will  stand  dielectrically.  M  is  unknown  ;  but, 
judging  by  what  is  known  of  the  behaviour  of  solids  under 
stress,  it  is  probably  considerably  less  than  the  value  of  M 
measured  within  the  limits  of  elasticity. 

To  test  this  formula  I  made  a  few  rough  experiments  on 
the  dielectric  strength  of  glass,  in  the  form  of  the  thin  plates 
used  for  the  covers  of  microscope-slides.  The  plates,  which 
were  1  j  inch  diam.,  were  held  at  their  centres  between  platinum 
knobs  of  2^  mm.  diam.  Parallel  with  these  knobs  was  a 
micrometer  spark-gauge,  the  length  of  wliich  was  gradually 
increased  until  the  glass  was  })ierced.  The  following  table 
gives  the  results  obtained  : — 


Thickness  (s)  of 
glass  in  cm. 

Max.  value  of  V 
in  E.S.  units. 

ds. 

0023 
0023 
0-025 

70 

77 
78 

3000 
3300 
3100 

3130 

Taking  the  value  of  K   for  glass  as   7,  T=6*5xlO,  and 
M  =  5-5  X  10",  we  have 

^<  1-2x10-'°. 

Now,  in  addition  to  the  fact  that  M  is  probably  less  than  M, 
T  is  also  likely  to  be  too  small  on  account  of  flaws  in  the 
material.  These  would  not  affect  the  dielectric  strength  nearly 
so  much  as  they  affect  the  tenacity,  because  the  stress  in  the 
latter  case  has  to  be  transmitted  from  point  to  point  in  the 
material,  and  may  therefore  have  to  be  shared  by  more  or 
fewer  molecules  according  as  the  material  is  truly  homo- 
geneous or  not,  w^hereas  in  the  dielectric  the  stress  is  applied 
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more  directly  to  each  molecule,  without  depending  so  much 
on  the  positions  of  its  neighbours,  and  is  therefore  more 
constant  in  amount.  Hence,  owing  to  both  these  causes,  the 
above  value  of  //  is  too  large. 

The  source  of  error  discussed  above  under  specific  inductive 
capacity,  which  is  due  to  the  resistance  of  a  body  to  electrical 
stress  being  greater  than  that  to  mechanical  stress  on  account 
of  pairing,  is  as  negligible  here  for  solids  as  it  probably  was 
there.  Indeed,  even  in  the  case  of  li({uids  it  is  not  nearly  so 
important  a  factor  in  the  calculation  as  before  ;  for  the  true 
value  of  T  (for  electrical  stress)  is  also  affected  by  the  same 
cause,  and  it  is  the   ratio  of  M  to  T  which   enters  into  the 

M 

expression  for  q  ;  and,  in  fact,  if  instead  of  the   ratio  —    we 

write  the  ratio  of  the  volume  of  a  liquid  to  the  change  of  its 
volume  when  strained  to  the  breaking-point  under  tension, 
not  only  does  this  source  of  error  become  negligible,  but  the 

one  which  depends  on  the  fact  that  M  is  less  than  M  disappears 

M 

altogether.     For  the  above  ratio  and  -^  are  by  definition  the 

same.  There  are,  however,  two  minor  sources  of  error  still 
remaining  in  the  case  of  liquids.  One  arises  from  the  experi- 
mental difficulty  of  ascertaining  the  maximum  extension  that 
a  pure  liquid  will  bear  without  breaking  ;  the  measured 
values  being  almost  certainly  too  low  in  consequence  of 
foreign  matter  in  solution.  The  other  is  due  to  the  fact  that 
the  molecules  of  a  liquid  are  able  to  move  about  among  them- 
selves. This  property  wall  enable  them,  when  the  field  of 
force  is  very  strong  (as  it  is  just  before  disruption  occurs)  to 
fall  into  line  with  it  and  foi-m  chains — a  tendency  which  must 
also  exist  in  solids,  but  is  probably  almost  unsatisfied  on 
account  of  their  rigidity.  Now  a  chain  of  alternately  oppo- 
sitely electrified  molecules  is  a  line  of  high  specific  inductive 
capacity,  and  the  formation  of  a  large  number  of  such  lines 
through  the  liquid  may  easily  raise  the  value  of  K  by  an 
appreciable  though  unknown  amount.  Hence,  as  these  two 
remaining  sources  of  uncertainty  tend  to  compensate,  and  it 
is  impossible  to  say  which  will  preponderate,  it  will  be  fairer 
to  substitute  the  sign  'Z  for  <  in  the  equation  of  q  for 
liquids. 

A  few  experiments  on  sparks  in  liquids,  duo  to  a  very 
sudden  rise  of  potential  between  ])latinum  electrodes,  are  in 
fair  agreement  with  the  formula  when  viewed  in  the  hVlit  of 
the  above. 

Phil.  Mag.  S.  5.  Vol.  34.  No,  211.  Dec.  1892.        2  L 
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Substance. 

s  in  cm. 

units. 

ds 

Water     

0-015 

0-0165 

0018 

53 
56 
56 

3500 
3400 
3100 

Oil 

The  potential  was  measured  by  comparing  the  spark  in  the 
liquid  with  a  spark  in  air  arranged  parallel  with  it ;  the 
assumption  being  made  that  the  same  potential  was  necessary 
to  produce  the  air-spark  whether  the  potential  was  applied 
suddenly  or  slowly. 

M  for  water  is  2  x  10'".  Berthelot  *  has  succeeded  in 
stretching  water  by  j^^  of  its  whole  volume.  K  for  water 
(calculated  fi-om  /x)  =  l*8.     We  have  therefore 

^;:i  2-6x10-". 

In  the  accompanying  table  the  values  of  q  calculated  by 
the  various  methods  discussed  in  this  paper  are  collected  for 
convenience  of  reference.  Their  agreement  with  each  other 
and  with  the  ionic  charge  seems  to  me  to  be  quite  beyond  the 
range  of  chance.  Except  in  one  case  theory  has  been  able 
to  anticipate  any  marked  divergence  from  the  ionic  value,  as 
is  shown  by  the  sign  >  or  < . 

On  the  other  hand,  it  is  well  to  emphasize  what  has  already 
been  pointed  out,  that  even  granting  the  reality  of  the  above 
relations,  the  existence  of  initially  charged  molecules  is  not  in 
every  case  necessitated  by  the  success  of  the  method  of  calcu- 
lation. It  has  been  shown  above  that  Method  III.  aflPords 
equally  good  e^ddence  that  cohesion  is  due  to  chemical  affinity, 
to  ionic  charges,  or  perhaps  to  both.  The  order  of  magnitude 
of  the  resulting  value  of  q  will  in  each  case  be  the  same.  So, 
too,  Dielectric  Capacity  has  been  show^n  by  Clausius  to  be 
explicable  on  the  hypothesis  of  induced  charges  in  conducting 
molecules  ;  and  the  ratio  of  the  volume  of  the  molecules  to 
the  space  they  occupy,  when  determined  by  this  theory,  is  in 
close  agreement  with  the  same  ratio  calculated  from  the 
behaviour  of  gases  under  pressure.  Either  this  agreement, 
therefore,  or  that  of  the  results  of  Method  lY.  with  the  other 
five  determinations  of  q,  must  be  accidental;  for  neither  theory 
of  dielectric  capacity  implies  the  other  in  any  way,  so  far  as 

*  B.A.  Report  for  1888,  p.  583. 
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I  am  able  to  judge.  With  Method  V.,  however,  acceptance  of 
the  formula  seems  to  necessitate  acceptance  of  initial  charges  ; 
and  this  is  still  more  the  case  with  Methods  I.  and  II.,  where 
electrification  is  produced  without  the  application  of  any- 
apparent  electrostatic  field. 

So  far,  at  any  rate,  as  the  results  of  the  table  are  concerned, 
I  think  it  will  be  admitted  that  the  hypothesis  of  initial  ionic 
charges  is  the  simplest  and  most  consistent  method  of  ex- 
plaining them.  Indeed,  if  it  were  not  for  the  difiiculties  met 
with  in  the  consideration  of  elementary  substances,  and  espe- 
cially of  metals,  one  would  be  almost  tempted  to  imagine  that 
chemical  affinity  and  ionic  attraction  were  one  and  the  same 
thing.  The  difficulty,  however,  of  accounting  for  opposite 
charges  in  similar  particles — the  fact  that  the  pairing  ten- 
dency is  so  small  in  metals  that  monatomic  vapours  are  the 
rule — the  low  compressibility  of  liquid  mercury,  which  also 
points  to  incomplete  pairing — and  especially  the  fact  that 
metals  conduct  without  any  apparent  convection  of  their  par- 
ticles— all  these  points  are  clearly  opposed  to  the  idea  that  the 
particles  of  metals  are  oppositely  and  permanently  charged. 

It  is  true  that  the  phenomena  of  thermo-electricity,  like  all 
other  cases  where  electricity  is  produced  by  apparently  non- 
electrical means,  are  likely  to  find  an  easy  explanation  if  the 
previous  existence  of  electricity,  as  such,  in  the  substance  is 
postulated.  So,  too,  magnetic  permeability  might  conceivably 
be  due  to  the  spinning  of  permanently  charged  atoms.  But 
these  are  the  only  indications  of  internal  charges  in  metals 
that  I  know  of,  and  they  are  very  slight. 

On  some  grounds  it  almost  seems  as  if  the  force  of  chemical 
affinity  in  some  way  passes  over  into  that  of  ionic  attraction 
either  during,  or  after,  or  even  just  before  the  act  of  combina- 
tion of  unlike  particles,  while,  from  symmetry,  it  remains 
unaltered  in  the  case  of  like  particles.  The  possible  equalit}^, 
mentioned  above,  of  the  two  forces,  lends  some  colour  to  the 
idea.  There  is,  however,  plenty  to  be  said  against  it.  If 
more  were  known  of  the  manner  in  which  monatomic  vapours 
conduct,  there  would  be  a  better  chance  of  coming  to  a  con- 
clusion on  this  question.  As  it  is,  it  must  be  left  for  the 
present  as  a  serious,  but  perhaps  not  insurmountable  difficulty 
from  the  point  of  ^dew  of  this  paper. 

One  other  point  I  may  refer  to.  For  convenience,  the 
word  pairing  has  been  used  to  indicate  the  combining 
tendency  of  oppositely  electrified  particles,  or,  rather,  the 
reluctance  of  the  two  electricities  to  part  company  while  the 
substance  expands  and  disintegrates  under  the  action  of  heat. 
Of  course,  it  is  not  necessary  that  this  process   should  be 
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limited  to  two  particles  only.  Given  the  proper  temperature 
with  corresponding  conditions  of  mass,  shape,  and  distribu- 
tion of"  charge  on  the  particles,  and,  as  it  seems  to  me,  almost 
any  amount  of  molecular  complexity  is  possible.  That  I  have 
not  taken  this  possibility  into  account  does  not,  however, 
vitiate  the  results  here  brought  forward,  as  they  do  not  pre- 
tend to  greater  accuracy  than  that  of  their  order  of  magnitude. 
It  is  the  cumulative  value  of  these  results  which  will,  I 
hope,  be  regarded  as  sufficient  reason  for  the  publication  of 
what  is  at  best  an  incomplete  piece  of  theory. 

Univ.  Coll.  Bristol. 


LVl.  On  the  Influence  of  Obstacles  arranged  in  Rectangular 
Order  upon  the  Properties  of  a  Medium.  By  Lord  Rayleigh, 
Sec.  R.S* 

THE  remarkable  formula,  arrived  at  almost  simultaneously 
by  L.  Lorenz  f  and  H.  A.  Lorentz  $,  and  expressing  the 
relation  between  refractive  index  and  density,  is  well  known  ; 
but  the  demonstrations  are  rather  difficult  to  follow,  and  the 
limits  of  application  are  far  from  obvious.  Indeed,  in  some 
discussions  the  necessity  for  any  limitation  at  all  is  ignored. 
I  have  thought  that  it  might  be  worth  while  to  consider  the 
problem  in  the  more  definite  form  which  it  assumes  wdien  the 
obstacles  are  supposed  to  be  arranged  in  rectangular  or  square 
order,  and  to  show  how  the  approximation  may  be  pursued 
when  the  dimensions  of  the  obstacles  are  no  longer  very  small 
in  comparison  with  the  distances  between  them. 

Taking,  first,  the  case  of  two  dimensions,  let  us  investigate 
the  conductivity  for  heat,  or  electricity,  of  an  otherwise  uniform 
medium  interrupted  by  cylindrical  obstacles  which  are  ar- 
ranged in  rectangular  order.  The  sides  of  the  rectangle  will 
be  denoted  by  a,  ^,  and  the  radius  of  the  cylinders  by  a.  The 
simplest  cases  would  be  obtained  by  supposing  the  material 
composing  the  cylinders  to  be  either  non-conducting  or  per- 
fectly conducting  ;  but  it  will  be  sufficient  to  suppose  that  it 
has  a  definite  conductivity  different  from  that  of  the  remainder 
of  the  medium. 

By  the  principle  of  superposition  the  conductivity  of  the 
interrupted  medium  for  a  current  in  any  direction  can  be  de- 
duced from  its  conductivities  in  the  three  principal  directions. 

*  Communicated  by  tlie  Autlior. 
t  Wied.  Ann.  xl  p.  70  (1880). 
t  Wied.  Ann.  ix.  p.  641  (1880). 
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Since  conduction  parallel  to  the  axes  of  the  cylinders  pre- 
sents nothing  special  for  our  consideration,  we  may  limit 
our  attention  to  conduction  parallel  to  one  of  the  sides  (a)  of 
the  rectangular  structure.     In  this  case  lines  parallel  to  «, 


I 


o 

B 

FiK.  1. 

o 

c 

o 

o 

o 

A 

o 

o 

D 

o 

symmetrically  situated  between  the  cyhnders,  such  as  AD, 
BC,  are  lines  of  flow,  and  the  perpendicular  lines  AB,  CD  are 
equipotential. 

If  we  take  the  centre  of  one  of  the  cylinders  P  as  origin  of 
polar  coordinates,  the  potential  external  to  the  cylinder  may 
be  expanded  in  the  series 

V  =  Ao+  (Air  +  B,r-0  cos  6+  (Asr^  +  Bgr-^)  cos  36/+. . .,  (1) 
and  at  points  within  the  cyhnder  in  the  series 

y'  =  Co  +  Circos^  +  C3>'3cos3^+...,    .     .     (2) 

6  being  measured  from  the  direction  of  a.  The  sines  of  6 
and  its  multiples  are  excluded  by  the  symmetry  with  respect 
to  ^=0,  and  the  cosines  of  the  even  multiples  by  the  sym- 
metry with  respect  to  ^=^7r.  At  the  bounding  surface, 
where  ?'=a,  we  have  the  conditions 

V  =  V',     vd\'ldr=dYldr, 

V  denoting  the  conductivity  of  the  material  composing  the 
cylinders  in  terms  of  that  of  the  remainder  reckoned  as  unity. 
The  application  of  these  conditions  to  the  term  in  cos  n0 
gives 

B  =^^a2»A /3x 

In  the  case  where  the  cylinders  are  perfectly  conducting, 
v  =  QC)  .     If  they  are  non-conducting,  ^  =  0. 
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The  values  of  the  coefficients  Ai,Bi,  A3,B3  .  .  .  are  neces- 
sarily the  same  for  all  the  cylinders,  and  each  may  he  regarded 
as  a  similar  multiple  source  of  potential.  The  first  term  A^, 
however,  varies  from  cylinder  to  cylinder,  as  we  pass  up  or 
down  the  stream. 

Let  us  now  apply  Green's  theorem, 


J( 


jj<-^_Y'^\ds  =  Q     ....     (4) 

dn  dn  J  ^ 


to  the  contour  of  the  region  between  the  rectangle  ABCD  and 
the  cylinder  P.  Within  this  region  V  satisfies  Laplace's 
equation,  as  also  wall  U,  if  we  assume 

U  =  A'=rcos^ (5) 

Over  the  sides  BC,  AD,  d^J/dn,  dY/dn  both  vanish.  On  CD, 
\dY/dnds  represents  the  total  current  across  the  rectangle, 
which  we  may  denote  by  C.  The  value  of  this  part  of  the 
integral  over  CD,  AB  is  thus  «C.  The  value  of  the  remainder 
of  the  integral  over  the  same  lines  is  —  V^yS,  where  Vi  is  the 
fall  in  potential  corresponding  to  one  rectangle,  as  between  CD 
and  AB. 

On  the  circular  part  of  the  contour, 

U  =  a  cos  0,     d\]/dn=  —d'U/dr=  —cos  0  ; 

and  thus  the  only  terms  in  (1)  which  will  contribute  to  the 
result  are  those  in  cos  0.     Thus  we  may  write 

V=(Aja-f  Bia-»)cos^, 
dV/dn^  -  (Ai-Bia-2)  cos  0; 

so  that  this  part  of  the  integral  is  27rBi.  The  final  result 
from  the  application  of  (4)  is  thus 

«C-y3Vi  +  27rBi=0 (6) 

If  Bi=0,  we  fall  back  upon  the  uninterrupted  medium  of 
which  the  conductivity  is  unity.  For  the  case  of  the  actual 
medium  we  require  a  further  relation  between  Bj  and  Vj. 

The  potential  V  at  any  point  may  be  regarded  as  due  to 
external  sources  at  infinity  (by  which  the  flow  is  caused)  and 
to  multiple  sources  situated  on  the  axes  of  the  cylinders.  The 
first  part  may  be  denoted  by  H.r.  In  considering  the  second 
it  will  conduce  to  clearness  if  we  imagine  the  (infinite)  region 
occupied  by  the  cylinders  to  have  a  rectangular  boundary 
parallel  to  a  and  yS.  Even  then  the  manner  in  which  the  inHnite 
system  of  sources  is  to  be  taken  into  account  will  dojiend  upon 
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the  shape  of  the  rectangle.  The  simplest  case,  which  suffices 
for  our  purpose,  is  when  we  suppose  the  rectangular  boundary 
to  be  extended  infinitely  more  parallel  to  a  than  parallel  to  0. 
It  is  then  evident  that  the  periodic  difference  Vi  may  be 
reckoned  as  due  entirely  to  H.i',  and  equated  to  Ha.  For  the 
difference  due  to  the  sources  upon  the  axes  will  be  equivalent 
to  the  addition  of  one  extra  column  at  +  X) ,  and  the  removal 
of  one  at  — oo  ,  and  in  the  case  supposed  such  a  transference  is 
immaterial*.     Thus 

Vi=Ha (7) 

simply,  and  it  remains  to  connect  H  with  Bj. 

This  we  may  do  by  equating  two  forms  of  the  expression 
for  the  potential  at  a  point  x,  y  near  P.  The  part  of  the 
potential  due  to  H.r  and  to  the  multiple  sources  Q  (P  not 
included)  is 

Ao  +  Aircos^-f  Asr^cosS^H- ; 

or,  if  we  subtract  Hctr,  we  may  say  that  the  potential  at  x^  y 
due  to  the  multiple  sources  at  Q  is  the  real  part  of 

Ao+(Al-H)(^  +  ^»^-A3(^  +  ^?/)3  +  A5Gr  +  ^t/)5+  ...     .     (8) 

But  if  x' ,  y'  are  the  coordinates  of  the  same  point  when  re- 
ferred to  the  centre  of  one  of  the  Q's,  the  same  potential  may 
be  expressed  by 

t{B,{x'  +  iy')-'  +  M^'  +  iy')-"  + ■■■'),     '     •     (9) 

g  extended   over  all  t 
Q  referred  to  P, 

so  that 

Since  (8)  is  the  expansion  of  (9)  in  rising  powers  of 
(.t' +  ?'?/),  we  obtain,  equating  term  to  term, 

H-Ai  =  BiS2  +  3B3S,  +  5B5  2e  +  ... 

-1.2.3A3=1.2.3BiS4  +  3.4.5B3S6+... 

-1.  2.  3.  4. 5  A5=l.  2.  3.  4.  5  Bi  26  +  3.4.5.(3.7  65^8  +  . 

and  so  on,  where 

t,=t[Hiv)-'\ (11) 

the  summation  extending  over  all  the  Q^s. 

*  It  would  be  otherwise  if  the  iufiuite  rectangle  were  supposed  to  be 
of  another  shape,  c.  g.  to  be  square. 


the  summation  being  extended   over  all  the  Q's.     If  ^,  t]  be 
the  coordinates  of  a  Q  referred  to  P, 
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By  (3)  each  B  can  be  expressed  in  terms  of  the  correspond- 
ing A.     For  brevity,  we  will  write 

A„  =  v'a-^"B„ (12) 

where 

v'  =  (l  +  v)/(l-v) (13) 

We  are  now  prepared  to  find  the  approximate  value  of  the 
conductivity.     From  (6)  the  conductivity  of  the  rectangle  is 

so  that  the  specific  conductivity  of  the  actual  medium  for 
currents  parallel  to  a  is 

1-^' (") 

and  the  ratio  of  H  to  Bj  is  given  approximately  by  (10) 
and  (12). 

In  the  first  approximation  we  neglect  Xi,  Sg . . . .,  so  that 

A3,  Ag . . .  B3,  B5 .  .  . .  vanish.  In  this  case 

H  =  Ai  +  BjS2  =  Bi(v'a-='  +  22),     .     .     .     (15) 
and  the  conductivity  is 

u^{y+a^^,) ^^^^ 

The  second  approximation  gives 

^'=/  +  a2S2-^a%',     ....     (17) 

and  the  series  may  be  continued  as  far  as  desired. 

The  problem  is  thus  reduced  to  the  evaluation  of  the  quan- 
tities S2,  24,  .  .  .  "We  will  consider  first  the  important  parti- 
cular case  which  arises  when  the  cylinders  are  in  square 
order,  that  is  when  ^  =  a.  ^  and  »;  in  (11)  are  then  both 
multiples  of  a,  and  we  may  write 

^n  =  «-"S„, (18) 

where 

^^  =  t(m'  +  ivi)-»; (19) 

the  summation  being  extended  to  all  integral  values  of  m,  m', 
positive  or  negative,  except  the  pair  m  =  0,  m'  =  0.  The 
quantities  S  are  thus  purely  numerical,  and  real. 

The  next  thing  to  be  remarked  is   that,  since  m,  m'  are  as 
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much  j^ositive  as  negative,  S„  vanishes   for  every  odd  value 
of  n.     This  holds  even  when  a  and  /3  are  unequal. 
Again, 

=  (-l)"^(-?m'  +  m)-2™  =  (_i)ns^^. 

Whenever  n  is  odd,  S2»  =  —  ^2n^  or  82^  vanishes.     Thus  for 
square  order, 

Se  =  Sio  =  Si4  =  .  .  .  =  0 (20) 

This  argument  does  not,  without  reservation,  apply  to  Sg. 
In  that  case  the  sum  is  not  convergent  ;  and  the  symmetry 
between  m  and  m',  essential  to  the  proof  of  evanescence,  only 
holds  under  the  restriction  that  the  infinite  region  over  which 
the  summation  takes  place  is  symmetrical  with  respect  to  the 
two  directions  a  and  /3 — is,  for  example,  square  or  circular. 
On  the  contrary,  we  have  supposed,  and  must  of  course  continue 
to  suppose,  that  the  region  in  question  is  infinitely  elongated 
in  the  direction  of  a. 

The  question  of  convergency  may  be  tested  by  replacing 
the  parts  of  the  sum  relating  to  a  great  distance  by  the  corre- 
sponding integral.     This  is 


CCjxdy_   ^    CC 
JJ  (.^  +  ^3/)^»         JJ 


cos  2n6  r  dr  dO 


and  herein 


>-2»+i  dr  =  r-2»+V(-2/i  +  2) 


so  that  if  n  >  1  there  is  convergency,  but  if  n  =  1  the  integral 
contains  an  infinite  logarithm. 

We  have  now  to  investigate  the  value  of  S2  appropriate  to 
our  purpose  ;  that  is,  when  the  summation  extends  over  the 
region  bounded  by  ^=  +u,  ^/=  +i^,  where  u  and  v  are  both 
infinite,  but  so  that  v/ii=-0.  If  we  suppose  that  the  region 
of  summation  is  that  bounded  by  x=  ±v,  y=  +v,  the  sum 

Fig.  2. 


vanishes  b^^  symmetry.  We  may  therefore  regard  the  sum- 
mation as  extending  over  the  region  bounded  externally  by 
,x=  +ao,  ?/=  +v, and  internally  by  .r=  +v  (fig.  2).  When 
V  is  very  great,  the  sum  may  l)e  replaced  by  the  corresponding 
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integral.     Hence 

■  iyy- 


^■'-^iii^.^ (^1) 


the  limits  for  y  beino-  -j-r,  and   those   for  x  being  v  and  oo  . 
Ultimately  v  is  to  be  made  infinite. 
We  have 


r 


'+"      dy       _      i  i      _  2v 

_P  {x-\-iyY      x  +  iv  x  —  iv  x'^  +  v'^  ' 

and 

=  2  tan  00— 2  tan  l=i7r. 


j: 


„   x'  +  v"^ 
Accordingly 

So  =  7r (22) 

In  the  case  of  square  order,  equations  (10)  (12)  give 

f^  —  v'  4-  /ySy     _  _  o«V  2  _  1_  a^GSji  _ 

—  V  -t  a  Zt2        ^  "  -^4  y/  "    '^s        .... 

=  1^  +  ^-  T-s  S/--,^eS8^-...;  .     (23) 
a  V   a  K« 

and  by  (14) 

Conductivity  =  1 y'  '  tj~2 (2^) 

If  p    denote    the    proportional    space    occupied    by   the 
cylinders, 

p  =  ira?loi?  ; (25) 

and 

Conductivity  =  1 .^-^ ^-^ .  .     .     .     (26) 

^  VTT  VTT 

Of  the  double  summation  indicated  in  (19)  one  part  can 
be  effected  without  difficulty.     Consider  the  roots  of 

sin  (f — M/i7r)  =  0. 
They  are  all  included  in  the  form 

^  —  h/tt  4-  /»i7r, 
where  m'  is  any  integer,  positiv(;,  negative,  or  zero.     Hence 
we  see  that  sin(^  — /m7r)  may  be  written  in  the  form 

A(i_^)(i-     f    Vi__LYi-     f^).... 
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in  which 

A  =  — sin  imir. 
Thus 

log  -jcos  ^— cot/?n7rsin  f  |- =log  (  1 -. —  j 

+  log(l-.-4--)+.... 
°  \        imir  +  TT/ 

If  we  change  the  sign  of  m,  and  add  the  two  equations,  we 
get 

whence,  on  expansion  of  the  logarithms, 

sin^l  sin^f  sin^^ 


+  o.:,.4;l,+  t..;„.;l^  + 


sin^/mTT      2  sin"*/j/i7r      3  sin''/m7r 
-  p  /_i_  1  1  ( 

,  ..4 r    111 ^       Y 

+  w^_  + \ +  .   1+     . 


By  expanding  the  sines  on  the  left  and  equating  the  corre- 
sponding powers  of  ^,  we  find 

1       .__1  .  1,1,         ___Z^.27^ 


^     +7-4n4+---  =  -ir^?^  +  --4^.      .     (28) 


1     ,       1       1         -__2^1_ ^._z!_   m^ 


(w?t)^     (z'm  +  l)^       "  '  '       losin^imTT     sin*i?rt7r     sin*'t;?i7r' 

In  the  summation  with  respect  to  m  required  in  (19)  we 
are  to  take  all  positive  and  negative  integral  values.  But  in 
the  case  of  ??i  =  0  we  are  to  leave  out  the  first  term,  corre- 
sponding to  m'  =  0.     When  m  =  0, 


1^  1 


IT 


sm^imTr       {tmy       3 
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wbich,  as  is  well  known,  is  the  value  of 

12+    (-1)2  "t"   22  ■^(-2)2+ 

Hence 
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and  in  like  manner 

TT*  m— oo 

S4  =  pi  +277*    S  {  — §  sm~'^im7r  +  sm~*i)n7r}, 


(30) 
(31) 


S«  = 


27.35 


.     (32) 

We   have   seen  already  that  ^6  =  0,   and  that   So  =  7r.      The 
comparison  of  the  hitter  with  (30)  gives 


27r      6* 


.     (33) 


We  will  now  apply  (31)  to  the  numerical  calculation  of 


S4.     We  find: 


m. 

—  sia    •irmr. 

Bin~'*m7r. 

1 
2 
3 

•007-497G7 

1395 

3 

•0000562150 
2 

Sum 

•00751165 

•0000562152 

SO  that 

S4=7r^x  03235020 (34) 

In  the  same  way  we  may  verify  (33),  and  that  (32)  =0. 

If  we  introduce  this  value  into  (26),  taking  for  example 
the  case  where  the  cylinders  are  non-conductive  (i/'=l),  we 
get 

^~l+p--3058;7 ^^^^ 

From  the  above  example  it  appears  that  in  the  summation 
with  respect  to  m   there   is  a  high  degree  of  convergency. 
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The  reason  for  this  will  appear  more  clearly  if  we  consider 
the  nature  of  the  first  summation  (with  respect  to  m').  In 
(19)  we  have  to  deal  with  the  sum  of  {'V -{■  iy)~'^ ,  where  ?/  is 
for  the  moment  regarded  as  constant,  while  x  receives  the 
values  a?=m'.  If,  instead  of  being  concentrated  at  equidistant 
points,  the  values  of  x  were  uniformly  distributed,  the  sum 
would  become 

dx 


I 


Now,  n  being  greater  than  1,  the  value  of  this  integral  is 
zero.  We  see,  then,  that  the  finite  value  of  the  sum  depends 
entirely  upon  the  discontinuity  of  its  formation,  and  thus  a 
high  degree  of  convergency  when  y  increases  may  be  ex- 
pected. 

The  same  mode  of  calculation  may  be  applied  without 
difficulty  to  any  particular  case  of  a  rectangular  arrangement. 
For  example,  in  (11) 

^2  =  2  ( »i'«  +  im^)  -2  =  a-2S  {m'  +  im^ja)  -\ 

If  m  be  given,  the  summation  with  respect  to  m'  leads,  as 
before,  to 


and  thus 


sin^  {im7r/3/a.) ' 


a%=27r2Ssin-2(/m7r/3/a)+^7r2.      .     .     (36) 


The  numerical  calculation  would  now  proceed  as  before, 
and  the  final  approximate  result  for  the  conductivity  is  given 
by  (16).  Since  (36)  is  not  symmetrical  with  respect  to  a 
and  /3,  the  conductivity  of  the  medium  is  different  in  the  two 
principal  directions. 

When  /S  =  a,  we  know  that  ci-^%2  =  '^-  And  since  this  does 
not  differ  much  from  ^tt^,  it  follows  that  the  series  on  the  right 
of  (36)  contributes  but  little  to  the  total.  The  same  will  be 
true,  even  though  /3  be  not  equal  to  cc,  provided  the  ratio  of 
the  two  quantities  be  moderate.  We  may  then  identify  a-2^2 
with  TT,  or  with  ^tt'"^,  if  we  are  content  with  a  very  rough 
approximation. 

The  question  of  the  values  of  the  sums  denoted  by  22„  is 
intimately  connected  with  the  theory  of  the  ^-functions  *, 
inasmuch  as  the  roots  of  H(«),  or  6i{7ru/2K),  are  of  the  form 

2mK  +  2m'/K'. 

*  Cayley's  '  Elliptic  Functions,'  p.  300.    The  notation  is  that  of  Jacobi. 
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The  analytical  question  is  accordingly  tbat  of  the  expansion 
of  log  Oi{x)  in  ascending  powers  of  x.  Now,  Jacobi  *  has 
himself  investigated  the  expansion  in  powers  of  .r  of 

6^  (.r)  =  2 1  gV'  sin  x  -  //*  sin  3x  +  q^'-l^  sin  5.r  -  . . .  f,  (37) 
where  /^  =  ^-"K'/k (^38) 

So  far  as  the  cube  of  x  the  result  is 

D  being  a  constant  which  it  is  not  necessary  further  to  specify. 
K  and  E  are  the  elliptic  functions  of  k  usually  so  denoted. 
By  what  has  been  stated  above  the  roots  of  di{x)  are  of  the 
form 

7r(m  +  m'iK7K); (40) 

so  that 

2{/n  +  m'K7Kf-'=||3KE-(2-P)K2f,    .     (41) 

the  summation  on  the  left  being  extended  to  all  integral 
values  of  m  and  ni,  except  m  =  0,  m'  =  0. 

This  is  the  general  solution  for  22-     If  K'=K,  k^  =  ^,  and 

^{m  +  iW[-'  =  2J2KE-K2[  =  7r, 

since  in  general  f, 

EK'  +  E'K-KK'  =  i7r. 

In  proceeding  further  it  is  convenient  to  use  the  form  in 
which  an  exponential  factor  is  removed  from  the  series. 
This  is 

n,^  Al        'AT^r^r        A  ^''^''  AV  AV  1 

e^{x)  =K^e-'^^^'^s,kx-s,  -^  +  .^,  -^  -53  -^  +  .  .  .  j., 

in  which  ^      * 

A=2K,     B=?5-i"??, (43) 

the  law  of  formation  of  s  being 

«,„+!  =  2/« (2»i  +  1) /3 '.s„-i  +  «,5 dsjd^ -  8l3'dsjdu,    (44) 

*  '  Crelle,'  Bd.  54,  p.  82. 

t  Cayley's  '  Elliptic  Functions,'  p.  49, 
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while 

a=k'^-k'',     ^=s/{kk').         .     .     .     (45) 

I  have  thought  it  worth  while  to  quote  these  expres- 
sions, as  they  do  not  seem  to  be  easily  accessible  ;  but  I 
propose  to  apply  them  only  to  the  case  of  square  order,  K'=  K, 

F2=F=i.     Thus 

AB  =  l/7r,     «  =  0,     /8=i/v^2;   .     .     .     (46) 

5o=/3,     s,  =  0,     s,=  ~20',     53=0,     s,=  -36^', 
and 

eM  =  ^2 "-'-'"  {i-  2-:^!  -  O!  +  •••}•  •  ^"^ 

Hence 

e,  {.V)  _  _  .v^  _  A^.^  A\.^      _ 

^''^D:;^-      2^      2751-16.35.5!      •••     ^^^^ 

If  ±^n  ±^2>  •  •  •  ^re  the  roots  of  0i{x)lx=O,  we  have 


27r'  ~  5!'  '  7.5.4.5! 

Now  by  (40)  the  roots  in  question  are  tt  {m  +  im') ,  and  thus 

S2  =  7r,     84=  ^ A*,     ^8=  70^  5  p      •     •     (49) 
in  which 

2^_        12    1       1^  3^  1       1^  3^  .  5^   1 
A-  ^J^-l+  22' 2      2'-^.  42 '4  "^22.  42.  62' 8  ■•"'•' 

=  1-18034. 

Leaving  the  two-dimensional  problem,  I  will  now  pass  on 
to  the  case  of  a  medium  interrupted  by  spherical  obstacles 
arranged  in  rectangular  order.  As  before,  we  may  suppose 
that  the  side  of  the  rectangle  in  the  direction  of  flow  is  a,  the 
two  others  being  /3  and  7.     The  radius  of  the  sphere  is  a. 

The  course  of  the  investigation  runs  so  nearly  pai-allel  to 
that  already  given,  that  it  will  suffice  to  indicate  some  of  the 
steps  with  brevity.  In  place  of  (1)  and  (2)  we  have  the 
expansions 

Y  =  Ao+{A,r  +  B,r-')Y,+  ... 

+  (A„r»+B„r-"-i)Y„+...,       .     .     (50) 
V'  =  Co  +  CilV+  .  .  .  +CnY„r-+...,    .     (51) 
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spherical  surface  harmonic  < 
conditions 

V  =  V',      vdY'/dn  =  dVldn, 


Y„  denoting  the  spherical  surface  harmonic  of  order  n.     And 
from  tho  surface  conditions 


we  find 


B„=  .~~  -  a^«+iA„.         .     .     .     (52) 
1  +  V  +  1/n  ^ 

We  must  now  consider  the  limitations  to  be  imposed  upon 
Y„.     In  general, 

Y„=T©:(H,cos5(^  +  K;sin.9(^),      .     .     (53) 

.9  =  0 

where 

(d:  =  shve(cos"-^d-  ^"~i^''~''~-^'  cos"-^-^^+  .  .  A     (54) 

6  being  supposed  to  be  measured  from  the  axis  of  x  (parallel 
to  a),  and  ^  from  the  plane  of  .r~.  In  the  present  application 
synimetry  requires  that  s  should  be  even,  and  that  Y„  (except 
when  n  =  0)  should  be  reversed  when  [ir—d)  is  written  for  0. 
Hence  even  values  of  n  are  to  be  excluded  altogether. 
Further,  no  sines  of  s(f)  are  admissible.     Thus  we  may  take 

Yi  =  cos6', (55) 

Y3=cos^^-f  cos6^  +  H2sin2(9cos^cos2</),       .     (56) 

Ys = cos^  e  -  ^f  cos^'  d + -^\  cos  e 

+  L2  sin2^(cos^6'-lcos  0)  cos  2(f> 

+  L^dn*  6  cos  0  cos  4:(j) (57) 

In  the  case  where  /3=y  symmetry  further  requires  that 

H2  =  0,     L2=0 (58) 

In  applying  Green's  theorem  (4)  the  only  difference  is  that 
we  must  now  understand  by  s  the  area  of  the  surface  bounding 
the  region  of  integration.  If  C  denote  the  total  current 
flowing  across  the  faces  /3<y,  V^  the  periodic  difference  of 
potential,  the  analogue  of  ((>)  is 

«C-/3y\^i  +  47rB,  =  0.       ....     (59) 

We  su])])0se,  as  before,  that  the  system  of  obstacles,  ex- 
tended without  limit  in  every  direction,  is  yet  infinitely  more 
extended  in  the  direction  of  «  than  in  the  directions  of  /3  and  7. 
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Then,  if  H.r  be  the  potential  due  to  the  sources  at  infinity 
other  than  the  spheres,  A^i  =  Ha,  and 

C_)67r.       47rBn 

so  that  the  specific  conductivity  of  the  compound  medium 
parallel  to  «  is 

'-Wk ^''^ 

We  will  now  show  how  the  ratio  Bj/H  is  to  be  calculated 
approximately,  limiting  ourselves,  however,  for  the  sake  of 
simplicity  to  the  case  of  cubic  order,  where  a  =  /3  =  7.  The 
potential  round  P,  viz. 

Ao  +  Air.Yi  +  A3r^Y3+  ..., 

may  be  regarded  as  due  to  Hx  and  to  the  other  spheres  Q 
acting  as  sources  of  potential.  Thus,  if  we  revert  to  rectan- 
gular coordinates  and  denote  the  coordinates  of  a  point  rela- 
tively to  P  by  X,  y,  z,  and  relatively  to  one  of  the  Q's  by 
.x',  y' ,  z',  we  have 

=  B,sg^+B3S^"~|-''^'''  +  ...,      .     ((U) 

in  which 

a:'  =  w-^,     y'=y-7),     z'  =  z-^, 

if  ^,  77,  ^  be  the  coordinates  of  Q  referred  to  P.  The  left  side 
of  ((51)  is  thus  the  expansion  of  the  right  in  ascending  powers 
of  cT,  y,  z.  Accordingly,  Aj  — H  is  found  by  taking  d/dx  of 
the  i-ight-hand  member  and  then  making  x,  y,  z  vanish.  In 
like  manner  6A3  will  be  found  from  the  third  differential 
coefficient.     Now,  at  the  origin, 


rhich 


d 

x' 

d 

x' 

d 

-f_ 

P' 

-3^^ 

dx 

r" 

d^ 

r" 

d^ 

P' 

P' 

P'=','  +  V'  +  ^' 


It  will  be  observed  that  we  start  with  a  harmonic  of  order 
1  and  that  the  differentiation  raises  the  order  to  2.  The  law 
that  each  differentiation  raises  the  order  by  unity  is  general ; 
and,  so  far  as  we  shall  proceed,  the  harmonics  are  all  zonal. 
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and  may  be  expressed  in  the  usual  way  as  functions  P,i(/a)  of  /x, 
where  fi  =  ^'p.     Thus 

d  x' 

dx  r'^  ^  ^ 

In  like  manner, 

d  a^;^^  _  d  r-f^P^  _  _  8 

dx         r'-'         ~d^        p'  5^      ^"^^^^ 

and 

r/'   y  _  rf'    f  _ 

The  comparison  of  terms  in  (61)  thus  gives 

Ai-H=-2Bi2p-3P2-|B3V'P4+.-." 

A3=-4Bi2p-5P,+  ....  |>.    .     (62) 


Jn  each  of  the  quantities,  such  as  Sp^^Pg,  the  summation 
is  to  be  extended  to  all  the  points  whose  coordinates  are  of 
the  form 

lu,  via,  nxj 

where  /,  m,  n  are  any  set  of  integers,  positive  or  negative, 
except  0,  0,  0.  If  we  take  «  =  1,  and  denote  the  corresponding 
sums  by  S2,  S4,  .  .  .  .  ,  these  quantities  will  be  purely  nume- 
rical, and 

Sp-"-^P„  =  «— iS„ ((33) 

From  (52)  (02)  we  now  obtain 

Ha^       2  +  v      ^^c^      321-j/2«io 

137  =  i_-,  +  2S^«3--jqr, 84^0+..-,  m 

which  with  (GO)  gives  the  desired  result  for  the  conductivity 
of  the  medium. 

We  now  proceed  to  the  calculation  of  S2.     We  have 

By  the  symmetry  of  a  cubical  arrangement,  it  follows  that 

so  that  if  S  were  calculated  for  a  space  bounded  by  a  cube, 
it  would  necessarily  vanish.  But  for  our  purjiose  So  is  to 
be  calculated  over  the  space  bounded  l)v  ^= +''^  ,  v=±v, 

2M2 
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^=  +  V,  where  v  is  finally  to  be  made  infinite  ;  and,  as  we      ■ 
have  just  seen,  we  may  exclude  the  space  bounded  by 

so  that  ^82  will  be  obtained  from  the  space  bounded  by 

^=v,      1  =  00,     97=  ±f,     ^=±v. 

Now   when  p  is  sufficiently  great,   the   summation   may  be 
replaced  by  an  integration  ;  thus 


In  this, 


J- 


-r  ifw+^t  ~  (t-+n  (2^-Hrf 


and  finally 

r+'--        vH^        ^  r      2d0 

J_„  (jr^  +  ^')(2v'  +  n'      Jo  v/(2  +  tan2t^) 


i: 


S2='# (65) 


Jo       V(2-.s^)~3* 

Thus 

27r 
3 

If  we  neglect  a^'^/ot^^,  and  write  p  for  the  ratio  of  volumes, 
viz. 

p=^' <''^' 

we  have  by  (()0)  for  the  conductivity 

(2-H^)/(l-v)-2y> 

(2  +  v)/(l-i/)+j.' ^''^ 

or  in  the  particular  case  of  non-conducting  obstacles  (v  =  0) 

^P (««) 

In  order  to  carry  on  the  approximation  we  must  calculate 
S4  &c.  Not  seeing  any  general  analytical  method,  such  as 
was  available  in  the  former  problem,  I  have  calculated  an 

*  Compare  Maxwell's  *  Electricity,'  §  314. 
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approximate  value  of  ^4  by  direct  summation  from  the 
formula 

We  may  limit  ourselves  to  the  consideration  of  positive  and 
zero  values  of  ^,  77,  ^.  Every  term  for  which  |,  rj,  ^  are 
finite  is  repeated  in  each  octant,  that  is  8  times.  If  one  of 
the  three  coordinates  vanish,  the  repetition  is  fourfold,  and 
if  two  vanish,  twofold. 

The  following  table  contains  the  result  for  all  points  which 
lie  within  /3'^=18.  This  repetition  in  the  case,  for  example, 
of  p2=9  represents  two  kinds  of  composition.     In  the  first 

^-'  =  22  +  2^  +  12  =  9, 
and  in  the  second 

^2  =  32  +  02  +  02  =  9. 

The  success  of  the  approximation  is  favoured  by  the  fact  that 
P  A'anishes   when   integrated   over  the  complete  sphere,   so 
that   the   sum   required   is   only  a  kind  of  residue  depending 
upon  the  discontinuity  of  the  summation. 
The  result  is 

{^^) 


84  =  3-11, 


P' 

P' 

1 

0,  0,  1 

1 

+  3-5000 

0,  0,  3 

9 

+ 

0144 

0,  1,  1 

2 

-  -3094 

0,  1,  3 

10 

+ 

0243 

1,  1,  1 

3 

-  -1996 

1,  1,  3 

11 

+ 

0075 

0,  0,  2 

4 

+  -1094 

2,  2,  2 

]2 

- 

0062 

0,  1,  2 

6 

+  -0501 

0,  2,  3 

13 

- 

0015 

1,  1.  2 

6 

-  -0397 

1.  2,  3 

14 

- 

0095 

0,  2,  2 

8 

-  0097 

0,  0,  4 

16 

+ 

0034 

1,  2,  2 

9 

-  0277 

2,  2,  3 

17 

- 

0061 

1 

0,  1,  4 

17 

+ 

0085 

The  results  of  our  investigation  have  been  expressed  for 
the  sake  of  sim])]icity  in  electrical  language  as  the  con- 
ductivity of  a  conn)ound  medium,  but  they  may  now  be 
applied  to  certain  pr(j})lenis  of  vibration.  The  simplest  of 
these  is  the  problem  of  wave-motion  in  a  gaseous  medium 
obstructed  by  ligid  and  fixed  cylinders  or  spheres.  It  is 
assumed  that  the  wave-length  is  very  great  in  comparison 
with  the  period  (a,  /3,  7)  of  the  structure.     Under  theso  cii- 
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cnmstances  the  flow  of  gas  round  the  obstacles  follows  the 
same  law  as  that  of  electricityj  and  the  kinetic  energy  of  the 
motion  is  at  once  given  by  the  expressions  already  obtained. 
In  fact  the  kinetic  energy  corresponding  to  a  given  total  flow 
is  increased  by  the  obstacles  in  the  same  proportion  as  the 
electrical  resistances  of  the  original  problem,  so  that  the 
influence  of  the  obstacles  is  taken  into  account  if  we  suppose 
that  the  density  of  the  gas  is  increased  in  the  above  ratio 
of  resistances.  In  the  case  of  cylinders  in  squai-e  order 
(35),  the  ratio  is  approximately  (1 +/))/(l— ^J*),  and  in  the 
case  of  spheres  in  cubic  order  by  (68)  it  is  approximately 

(l  +  i/>)/(l-p). 

But  this  is  not  the  only  efi:ect  of  the  obstacles  which  we 
must  take  into  account  in  considering  the  velocity  of  pro- 
pagation. The  potential  energy  also  undergoes  a  change. 
The  space  available  for  compression  or  rarefaction  is  now 
(1—/;)  only  instead  of  1  ;  and  in  this  proportion  is  increased 
the  potential  energy  corresponding  to  a  given  accunnilation 
of  gas*.  For  cylindrical  obstruction  the  square  of  the  velocity 
of  propagation  is  thus  altered  in  the  ratio 

SO  that  if  IX  denote  the  refractive  index,  referred  to  that  of 
the  unobstructed  medium  as  unity,  we  And 

^^"  (/^--l)/y>  =  constant, (70) 

which  shows  that  a  medium  thus  constituted  would  follow 
Xewton's  law  as  to  the  relation  between  refraction  and 
density  of  obstructing  matter.  The  same  law  (70)  obtains 
also  in  the  case  of  spherical  obstacles  ;  but  reckoned  abso- 
lutely the  effect  of  spheres  is  only  that  of  cylinders  of  halved 
density.  It  must  be  remembered,  however,  that  while  the 
velocity  in  the  last  case  is  the  same  in  all  directions,  in  the 
case  of  cylinders  it  is  otherwise.  For  waves  propagated 
parallel  to  the  cylinders  the  velocity  is  uninfluenced  by  their 
presence.  The  medium  containing  the  cylinders  has  there- 
fore some  of  the  jn'operties  which  we  are  accustomed  to 
associate  with  double  refraction,  although  here  the  refraction 
is  necessarily  single.  To  this  point  we  shall  presently  return, 
but  in  the  meantime  it  may  be  well  to  a})ply  the  formuloe  to 
the  more  general  case  where  the  obstacles  have  the  pro- 
])erties  of  fluid,  with  finite  density  and  compressibility. 

*  '  Theory  of  Sound,'  §  303. 
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To  deduce  the  formula  for  the  kinetic  energy  we  have  only 
to  bear  in  mind  that  density  corresponds  to  electrical  resist- 
ance. Hence,  by  ('2G),  if  a  denote  the  density  of  the  cylin- 
drical obstacle,  that  of  the  remainder  of  the  medium  being 
unity,  the  kinetic  energy  is  altered  by  the  obstacles  in  the 
approximate  ratio 


(o-  +  1)/(c7-l)+;> 

ia+l):{a—l)-j> 


71) 


The  effect  of  this  is  the  same  as  if  the  density  of  the  whole 
medium  were  increased  in  the  like  ratio. 

The  change  in  the  potential  energy  depends  upon  the 
"  compressibility  "  of  the  obstacles.  If  the  material  com- 
posing them  resists  compression  ?n  times  as  much  as  the  re- 
mainder of  the  medium,  the  volume  p  counts  only  as  p/m, 
and  the  whole  space  available  may  be  reckoned  as  1—p+p/m 
instead  of  1.  In  this  proportion  is  the  potential  energy  of  a 
given  accumulation  reduced.  Accordiugly,  if /u-  be  the  refrac- 
tive index  as  altered  by  the  obstacles, 

fM'  =  (71)x(l-/>+/V'm).       •     .     .     (72) 

The  compressibilities  of  all  actual  gases  are  nearly  the  same, 
so  that  if  we  suppose  ourselves  to  be  thus  limited,  we  may 
set  m  =  l,  and 

,  _  (a-+V)/(<7-l)+p  .  .„ox 

^    -   (a  +  l){a-l)-p'      •      •      •      •      (^^) 

or,  as  it  may  also  be  written, 

ur  — 11                ,      ^  ,_,, 

—^, — 7  —  =  constant (<4) 

In  the  case  of  splierical  obstacles  of  density  a  we  obtain  in 
like  manner  [m  =  l), 

(2a  +  l)/(a-l)+p 

^    -   (■2cT+i)/(a-i)-2p^        ■      '      '      ^^^^ 

or 

/i^  — 1  1 

f^^"-  "-=  constant (76) 

In  the  general  case,  where  m  is  arbitrary,  the  e(|uation  ex- 
pressing p  in  terms  of  fji^  is  a  quadratic,  and  there  are  no 
simple  formulfe  analogous  to  (74)  and  (70). 

It  must  not  be  forgotten  that  the  application  of  these 
formula)  is  limited  to  n)oderately  small  values  of  p.     If  it  be 
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desired  to  push  the  application  as  far  as  possible,  we  must 
employ  closer  approximations  to  (26)  &c.  It  may  be  re- 
marked that  however  far  we  may  go  in  this  direction,  the 
final  formula  will  always  give  fi^  explicitly  as  a  function  of  jy. 
For  example,  in  the  case  of  rigid  cylindrical  obstacles,  we 
have  from  (35) 

2        ,.  i+^--3058/+  .  .  .„„. 

/^^.=  (l-?)l_^_.3058/>^+..-      •     •     ^^^^ 

It  will  be  evident  that  results  such  as  these  afford  no 
foundation  for  a  theory  by  which  the  refractive  proj^erties  of 
a  niixture  are  to  be  deduced  by  addition  from  the  corre- 
sponding properties  of  the  components.  Such  theories  re- 
quire formulae  in  which  p  occurs  in  the  first  power  only,  as 
in  (76). 

If  the  obstacles  are  themselves  elongated,  or,  even  though 
their  form  be  spherical,  if  they  are  disposed  in  a  rectangular 
order  which  is  not  cubic,  the  velocity  of  wave-propagation 
becomes  a  function  of  the  direction  of  the  wave-normal.  As 
in  Optics,  we  may  regard  the  character  of  the  refraction  as 
determined  by  the  form  of  the  tcave-surface. 

The  aeolotropy  of  the  structure  will  not  introduce  any  cor- 
responding property  into  the  potential  energy,  which  depends 
only  upon  the  volumes  and  compressibilities  concerned.  The 
present  question,  therefore,  reduces  itself  to  the  consideration 
of  the  kinetic  energ}^  as  influenced  by  the  direction  of  wave- 
propagation.  And  this,  as  we  have  seen,  is  a  matter  of  the 
electrical  resistance  of  certain  compound  conductors,  on  the 
supposition,  which  we  continue  to  make,  that  the  wave- 
length is  very  large  in  com[)arison  with  the  periods  of  the 
structure.  The  theory  of  electrical  conduction  in  general 
has  been  treated  by  Maxwell  ('  Electricity,'  §  297).  A 
parallel  treatment  of  the  present  question  shows  that  in  all 
cases  it  is  possible  to  assign  a  system  of  principal  axes, 
having  the  property  that  if  the  wave-normal  coincide  with 
any  one  of  them  the  direction  of  flow  will  also  lie  in  the 
same  direction,  whereas  in  genei-al  there  would  be  a  diver- 
gence. To  each  principal  axis  corresponds  an  efficient  "  den- 
sity," and  the  equations  of  motion,  applicable  to  the  medium 
in  the  gross,  take  the  form. 

(P^  clB  d'v  dS  d'^  dS 

^dt^         ^dx^      ^dt^         ^dy^       ^dt^         ^dz^ 

where  ^,  77,  ^  are  the  displacements  parallel  to  the  axes,  ??i,  is 
the  compressibility,  and 

cv      d^      dv  ,   d^ 
d.v      dy      dz 


in  Rectangular  Order  upon  a  Medium.  501 

If  \,  /i,  V  are  the  direction-cosines  of  the  di:*placement, 
/,  m,  n  of  the  wave-normal,  we  may  take 

^  =  \d,     77  =  /i^,     C  =  vd, 
where 

Thus 

dhldx=  -  W{lX  +  mfji  +  nv),  &c., 

and  the  equations  become 

C7^,XY-  =  ))i^I(lX  +  nt/x  +  nv), 
(7  /U.Y-  =  mim(/X +?n/i,-f/ii'), 
cryY'^  =■  miu(I\  +  7??/i  +  nv), 

from  which,  on  ehmination  o(  X  :  fi  :  v,  we  get 

V2  =  m,(^  +  '^+  '^)  =  «'^'  +  ^''"i'  +  cV,     .     (78) 

\      J  y  z' 

if  a,  Z/j  c  denote  the  velocities  in   the  principal   directions 

'*■'  ■^'  -•  ...  .  ,  . 

The  wave-surface  after  unit  time  is  accordingly  the  ellip- 
soid whose  axes  are  a,  h,  e. 

As  an  example,  if  the  medium,  otherwise  uniform,  be  ob- 
structed by  rigid  cylinders  occupying  a  moderate  fraction  (p) 
of  the  whole  space,  the  velocity  in  the  direction  z,  parallel  to 
the  cylinders,  is  unaltered  ;  so  that 

c'=l,     a-"  =^P  =  l/{l+2:^). 

In  the  application  of  our  results  to  the  electric  theory  of 
light  we  contemplate  a  medium  interrupted  by  spherical,  or 
cylindrical,  obstacles,  whose  inductive  capacity  is  different 
from  that  of  the  undisturbed  medium.  On  the  other  hand, 
the  magnetic  constant  is  supposed  to  retain  its  value  un- 
broken. This  being  so,  the  kinetic  energy  of  the  electric 
currents  for  the  same  total  flux  is  the  sume  as  if  there  were 
no  obstacles,  at  least  if  we  regard  the  wave-length  as  in- 
finitely great*.  And  the  potential  energy  of  electric  dis- 
placement is  subject  to  the  same  mathematical  laws  as  the 
resistance  of  our  compound  electrical  conductor,  specific 
inductive  capacity  in  the  one  question  corresponding  to 
electrical  conductivity  in  the  other. 

Accordingly,  if  v  denote  the  inductive  capacity  of  the  mate- 
rial composing  the  spherical  obstacles,  that  of  the  undisturbeil 
medium    being  unity,  then  the   approximate  value  of  fM^  is 

*  See  Prof.  AVillard  (iibb^^'s  "  Comparison  of  the  Elastic  and  P^lectric 
Theories  of  Lijjbt."     Am.  Jouru.  Sci.  xxxv.  (1888). 
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oiven  at  once  by  (67).     The  equation  may  also  be  written  in 
the  form  given  by  Lorentz, 


/^ 


-1  1       v-1 


(79) 


-, — ^-  = ^  =  constant: 

fM^  +  2  2)       v  +  '2 

and,  indeed,  it  appears  to  have  been  by  the  above  argument 
that  (79)  was  originally  discovered. 

The  above  formula  applies  in  strictness  only  when  the 
spheres  are  arranged  in  cubic  order*,  and,  further,  when  p 
is  moderate.     The  next  approximation  is 

^■^  =  i+.-T2 ^^^-^i ••    •    (^^^) 

v  —  1       -'  V  +  4:/S' 

If  the  obstacles  be  cylindrical,  and  arranged  in  square 
order,  the  compound  medium  is  doubly  refracting,  as  in  the 
usual  electiie  theory  of  light,  in  which  the  mediiun  is  sup- 
]josed  to  have  an  inductive  capacity  variable  with  the  direction 
of  displacement,  independently  of  any  discontinuity  in  its 
structure.  The  double  refraction  is  of  course  of  the  uniaxal 
kind,  and  the  wave-surface  is  the  sphere  and  ellipsoid  of 
Huvgens 

For  displacements  parallel  to  the  cylinders  the  resultant 
inductive  capacity  (analogous  to  conductivity  in  the  conduc- 
tion problem)  is  clearly  1—p  +  vjt;  so  that  the  value  of  /u,'- 
for  the  principal  extraordinary  index  is 

H''  =  l  +  {y-l)p, (81) 

giving   iSewton's    law  for  the   relation   between    index  and 
density. 

For  the  ordinary  index  we  have 

f^'  =  m, 

in  which  v' =  (1  +  v),  (1  — v),  while  S4,  Sg .  . .  have  the  values 
given  by  (49).     If  we  omit  j/  &c.  we  get 

''  =  ^' («^') 

or 

fji^-ll  1         v-l 


fi^+l  p  v'       v+l 


(83) 


The  general  conclusion  as  regards  the  optical  application 
is  that,  even  if  we  may  neglect  dispersion,  mc  must  not  ex- 
pect such  formula;  as  (79)  to  be  more  than  a})proximately 
correct  in  the  case  of  dense  fluid  and  solid  bodies. 

*  An  irregular  isotropic  arrangenieut  would,  doubtless,  give  llie  same 
result. 
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LVII.    On  tlie  Determination  of  the  Critical  Vohunc. 
By  Sydney  Young,  B.Sc,  University  CuUeye,  Bristol^. 

ABOUT  a  yoiir  aoo  I  read  a  paper  before  the  Physical 
Society '(Phil.  Mao-.  Feb.  1892,  p.  158)  on  the  "  Geiie- 
rahzations  of  Yan  der  Waals  regarding  Corresponding  Teni- 
pei'atures.  Pressures,  and  Yokimes  ; "  and  at  tbe  close  of  the 
paper,  after  caUing  attention  to  the  extreme  difficulty  attend- 
ing the  deterniination  of  the  critical  volume,  I  described 
a  method  by  which  the  relative  critical  volumes  of  various 
substances  coi;]d  be  ascertained.  At  that  time  it  appearetl 
to  me  that  the  direct  determinations  of  the  critical  vokmies 
of  benzene,  fluorbenzene,  chlorobenzene,  and  acetic  acid  were 
probably  approximately  cori-ect;  and  I  was  supported  in 
this  view  by  the  fact  that  the  ratios  of  the  observed  volumes 
to  that  of  fluorbenzene  were  practically  identical  with  the 
ratios  obtained  by  the  graphical  method  then  described. 

I  therefore  assumed  that  the  observed  critical  molecular 
volume  of  fluorbenzene  was  correct,  and  calculated  the 
volumes  of  the  other  substances  from  their  ratios  to  that 
of  fluorbenzene,  and  gave  these  valties  as  the  probable 
critical  molecular  voltimes  of  the  other  eleven  substances. 
It  was  observed,  however,  that  the  critical  volumes  of  the  three 
alcohols  and  of  ether  obtained  by  this  method  were  consider- 
ably lower  than  those  previotisly  deduced  by  Dr.  Ramsay  and 
myself,  and  were  also  lower  than  those  calculated  by  M.  Gruye 
{Comjyt.  Bend.  cxii.  p.  1257).  Finally,  I  pointed  out  that  if 
these  values  are  taken  as  correct  it  would  appear  that  the 
ratio  of  the  actual  critical  density  to  the  theoretical  (for 
a  "  perfect "  gas)  is  for  many  substances  about  4'4. 

Since  then,  M.  E.  Mathias  has  shown  (Com2)t.  Bend.  cxv. 
p.  35)  that  the  critical  densities  of  the  substances  referred  to 
in  my  paper  may  be  determined  by  the  method  described 
by  MM.  Cailletet  and  Mathias  {Compt.  Bend.  cii.  p.  1202, 
civ.  p.  1563).  The  method  has  also  been  found  by 
M.  Amagat  to  give  excellent  results  with  carbon  dioxide, 
and  by  Mr.  G.  L.  Thomas  and  myself  with  five  of  the  lower 
esters  ;  and  I  have  therefore  much  pleasure  in  acknow- 
ledging the  correctness  both  of  the  method  (except,  perliai)S,  * 
in  the  case  of  the  alcohols)  and  of  the  critical  densities  cal- 
culated by  M.  Mathias,  and  I  have  no  hesitation  in  accepting 
these  values  in  place  of  those  previously  ado})ted. 

1    have  myself  made   an  independent  calculation  of   tlie 
critical  densities   of  the  twelve  substances   by  this  method, 
and    the   results   1  have    obtained    are    practically    identical 
*  Coniniunicated  by  the  Physical  Society  :  read  October  28,  1892. 
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(except  in  the   case   of  the    alcohols)   with  those  given  by 
M.  Mathias. 

The  law  of  MM.  Cailletet  and  Mathias  may  be  described 
very  briefly  as  follows  : — The  means  of  the  densities  of  any 
substance  in  the  state  of  liquid  and  of  saturated  vapour,  when 
mapped  against  the  temperature,  fall  on  a  straight  line. 
I  quite  agree  with  M.  Mathias  that  in  the  great  majority 
of  cases  the  verification  of  the  law  is  perfect ;  but  with  the 
three  alcohols,  especially  methyl  alcohol,  there  appears  to  me 
to  be  very  decided  curvature,  too  pronounced  to  be  neglected, 
and  I  think  it  must  be  admitted  that  these  substances  behave 
exceptionally  in  this  as  in  many  other  respects. 

M.  Mathias  admits  that  at  low  temperatures  the  alcohols 
cease  to  follow  the  law  ;  but  he  is  satisfied  with  the  agree- 
ment between  the  observed  and  calculated  mean  densities  for 
a  range  of  200°  from  the  critical  point.  The  constants 
employed  by  M.  Mathias  for  ethyl  alcohol  can  be  ascertained 
from  his  paper,  and  I  give  below  the  mean  densities  cal- 
culated from  these  constants,  together  with  those  calculated 
from  tlie  observed  molecidar  volumes  given  in  my  pnper 
{loc.  cit.). 

The  constants  for  the  formula  D  =  A  +  a/  are: — 
A  =  *-1149,      «=— "0005576,      i!  =  temperature  (Centigrade). 

Means  of  Densities  of  Liquid  and  Saturated  Vapour. 


Temperature, 

Centigrade. 

Observed. 

Calculated. 

1 
AX  1000. 

224 

•3937 

•4024 

+87 

39-45 

•38(i5 

•3929 

+64 

60-75 

-3749 

•3782 

+33 

89-7 

•3636 

•3649 

+  16 

\mbo 

•3560 

•3560 

0 

128-1 

■3442 

-3435 

-  7 

144-05 

-33.50 

•3342 

-  8 

151-65 

-3309 

-3303 

-  6 

163-8 

-3-240 

•3236 

-  4 

1           1H7-9 

•3104 

•3101 

-  3 

206-35 

•2998 

•2998 

0 

22135 

•2899 

•2915 

+16 

229-2 

•2850 

•2871 

+21 

234-3 

•2811 

•2843 

+32 

238-9 

•2781 

•2817 

+36 

243-1 

•2793 

From  the  above  differences  it  will,  I  think,  be  concluded 
that  there  is  considerable  curvature  of  the  ''  diameter  "  in  the 
case  of  ethyl  alcohol,  and  with  methyl  alcohol  it  would  be  still 
more  marked. 

1  now   give  a   revised  table  of  the  critical  densities  and 
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volumes  of  the  twels'e  substances,  adding,  for  the  sake  of 
convenience,  the  critical  temperatures  and  pressures.  The 
critical  densities  are  those  calculated  by  M.  Mathias  ;  but  in 
the  case  of  the  alcohols  I  give  also  the  values  which  I  have 
obtained  by  the  same  method,  taking  into  account  the  cur- 
vature of  the  "  diameter/'  The  critical  volumes  of  a  gram 
and  molecular  volumes  are  calculated  from  the  densities. 
The  last  two  columns  contain  the  ratios  of  the  new  critical 
molecular  volumes  to  that  of  fluorbenzene,  together  with  the 
ratios  given  on  p.  184  of  my  previous  paper  and  obtained  by 
the  graphical  method  there  described.  It  will  be  seen  that 
these  ratios  show  satisfsictorj  agreement. 

As  regards  the  alcohols  it  will  be  noticed  that,  if  the  cur- 
vature of  the  diameter  is  taken  into  account,  the  critical 
densities  are  lower  and  the  volumes  higher  ;  also  that  the 
ratios  of  the  critical  molecular  volumes  to  that  of  fluor- 
benzene agree  better  with  those  obtained  by  the  graphical 
method. 

It  may  be  pointed  out  that  if  the  generalizations  of  Van 
der  Waals  were  strictly  true,  the  angular  coefficients  (a)  of 
the  diameters  of  different  substances  should  be  directly  pro- 
portional to  their  critical  densities  and  inversely  proportional 
to  their  absolute  critical  temperatui'es,  or  that  for  any  sub- 
stance 

,      L)        «T 
a  =  const.  X  yr, ;  or  y^  =  const. 

I  have  calculated  the  values  of  this  "  constant "  for  the 
substances  mentioned  in  this  paper  (with  the  exception  of 
methyl  and  propyl  alcohol)  and  for  the  five  esters  studied  by 
Mr.  G.  L.  Thomas  and  myself. 

Substance.       -— .  Substance.  —  .  Substance.  — . 

D  D  D 

Fluorbenzene     -932  Carbon  Tetrachloride     -899  Methyl  Formate...     -997 

Clilorobenzene    'JoS  Stannic  Chloride    ..     -938  Methyl  Acetate  ...   1-047 

Broniobenzene  "957  Ether  -972  Ethyl  Formate    ...   1061 

lodobenzene       "957  Acetic  Acid '993      Ethyl  Acetate ]"055 

Benzene    -921  Ethyl  Alcohol  * lO.jQ  Methyl  Propionate  1-021 

It  can   hardly  be  said   that  there  is   more   than  a   rough 

T 
approximation  to  constancy  in  the  values  of  t^. 

I  have  recalculated  the  ratios  of  the  actual  to  the  theoretical 
critical  densities,  and  the  results  are  given  in  the  following 
table  : — 

*  M.  Mathias'  value  of  a. 
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Fluorbonzone 3'7U  Stannic  Chloride.  .  .  ,  ^'To 

Chlorobenzene     378  Ether 3-82 

Bromobeiizene     ....  3*81  ^Nfethjl  Alcohol    ....  4*52 

lodobeiizene     3-7i)  Ethyl  Alcohol 4"02 

Benzene 3-71  Propyl  Alcohol     ....  4-02 

Carbon  Tefcracbloride.  3'6()  Acetic  Acid 5*()0 

The  first  eight  nunil)ers  agree  foirly  well;  and  it  may  bo 
stated  that  for  many  substances  the  ratio  of  the  actual  critical 
clensiti/  to  the  theoretical  dens  it  t/  (for  a  perfect  gas)  isahoiitS'S. 
The  alcohols,  notably  methyl  alcohol,  and  acetic  acid,  form 
exceptions  to  this  law,  and  in  the  case  of  the  esters  the  I'atios 
(o-89  to  o*95)  are  rather  high. 


LVIII.  On  the  Determination  of  the  Critical  Density.  By 
Sydney  Young,  D.Sc,  and  G.  L.  Thomas,  B.Sc,  Uni- 
versity College,  Bristol^, 

IT  has  been  shown  by  M.  E.  Mathias  {Compt.  Rend.  cxv. 
p.  35)  that  the  method  of  determining  the  Critical 
Density  proposed  by  MM.  Cailletet  and  Mathias  [Compt. 
Bend.  cii.  p.  1202,  civ.  p.  1563)  gives  good  results  in  a  con- 
siderable number  of  cases.  AVe  have  recently  investigated 
some  of  the  thermal  properties  of  five  of  the  lower  esters, 
and  find  that  these  substances  afford  further  proof  of  the 
truth  of  the  "  Law  of  the  Diameter "  described  by  these 
authors.  We  therefore  think  it  may  be  well  to  give  the 
data  illustrating  this  law,  wdthout  waiting  for  the  com- 
pletion of  the  work  on  the  remaining  esters. 

The  law  of  the  diameter  may  be  briefly  explained  as 
follows  : — It  is  well  known  that  if  the  densities  of  any  sub- 
stance, both  as  liquid  and  as  saturated  vapour,  be  mapped  as 
ordinates  against  the  temperatures  as  abscissae,  they  fall  on 
a  continuous  curve  which  passes  through  the  critical  point. 
This  curve  possesses,  according  to  MM.  Cailletet  and  Mathias, 
the  characteristic  property  that  the  locus  of  the  middle  points 
of  chords  parallel  to  the  axis  of  ordinates  is  a  straight  line. 
If  this  is  so,  it  follows  that  the  ordinate  of  the  point  on  the 
diameter  corresponding  to  the  critical  temperature  gives  the 
critical  density. 

That  the  law  holds  very  closely  for  the  esters  so  far  in- 
vestigated is  shown  by  the  results  tabulated  below.  Tlie 
densities  of  each  substance,  both  in  the  state  of  li(]uid  and 
of  saturated  vapour,  together  with  the  means  of  these  values, 

*  Communicated  by  llie  Physical  Society:  read  October  28,  1892. 
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are  given  for  a  series  of  temperatures.  The  mean  densities, 
calculated  from  the  formula  T)  =  A.  +  ott  (D  =  density  ;  <  = 
temperature  Centigrade  ;  A  and  «  constants  depending  on 
the  substance)  are  given  in  the  fifth  column,  and  the  dif- 
ferences between  these  and  the  observed  results  in  the  last 
column. 


Methyl  Formate. 

Temp. 

Densities. 

Observed. 

Calc. 
Mean. 

AX  1000. 

Liquid. 

Sat.  Vap. 

Mean. 

40°  C. 

■9447 

•0(331 

•4739 

•4739 

0 

60 

•9133 

•0060 

•4596 

•4596 

0 

80 

•8803 

•0105 

•4454 

•4453 

-   1 

100 

•8452 

•0171 

•4311 

•4310 

-   1 

120 

■8070 

•0268 

•4169 

•4167 

-  2 

140 

•7638 

•0412 

•4025 

•4023 

-  2 

160 

•7136 

•0623 

•3880 

•3880 

0 

180 

-6521 

•0943 

•3732 

•3737 

+  •^ 

190 

•6148 

•1178 

•3663 

•3666 

+  3 

200 

-5658 

•1524 

•3591 

•3594 

+  3 

206 

•5242 

•1862 

•3552 

•3552 

0 

210 

•4857 

•2188 

•3522 

•3523 

+  1 

212 

-4549 

-2451 

•3500 

•3.508 

+  8 

213 

•4328 

-2681 

•3504 

■3501 

-  3 

213-5 

-4157 

•2865 

•3511 

•3497 

-14 

(Critical)   2140 



•3494 

Methyl  Acetate. 

60°  0. 

•8801 

•0031 

•4416 

•4425 

+  9 

80 

■8520 

■0056 

•4288 

•4291 

+  3 

100 

•8222 

•0097 

•4160 

•4156 

-  4 

120 

•7893 

•0158 

•4026 

•4021 

-  5 

140 

•7533 

•0246 

•3890 

•3887 

-  3 

160 

-7133 

•0373 

•3753 

•3751 

-  2 

180 

•6671 

•0568 

•3620 

•3617 

-  3 

200 

•6100 

•0866 

■3483 

-3482 

-  1 

210 

•5741 

•1090 

•3416 

•3414 

-  2 

220 

•5281 

•1415 

•3348 

■3347 

-   1 

227 

•4818 

•1775 

■3296 

•3300 

+  4 

230 

•4527 

•2030 

•3278 

•3280 

+  2 

232 

•4226 

•2295 

•3260 

•3266 

+  6 

233 

•3995 

•2520 

•3-257 

•3259 

+  2 

(Critical)   233-7 

•3255 
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Ethyl  Formate. 

Teiup. 

Densities. 

1 

1                    Observed. 

Calc. 
Mean. 

i  AX  1000. 

Liquid.        Sat.  Vap.       Mean. 

; 

60°  G. 

•8689            -0034          -4362 

•4369 

+  7 

80 

•8410            •006]      '     •4-236 

•4239 

+  3 

100 

•8112            -0103      i     -4108 

■4102 

-  6 

120 

•7796            •016(5          -3981 

•3980 

-  1 

140 

•7448 

•0256          •3852 

■3850 

_  2 

100 

•7058 

•0388     :     -3723 

■3720 

-  3 

180 

•6610 

•0575           3592 

•3591 

-  1 

200 

i     •eoe? 

•0862 

•3464 

■3461 

-  3 

210 

I      -6724 

•1075 

•3400 

•3396 

-  4 

220 

i      -5290 

•1380 

•3335 

■3331 

-  4 

225 

•5014 

•1585 

•3300 

•3299 

-  1 

230 

•4635 

•1890 

•3262 

•3266 

+  4 

233 

■4281 

•2198 

•3240 

■3247 

+  7 

234 

•4117 

•2353 

••3235 

•3240 

■h  5 

(Critical)   235-3 

•3232 

Ethyl  Acetate. 

80°  0. 

•8245 

■0035 

•4140 

•4144 

+  •* 

100 

■7972 

•0062 

■4017 

•4019 

+  2 

120 

■7683 

•0103 

■3893 

■3894 

+  1 

140 

•7378 

■0165 

■3771    ' 

•3769 

-  2 

160 

•7033 

■0258 

■3645 

•3644 

-   1 

180 

■6653 

■0388 

•3520 

•3519 

-   1 

200 

■6210 

•0580 

•.3395 

•3394 

-  1 

220 

•5648 

•0891 

■3270 

•3269 

-  1 

230 

•5281 

•1130 

•3206 

•3206 

0 

240 

•4778 

•1500 

•3139 

•3144 

+  5 

245 

•4401 

•1800 

•3106 

•3103 

-  3 

247 

•4195 

■1995 

•3095 

•3100 

+    -T 

249 

•3893 

•2290 

•3091 

•3088 

-  3 

(Critical)   2501 

•3081 

Methyl  Propionate. 

80°  C. 

•8408 

-0032 

•4220          -4224 

+  4 

100 

•8137 

■0057 

•4097 

•4100 

+  3 

120 

•7852 

■0096 

■3974 

■3976 

+  2 

140 

•7563 

-0153 

•3853 

,  -3852 

-  1 

160 

•7222 

•0235 

■3728 

•3727 

-   1 

ISO 

-6841 

•0355 

•3598 

•3603 

+  5 

200 

•6445 

•0524 

•3484 

•3479 

—  5 

220 

•5938 

•0781 

•3360 

•3355 

-  5 

230 

•5635 

■0966 

■3300 

•3293 

-  7 

^0 

•5220 

■VIH) 

•3230 

•3231 

4-   1 

245 

•4975 

■1415 

■3195 

-3200 

+  5 

250 

•4655 

•1675 

•3165 

•3169 

+  4 

253 

•4401 

•1890 

•3145 

•3150 

+  ^ 

255 

•4151 

•2120 

•313() 

•3138 

+  2 

256 

••3077 

•2295 

•3136 

•3131 

—  ."i 

(Critical)  257-4 

•3123 
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A. 

a. 

•5025 

-•0007155 

■4839 

-•0006740 

■4759 

-•0006490 

•4644 

-•0006250 

•4721 

-•0006210 

5lO  Dr.  S.  Young  on  the  Boilirtg-points  of 

The  constants  lor  the  forniula  D  =  A-l-a^  are  :— 

Substance. 
Methyl  Formate    . 
Methyl  Acetate      .     . 
Ethyl  Formate 
Ethyl  Acetate  .     .     . 
Methyl  Propionate 

The  critical  densities  of  the  five  esters,  obtained  hy  the 
method  of  diameters,  are  :  — 

Methyl  Formate '3494 

MethVl  Acetate '3255 

Ethyf  Formate -3232 

EthVl  Acetate •3081 

Methyl  Propionate ^3123 

Fioiii  the  differences  between  the  observed  and  calculated 
n)ean  densities  it  may  be  concluded  that,  though  there  may 
be  in  some  cases  a  slight  indication  of  curvature,  it  is  far  too 
small  to  affect  the  determination  of  the  critical  densities  of 
these  substances. 


LIX .  On  the  Boiling-points  of  dif event  Liquids  at  Equal 
Pressures.  By  Sydney  Young,  B.Sc,  Professor  of  Che- 
mistry, University  College,  Bristol*. 

"PARLY  in  the  present  year,  M.  E.  Colot  (Compt.  Rend. 
cxiv.  p.  653)  described  a  relation  between  the  boiling- 
points  of  any  two  liquids  under  equal  ]n'essui-es,  which  may 
be  shortly  described  as  follows. 

If  t  and  6  are  the  temperatures  of  the  two  substances  at 
any  ])ressure,  then 

/  =  A^  +  B, 

where  A  and  B  are  constants  dejjending  on  the  nature  of  the 
hquids. 

The  constants  given  by  M.  (Jolot  refer  to  C*entigrade  tem- 
peratures, hut  for  the  purpose  of  this  paper  it  is  better  to 
employ  absolute  temperatures.  In  this  case  A  remains  un- 
altered, but  B  has  a  different  value. 

There  are  certain  cases  in  which  B  =  0  (for  absolute 
temperatures),  and  the  equation  then  becomes 

t  =  M  or  ^  =  A. 
*  Comuiunicatecl  by  the  Physical  Society  :  read  October  28,  1892. 
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This  is  identical  with  the  equation  given  by  Dr.  Ramsay 
and  myself  (Phil.  Mag.  Jan.  1886,  p.  33)  for  certain  closely 
related  substances  such  as  ethyl  chloride  and  bromide  orchloro- 
benzene  and  bromobenzene,  and  I  have  shown  that  it  holds 
good  for  the  four  halogen  derivatives  of  benzene. 

For  bodies  which  are  not  closely  related  we  proposed  an 
equation  which  may  be  written 

R=Eo  +  c^, 

where  E.  is  the  ratio  of  the  absolute  temperatures  of  the  two 
substances  at  an_y  pressure  p,  Rq  is  the  ratio  at  such  a  pressure 
that  the  temperature  of  the  second  liquid  =0°  C,  and  t  is 
the  Centigrade  temperature  of  the  same  liquid  at  the  pressure  p. 

The  second  terms  of  the  two  formulae  (B  in  that  of  M.  Colot 
and  ct  in  the  one  just  mentioned)  are  not  equivalent,  but  they 
both  serve  to  bring  the  calculated  results  pretty  well  within 
the  limits  of  experimental  error,  though  not  in  all  cases  for 
an  indefinite  range  of  pressure. 

I  have  calculated  the  constants  for  both  formulae  for  eleven 
pairs  of  liquids  of  which  the  boiling-points,  at  a  number  of 
equal  pressures,  are  given  in  Table  I. 

The  constants  for  the  eleven  pairs  of  substances  are  given 
in  Table  II. 

It  will  be  noticed  that  the  constants  B  and  c  are  always  of 
opposite  sign,  and  that  as  regards  magnitude  they  both  fall, 
with  one  exception,  in  the  same  order. 

In  Table  III.  I  have  given  the  differences  between  the 
calculated  and  observed  temperatures  for  each  pair  of  liquids 
and  for  both  formulae.  I  have  in  each  case  taken  the  greatest 
available  range  of  pressure  to  make  the  test  as  searching  as 
possible. 

It  will  be  seen  that  when  the  constants  B  or  c  are  very 
small,  both  formulae  give  good  results,  and  either  of  them 
may  be  employed  for  a  very  wide  range  of  pressure.  For 
the  equation  11=^0  + ct  the  agreement  is  good  in  the  case  of 
methyl  acetate  and  benzene,  although  c  has  a  comparatively 
high  value,  but  when  one  of  the  two  liquids  is  water,  an 
alcohol,  or  acetic  acid,  the  differences  are  decidedly  greater. 

The  applicability  of  the  formula  t  =  Ad  +  B  seems  to  depend 
more  directly  on  the  magnitude  of  the  constant  B ;  there  is, 
indeed,  a  rough  proportionality  between  the  constants  and  the 
mean  differences  given  at  the  foot  of  Table  III.  It  is  quite 
clear  that  in  the  last  five  cases  the  relation  between  the 
boiling-points  is  represented  by  a  curve  and  not  a  straight 
line,  and  a  slight  tendency  to  curvatur(i  is  noticeable  even  in 
some  of  the  other  comparisons. 
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It  is  obvious,  however,  that  by  taking  a  smaller  ranore  of 
prossure — say  from  the  lowest  to  2U0O  millim.,  or  from  4000 
iiiillim.  to  the  highest  jiressure,  and  by  altering  the  constants, 
a  very  much  better  agreement  would  be  obtained.  Extra- 
polation beyond  the  limits  of  pressure  chosen  would,  how- 
ever, introduce  very  large  errors  indeed. 

In  conclusion  it  may,  I  think,  be  stated  that  in  a  great 
number  of  cases,  including  pairs  of  widely  different  bodies, 
the  formula  of  Ramsay  and  Young  gives  better  results  than 
that  of  M.  Colot ;  tlie  hitter,  vvhieh  is  very  convenient,  may, 
however,  be  employed,  even  for  very  wide  ranges  of  pressure, 
when  the  constant  B  is  small,  and  for  small  ranges  of  pre.-sure 
when  B  is  large. 


LX.  Note  on  the  Detennination  of  Low  Temperatures  by 
Platinum-Thermometers.  By  E.  H.  Griffiths,  M.A., 
Assistant  Lecturer  at  Sidney  College,  and  G.  M.  Clark, 
B.A.,  Sidney  College  *. 

IN  connexion  with  Profs.  Dewar  and  Fleming's  recent  work 
on  the  resistance  of  certain  metals  and  alloys  at  very  low 
temperatures,  and  the  suggestion  that  they  have  made — viz. 
that  the  resistance  of  certain  pure  metals  (amongst  which  is 
platinum)  vanishes  at  absolute  zero, — the  following  facts  may 
be  of  interest. 

Being  in  the  possession  of  the  constants  of  several  platinum- 
thermometers,  whose  accuracy  has  been  exposed  to  severe 
tests,  we  have  calculated  the  temperature  at  which  R  =  0, — by 
assuming  the  possibility  of  applying  Callendar  and  Griffith's 
method — from  the  formulae 

pt  =  ^ ^~  X  100 

Ki  —  Kq 

and  

^-^^^  =  Hiool~iool)' 

where  R^,  Ro  are  the  resistances  in  steam  under  normal 
pressure,  and  melting  ice,  respectively,  and  R  is  the  resistance 
at  temperature  t ;  the  value  of  5  for  each  thermometer  is 
determined  by  observations  of  the  resistance  in  boiling  sulphur 
(f  =  444°-53). 

The  following  table  gives  the  constants  and  results  : — 

*  Communicated  by  li.  T.  Glazebrouk,  M.A.,  having  been  read  at  the 
meeting  of  the  Cambridge  Thilosophical  (Society,  October  J31,  1892. 
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Tliermo- 
raeter. 


Oallendar's. 

Na. 
Nb. 

M,. 

M,. 
H. 


Reference. 


R,/Ro- 


pt. 


Phil.  Trans.  A   1887,  ll    5.0845  !    1-3460     1-46     -289-04 


Phil.  Trans.  A.  1891, 
pp.  151,  152. 


f  Phil.  Trans.  A.  1891,  \ 
I         pp.  132-136.         J 


r  Phil.  Trans.  A.  1891,  \ 

1        p.  153.       ; 


9-85.58 
5-9865 
3-8749 
4-2267 
4-1732 
13-.5216 


1-3484 

1-6.38 

-287-03 

1-3482 

1-648 

-287-19 

1-3480 

1-639 

-287-34 

1-3381 

1-57 

-295-81 

1-3383 

1-57 

-295-58 

1-3463 

1-474 

-288-77 

■274-12 

-270-60 
-269-60 
-270-86 
-279-15 

-278-97 
-273-71 


♦Mean -273-86 


The  actual  numbers  used  in  these  calculations  are  those 
taken  from  the  papers  referred  to  in  column  2. 

All  the  other  thermometers  mentioned  by  Griffiths  (Phil. 
Trans.  A.  1891,  pp.  43-72)  were  made  with  single  electrodes 
for  rapid  observations  ;  and  thus  every  observation  includes 
their  stem-resistance,  which  evidently  cannot  become  zero,  so 
that  the  above  investigation  with  their  constants  would  be  of 
no  use. 

The  above  table  seems  to  corroborate  the  conclusions  arrived 
at  by  Profs.  Dewar  and  Fleming,  and  at  the  same  time  is  a 
valuable  testimony  to  the  accuracy  of  the  method  adopted  by 
Callendar  and  Griffiths  in  the  papers  referred  to,  for  it  did 
not  appear  probable  that  their  formulae  could  bear  the  strain 
of  extrapolating  over  a  range  of  nearly  300°;  this  is  more 
especially  the  case  when  it  is  remembered  that  the  wires 
used  have  different  resistance  coefficients  and  different  values 
for  S  ;  the  origin  of  these  differences  is  probablj^  to  be  found 
in  slight  impurities  in  the  platinum. 

We  have  reason  to  believe,  from  some  recent  experiments 
conducted  by  us,  that  the  rise  in  temperature  of  the  wire,  caused 
by  the  current  necessary  to  determine  its  resistance,  is  greater 
than  is  usually  supposed.  If  the  difference  of  potential  at 
the  ends  of  the  wire  is  kept  constant,  the  effect  of  the  error 
thus   introduced    is   to   make   the   absolute   zero   too   low ; 

*  C/".  with  the  value  ^ven  by  Joule  and  Thomson,  -273°-7,  Proc.  Roy. 
80c.  vol.  X.  p.  502. 
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if,  however,  the  current  is  kept  constant,  the  absohite  zero 
works  out  too  high.  In  the  determination  of  the  con- 
stants of  thermometers  N,  a  rough  attempt  was  made  to 
keep  the  current  constant ;  but  in  the  remaining  thermo- 
meters no  alteration  was  made  in  the  electromotive  force 
as  the  resistance  of  the  coil,  and  therefore  of  the  bridge, 
increased.  It  appears  probable  that  some  of  the  discrepancies 
in  the  above  table  are  due  to  this  cause. 

A  simple  method  of  graduating  platinum- thermometers  is 
thus  suggested.  Assuming,  as  we  are  fully  entitled  to  do, 
that  the  curve  t—2)t  is  a  parabola,  three  points  only  are 
necessary  for  its  complete  determination  :  the  points  hitherto 
adopted  have  been  0°,  100°,  and  AW-'o.  The  necessity  of 
guarding  against  loss  by  radiation,  gain  by  superheating,  &c., 
when  determining  the  resistance  in  sulphur,  renders  it  a 
somewhat  troublesome  operation  to  those  observers  who  are 
not  provided  with  the  necessary  apparatus.  In  cases  where 
a  high  order  of  accuracy  is  not  a  sine  qua  nan,  and  where  the 
platinum  is  known  to  be  fairly  pure,  we  may  assume  that 
when  t=—2Td°'7  then  11  =  0:  therefore,  if  B^  and  Eq  are 
determined  by  direct  observations  in  steam  (7G0  millim.)  and 
melting  ice,  the  instrument  may  be  considered  as  graduated, 
since 

-213'7-pt 


8  = 


273-7 


100 


where 


+ 


273-7 


100 


pt  = 


El  — R( 


xlOO. 


As  an  example  of  the  order  of  accuracy  which  could  be 
thus  obtained,  we  append  the  following  table,  the  first  column 
giving  the  true  temperature,  the  others  the  error  introduced 
by  graduating  the  various  thermometers  by  the  suggested 
method. 


True 

temp. 

Callendar's. 

1 

Na+b. 

Na. 

Nb.      i 

H. 

M,. 

M,. 

0 

0 

0 

0 

0      1 

0 

0 

0 

50 

-•01 

+•08 

+•08 

+  •08   ! 

0 

-•14 

-14 

100 

0 

0 

0 

0       [ 

0 

0 

0 

150 

+•03     1 

-•25 

-•25 

-•23 

0 

+•44 

+•43 
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Although  the  above  discrepancies  may  in  some  cases  appear 
large,  it  must  be  remembered  that  we  have  here  the  whole  of 
the  error  in  each  case,  and  that  such  errors  as  non-uniform 
bore,  zero  changes  (both  temporary  and  permanent),  unequal 
graduation,  changes  of  condition,  sticking,  &c.  are  totally 
absent,  while  the  experimental  difficulties  of  the  air-thermo- 
meter are  avoided. 

Thus  we  conclude,  that  a  platinum-thermometer — especially 
of  the  H  pattern* — would  be  a  convenient  instrument  for  the 
determination  of  very  low  temperatures  where  an  error  of 
0°"5  is  immaterial  ;  and  that  further  light  on  platinum- 
thermometry  only  strengthens  our  belief  in  its  correctness 
over  the  range  of  —273°  to  +700°. 

Sidnev  College,  Cambridge. 
■'  October  1892. 


LXI.    The  Laio  of  Error  and  Correlated  Averages. 
By  Professor  F!  Y.  Edgeworth,  M.A.,D.C.L. 

[Continued  from  p.  -438.] 

IV.  /^K)NTINUING  the  investigation  ofthe  conditions  under 
v-^  which  the  law  of  error  is  fulfilled,  we  come  now  to  the 
general  case  in  which  every  member  of  a  group  is  any  function 
of  a  number  of  elements,  each,  as  before,  oscillating,  according 
to  any  independent  lajw  of  frequency,  through  a  range  which 
is  relatively  small.  Let  the  function  be  F(.ri,  Xo,  &c.  Xa). 
Put,  for  A'l,  Xi  +  li  ;  for  x^,  X2  +  I2+  ka.^,  where  x^,  Xg,  &c. 
are  the  average  values  of  the  corresponding  variables.     By 

expansion — putting  F,',  Fg',  &c.  for  -j-¥,-j-fP,  &c. — we  have 

F(.q,.l-2,&C.)  =  F(Xi,Xo,&C.)  +  ^lFi'(Xi,X2,&C.)+^2F2'(Xl,X2,&C.)  +  &C.; 

forming  a  linear  fnnction  of  ^1,  ^2j  &c. ;  if  the  terms  containing 
higher  powers  of  g,,  I2  "lay  be  neglected.  This  may,  in 
general,   be  done,  provided  that  ^{x^,  x^,  &c.)   is  free  from 

*  A  full  description  of  the  construction  of  H  will  be  found  in  the 
British  Association  Report  on  Electrical  Standards,  1890,  repiiuted  in 
the  '  Electrical  Review,'  No.  670,  p.  3G3  ;  and  a  short  account  on  p.  153, 
Phil.  Trans.  A.  vol.  clxxxii.  1891. 

t  There  is  some  inelegance  in  using  |  to  denote  here  a  deviation  which 

is  of  the  order  -  ,  and  in  a  former  passage  a  deviation  which  is  of  the 

1  " 

order    — -^  (ante,  p.  431).     But  as  the  subject  involves  three  orders  of 

sjn 
ma"-nitude,  it  is  not  very  easy  to  distinguish  them  by  differences  of  type. 
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singiiliirity  and  continuous  in  the  sense  before  defined  *,  in 
the  neiohbouihood  with  which  we  are  concerned:  throughout 
tlie  set  of'  values  i'ormed  by  assigning  to  each  of  the  variables 
.t'l,  d-'s,  &c.  all  the  values  of  which  it  is  capable. 

Examples  of  this  theory  may  be  seen  in  all  the  important 
cases  in  wliich  the  law  of  error  is  fulfilled  :  namely,  errors  of 
observation  (proj)er),  gunnery,  and  natural  groups  generally; 
in  all  wliich  departments  the  fulfilment  of  the  law  is  doubtless 
due  to  the  independent  action  of  numerous  small  agencies. 

The  apparent  number  of  exceptions  is  much  reduced  by  the 
consideration  that  the  rule  still  holds  good  if  we  substitute  for 
f  1,  in  the  above  statement,  any  function  of  ^,,  say  fj,  which 
does  not  become  infinite  for  any  of  the  values  assumed 
l)v  ^1 ;  and  make  similar  substitutions  f  for  ^2j  ^sj  &c.  For 
example,  the  law  of  error  will  be  obeyed  by  the  varying 
values  of 

F(Xi  +  ^l,   X2  +  ?2,  &C.), 

where  ^,  =  ^,%     ^,  =  ^,%     K^  =  ^H^ 

provided  that  F/O^i)?  ^/(xg),  &c.  neither  vanish,  nor  become 
infinite  ;  and  Fi/'(.t'i),  F22"('^'3)j  &c.  are  not  very  large  §. 

Nor,  even  thus  construed,  are  all  the  cases  in  which  F/(xi), 
^2'i^2))  <^c.  all  vanish  genuine  exceptions.  When  the  first 
term  of  the  expansion  vanishes,  the  function  in  general  reduces 
to  the  second  term,  which  is  of  the  form 

Fu"(xi,  X2.  &c.)xrr  +  F2/'(xi,  X,,  &c.)x^.-^  +  &c. 
+  2Fi/Xxi,  X2,  &c.)x?i?2  +  &c. 

Which  in  general  may  be  reduced  to  a  sum  of  u  squares  of 
the  form  7}^'^  +  r]2^  +  &c.  ;  where  each  tj  is  a  linear  function  of 
the  ^'s.  The  systems  of  the  r?'s  and  the  ^'s  being  thus  related, 
it  is  allowable  to  regard  the  77's  as  the  independent,  and  the 
^'s  as  the  dependent,  variables.  Accordingly  the  original 
function  reduces  to  a  sum  of  numerous  elements  independently 
oscillatino-.  Which  is  the  essential  condition  for  the  fulfilment 
of  the  law  of  error.     For  example,  if  for  F  we  have 

(a,'i  —  X 1)^  +  (.?-2  —  X2)^  +  &G., 

the  first  term  of  the  expansion  \  anishes  for  the  point 

i2^^  =  Xi,       ■^'2^X2,       tvC.J 

*  Ante,  p.  431. 

t  By  a  proper  change  in  the  law  of  frequency  for  the  elements,  this 
case  may  be  reduced  to  the  preceding. 

X  The  elemental  laws  of  frequency  and  the  functions  (  may  botli 
be  unm/m  nvtrical. 

§  A„tr,Y.  A:',\. 
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but  the  second  forms  a  sum  of  squares  ;  the  particular  values 
of  which  sum  are  grouped  around  its  average  value  according 
to  the  law  of  error. 

The  genuine  exceptions  arise  when  the  compound  function 
cannot  be  reduced  to  a  number  of  independently  fluctuating 
elements  :  for  example, 

F(.ri,  A"2,  &c.;  =  (.t'i— Xi)x(a'2  — X2)  X  &c.  x(a'„  — x„), 
a  continued  product  of  residuals  ;  or  a  continued   fraction 
such  as 

lH-l  +  l^(Xi-A'i)  +  lH-l+(Xi-a72)  +  &C. 

The  simplest  class  of  exceptions  seems  to  be  that  which  has 
been  already  instanced  *  ;  where  the  compound  function 
involves  the  elements  only  implicitly,  through  a  linear  function 
of  those  variables  ;  and  the  first  differential  becomes  zero  or 
infinite  for  the  average  value  of  the  linear  function.  The 
function  is  thus  of  the  form  F(X  +  ^),  where  f  fluctuates 
in  conformity  with  a  probability-curve  about  the  average  value 
zero,  and  F'(X)  is  either  zero  or  infinite. 

This  class  may  be  subdivided  according  as  one  or  other  of 
the  last-named  conditions  is  fulfilled.  If  F'(X)  is  zero,  X  is 
a  point  of  maximum,  or  at  least  infinite,  frequency  ;  if  F'(X) 
is  infinite,  X  is  a  point  of  zero  frequency.  This  is  seen  by 
putting  u  =  F{X  +  ^),     ?  =  F_x(rO-X. 

Then  the  law  of  frequency  for  u  is 

Error-function  [F_i(w)]  x  ^F_i(m). 

Whence  the  proposition. 


Simple  examples  are  (a?— X)'  and  ^x  —  X;  which  take 
the  forms  |'  and  V|  respectively,  when  for  x  we  put  X  + 1. 
The  law  of  frequency  for  w  =  J^  is  f,  as  already  stated, 

11-1 

y=—= e    "  ' 

The  case  of  u  =  ^  is  analogous.  Fig.  2  is  designed  to  re- 
present this  type.  When  ic=  V^>  it  should  seem  that  only 
half  the  original  curve  is  reproduced  in  the  transformation; 
the  other  half  becoming  impossible.     The  transformed  curve  is 

3/= -7--^  "; 

VTTC 

«  Ante,  p.  436.  t  Ibid. 
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having  two  branches  ;  between  which  the  values  of    v^  + 1 
should  be  equally  distributed.     The  curve  has  two  maximum 

Fig.  2. 


points 


«=±\/: 


and  is  concave  from  zero  up  to  a  distance 


from  the  centre,  on  either  side,  v/2  times  as  great  as  that  of 
the  maximum-point  ;  after  which  the  curve  becomes  convex. 
As  the  maximum-point  is  near  the  Median  of  the  corresponding 
limb,  which  is  v''476...c  (corresponding  to  f=  ±*-476...c, 
which  is  the  quartile  of  the  original  curve),  and  the  curve  is 
concave  about  that  central  region,  its  general  appearance  will 
not  differ  very  sensibly  from  that  of  the  Probability-curve. 
The  result  will  not  be  very  different  if  for  the  square  root  be 

Fig.  3. 


substituted   i\\Q  /th  root.      Fig.  o   is   designed   to  illustrate 
this  type.     The  probable  errors,  both  of  the  original  and  the 
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transformed  curve,  are  in  the  neighbourhood  of  the  maximum- 
points  Qi,  Qo. 

The  question  may  now  be  raised:  whether  one  of  these 
types — especially  the  more  distinctive  one,  where  F'(X)  =0 — 
is  likely  to  be  realized  in  the  (exceptional)  case  of  the  action 
of  numerous  independent  agencies  not  resulting  in  the  pro- 
bability-curve. The  following  problem  may  have  wide  ana- 
logies. Let  a  body  be  moved  from  rest  in  a  right  line  by  the 
shnultaneous  action  of  numerous  small  impulses,  each  as  likely 
to  be  in  the  positive  as  in  the  negative  direction.  The  law 
of  frequency  for  the  momentum  of  the  body  will  be  the  proba- 
bility-curve ;  for  the  energy  of  the  body  is  the  curve  represented 
in  fig.  2. 

V.  So  far  we  have  supposed  the  "  elements  "  to  assume 
different  values  in  virtue  each  of  a  single  variable  x^  or  x^. 
Let  us  now  generalize  this  supposition  by  supposing  that  each 
element  fluctuates  according  to  a  law  of  frequency  which  in- 
volves two  (or  more)  variables.  Thus  let  the  rth  element,  I  ,  A^ary 
according  to  the  lawof  frequency  ^  =  /',.(<r,  ?/);  it  is  required  to 
determine  approximately  the  law  of  frequency  for  F(?],  I^,  &c.), 
where  F  is  a  function  which  fulfils  the  conditions  above 
prescribed. 

Now  the  law  of  frequency  for  /^,  given  in  terms  of  jo  and  y, 
is  capable  of  being  expressed  in  terms  of  x  only.  For  the 
(proportionate)  number  of  the  values  of  /^  which  pertain  to  a 
particular  value  of  x  (which  occur  between  x  and  x  +  A.2;)  are 
obtained  by  integrating  between  extreme  limits  with  regard 
to  y,  while  x  is  constant.  Thus  the  law  of  frequency  for 
Jr  may  be  written  : — 

br 

fr{xy)dy\ 

J/3r 

if  we  put  />,.,  /S,.,  for  the  limits  of  y  in  the  rih  element. 
But,  by  the  preceding  section,  if  /j,  l^,  &c.  each  vary  ac- 
cording to  a  law  of  frequency  involving  x  only,  F(Z,,  U,  &c.) 
is  approximately  an  error-function  in  x  :  that  is,  of  the 
form  Hg~^"-^^  Now  the  function  in  x  of  which  this 
form  is  an  approximation  should  be  obtained  by  integrating 
F  with  regard  to  y  between  extreme  limits,  x  being  treated  as 
constant.  And  by  parity  a  similar  conclusion  is  obtained  by 
integrating  with  respect  to  x^ — y  being  treated  as  constant — 
on  the  one  hand  the  elemental  functions  and  on  the  other  hand 
the  compound  function  F.  Thus  F  is  approximately  such  a 
function  that  if  it  is  integrated  with  regard  to  y,  between  ex- 
treme limits,  X  being  treated  as  constant,  the  result  is  approxi- 
mately of  the  form  Ht'"*'^^ ;  and  if  it  is  integrated  with  regard 


J/3 
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to  X  between  extreme  limits,  y  being-  treated  as  constant,  the 
resnlt  is  approximately  of  the  form  Kc"*"'^'.  Tbis  condition  is 
fulfilled  by  functions  of  the  form  Jg~^,  -where  R  is  a  quadratic 
function  of  x  and  y  *.  By  parity  it  may  be  presumed  that,  if 
the  law  of  frequency  for  each  element  involve  three  or  moi'e 
A  ariables  x,  y,  c,  the  law  of  frequency  for  the  compound  is 
Je~^,  where  H  is  a  quantic  of  the  second  order. 

Assuming  the  appropriateness  of  this  form,  I  lune  in  a 
former  article  f  shown  liow  to  calculate  the  coefficients 
from  the  measurements  of  correlated  organs.  1  now  iustifv 
that  assumption. 

The  general  theorem,  besides  its  direct  applications  to  the 
measiu'ement  of  organisms,  has  other  interesting  consequences. 
We  bave  here  a  theoretical  ground  for  the  practical  use  of  the 

*  TJie  a  priori  demonstration  that  this  form  should  prevail  is  con- 
tinued, in  the  case  of  correlated  organs,  subject  to  a  number  of  independ- 
ent iuHuences,  by  a  ponteriori  verifications,  such  as  that  which  was  given 
in  a  former  paper  (Phil.  Mag.  Aug.  1892,  p.  197);  and  the  following. 
If  the  assumed  form  prevail,  we  should  expect  that  p,.^,  the  coefficient  of 
correlation  obtained  by  assigning  values  of  one  organ  ,r  and  observing  the 
corresponding  values  of  another  organ;/  {op.  cit.  p.  191)  should  be  equal 
to  p2i  obtained  b}'  assigning  values  of  ?/  and  observing  the  corresponding 
values  cf  .'■.  Tliat  this  condition  is  very  nearly  fulfilled  by  the  measure- 
ments of  three  hundred  men  supplied  to  me  by  Mr.  Galton  appears  from  the 
following  results  calculated  by  Mrs.  Bryant,  D.Sc.  ;  p,2,  p^i,  &c.,  having 
the  meaning  just  explained  ;  and  the  suffixes  1,  2.  3  re! erring  respectively 
to  stature,  cubit-hyigth,  and  knee-hei(jht. 

P2i  =  'B3         p3.^  =  -87         p,3  =  -80. 

The  correspondence  is  as  close  as,  in  view  of  the  probable  error 
(incident  to  the  limited  number  of  observations),  was  to  be  expected. 

The  results  obtained  from  the  jiositive  and  negative  deviations  from  the 
average,  results  -which  should  be  equal,  in  theory,  ai'e  in  fact  as 
follows : — 


From  Positive 
Deviation. 

From  Negative 
Deviation. 

Pl2    

■80 

•80                   , 

P23    

■87 

i 
•82 

P3I    

1 

•80 

•87 

The  analogous  verifications  obtained  by  Mr.  Galton  (Proc.  Roy.  Soc. 
1886  and  1888)  and  Prof.  Weldon  (ibid.  ]"892)  are  to  be  added, 
t  "On  Correlated  Averages,"  Phil.  Mag.  Aug.  1892. 
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method  of  least  squares  in  the  reduction  of  observations  re- 
lating to  several  variables.  For  let  it  be  granted  that  all 
errors-of -oh serration  are  in  general  eifects  of  nnmerous  small 
agencies — a  proposition  both  a  jyriori  probable  and  verified 
in  the  case  of  observations  relating  to  one  qnantity  by  copious 
experience;  then  it  follows  from  the  reasoning  of  this  section 
that  the  law  of  frequency  for  the  errors  of  two  (or  more) 
quantities  is  of  the  form  Je~^,  where  R  is  a  quantic  of  the 
second  degree,  which  can  be  put  in  the  form  of  a  sum  of  two 
(or,  as  the  case  may  be,  more)  squares,  such  as 

A(^-x)2  +  B(y-y)^; 
and  then  it  follows,  as  Merriman  *  and  others  have  reasoned, 
that  the  method  of  least  squares  is  the  solution  of  a  maximum- 
problem:  to  determine  the  origin  x,  y  from  which  the  observed 
system  of  values  have  most  probably  emanated. 

Again,  the  extended  law  of  frequency  presents  on  a  larger 
scale  the  spectacle  of  order  emerging  from  chaos  which  is 
formed  by  the  evolution  of  one  universal  law  in  the  com- 
pound from  any  particular  law  in  the  elements.  There  is  a 
difference,  too,  in  quality  as  well  as  in  scale.  When  we  con- 
sider elements  involving  one  variable  only,  it  is  only  with 
regard  to  laws  of  freqnenct/  that  the  melting  of  discord  into 
rhythm  is  observed  ;  but  in  the  case  of  elements  involving 
two  or  more  variables,  that  phenomenon  is  observed  with 
respect  to  statistical  laws  generally.  Whatever,  in  the  ele- 
ment, is  the  function  connecting  a'  with  the  ?/  which  on  an 
average  corresponds  thereto  ;  in  the  compound,  generally,  the 
relation  between  x  and  ?/  will  be  linear.  For  example,  let  the 
law  of  frequency  for  each  element  form  such  a  cubic  surface 
that  the  ordinate  which  on  an  average  corresponds  to  any 
assigned  .v  is  given  by  a  parabola  i/  =  Ax^  ;  yet  in  the  com- 
pound the  correlation  between  x  and  ?/  is  linear,  of  the  form 
y—Y  =  r  (^— X)  ;  where  X  and  Y  are  the  average  values  of 
x  andy  (in  the  compound),  and  r  is  the  coefficient  of  correla- 
tion which  Mr.  Galton  has  made  familiar  f.  By  parity  in 
the  case  of  several  variables,  however  complicated  the  laws 
connecting  the  variables  in  the  elements,  the  correlation  be- 
tween the  composite  organs  is  of  the  form 

a(^-X)  +  %-Y)+^(.-~Z); 

where  a,  h,  g,  &c.  are  the  coefficients  investigated  by  the 
present  writer  in  a  former  number  of  this  Journal  }. 

It  is  not  to  be  supposed  that  this  conclusion  amounts  to  no 

*  *  Method  of  Least  Squares,'  arts.  41,  47. 
t  Proc.  Roy.  Soc.  vol.  xlv.  p.  140,  et  seq. 
X  August  1892. 
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more  than  what  is  deducible  from  Taylor's  theorem,  because 
for  short  distances  from  the  maximum  of  F(a',  y)  (the  surface 
of  frequency  for  x  and  y)  the  vakie  of  y  most  hkely  to 
attend  any  assigned  value  of  x  may,  in  general,  be  regarded 
as  a  linear  function  of  x.  One  might  as  well  attribute  to 
Taylor's  theorem  the  fulfilment  of  the  law  of  error  in  the 
case  of  a  single  variable,  on  the  ground  taat  any  continuous 
curve  symmetrical  about  a  certain  poin^^  may  be  identified  for 
short  distances  from  that  point  with  a  probability-curve. 
That  consideration  alone  would  not  have  enabled  us  to  predict 
the  fulfilment  of  the  law  up  to  a  sensible  distance  from  the 
centre — that  exact  consilience  between  the  quartiles,  octiles, 
deciles,  &c.  of  theory  and  of  fact  which  has  lieen  observed  by 
Mr.  Galton  and  others.  Those  verifications  allow  us  to  pre- 
sume the  existence  in  rerum  naturd  of  elementary  agencies  in 
such  numbers  and  of  such  magnitude  as  to  generate  a  proba- 
bility-curve of  sensible  dimensions.  From  that  presumption 
we  may  reason  down  to  the  genesis  of  a  probability-surface 
also  of  sensible  dimensions.  And  this  conclusion  is  confirmed 
by  specific  experience:  the  sort  of  correlation  which  is  dedu- 
cible from  that  hypothesis  having  been,  in  fact,  observed  by 
Mr.  Galton  and  Prof.  Weldon.  There  is  required  here  not 
only  the  use  of  Taylor's  theorem,  but  also  the  presence  of  the 
essential  condition  of  the  law  of  error;  the  action  of  numerous 
independently  variable  elements. 

In  fine,  the  theorem  of  this  section  completes  the  answer 
which  was  given  in  a  former  section  to  the  objection  brought 
by  Couruot  and  Prof.  Westergaard  against  Quetelet's  prin- 
ciple of  the  Mean  Man;  in  substance,  that  the  mean  organs 
obtained  by  averaging  a  number  of  specimens  might  not  fit 
each  other.  It  is  now  seen  that  the  objection  in  the  form  in 
which  it  has  been  stated  *  implies  a  very  rudimentary  con- 
ception of  "  correlation,"  viz.  that  to  assigned  values  of  some 
organs  the  corresponding  value  of  another  organ  is  hi  each 
particular  instance  and  not  'inerely  on  an  average  a  function  of 
those  assigned  values.  This  sort  of  exact  co-relation  probably 
exists  in  natural  history  only  with  regard  to  those  geometrical 
relations  between  lines  and  angles  which  the  objectors  indi- 
cate f.     The  objection  in  this  form  has  been  answered  in  the 

*  Ante,  p.  437. 

t  Their  instance,  it  will  be  remembered,  was :  two  sides  of  a  right- 
angled  triangle  and  the  base.  As  right  angles  are  not  very  prevalent  in 
organic  nature,  a  happier  instance  might  be  :  for  three  "  organs,"  two 
sides  a  and  b  and  the  contained  angle  C ;  and,  for  the  correlated  organ, 
the  base  c;  which  =  Vrt"  +  6"— 2rt6cosO.  A  concrete  example  of  such 
correlation  is  the  triangle  formed  by  the  breasts  and  the  throat  (Q  i  jtelet , 
Anthropometrie,  p.  224^. 
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last  section.  If  the  objection  is  understood  in  a  less  narrow 
sense  as  suggesting  that  antinomies  ariie  when  correlations 
other  than  linear  are  supposed,  the  answer  furnished  by  this 
section  is  that  correlations  other  than  linear  are  not  to  be 
supposed  (in  the  case  of  composite  organs). 

VI.  In  the  investigation  of  the  most  general  conditions  of 
the  law  of  error,  one  more  step  has  still  to  be  taken.  We 
have  so  far  supposed  every  member  of  a  group  to  be  a  definite 
function  of  a  number  of  elements,  each  of  which  varies 
according  to  some  definite  law  of  frequency.  But  now  it  is 
to  be  added  that  the  conclusion  is  not  seriously  affected  if  we 
suppose  these  functions  to  be  themselves  variable  ;  provided 
that  they  preserve  certain  characteristics  ap])roximately 
constant,  namely,  the  parameters  of  the  probability-curve. 
These  are  its  centre  and  iis  dispersion :  or 

PlXj  +  ;>2X2  +  &c.  +p„x„(  =  X) , 
where  2hy  i's?  ^^-  ^^"6  "  weights  "  (identical  with  the 

F,Mxi,X2,&C.),FoHxi,X2,&C.), 

employed  before)  ;  Xi,  Xg,  &c.  are  the  average  values  of  the 
elements  as  before  ;  Cy,  c^,  &c.  are  each  the  modulus  squared 
for  the  corres])onding  elements. 

Now  these  parameters  will  not  be  seriously  affected  if  we 
suppose  each  of  the  quantities  x  and  c^  to  be  vibrating  about 
an  average  value.  For  the  centre  will  then  become  changed 
from 

.YtoX(l+-§^^); 

which  differs  from  A'  hy  a  percentage  of  the  order  -,  supposing 

the  relative  fluctuation  of  each  x  to  be  the  same  as  that  which 
according  to  the  usual  theory  is  ascribed  to  X,  namely,  of  the 

order  — ^.     For,  if  A.i'  is  of  the  order  x-r-  \/n,  S/)A.i'   (by 

the  usual  theory)  will  be  of  the  order  s/v  x  (x-t-  V")  or  x ; 
and  X  is  of  the  order  X-h-n.  By  parity  of  reasoning,  if 
Ci^,  €2^,  &c.,  each  fluctuate  over  a  relatively  small  range,  the 
value  of  C^  will  not  be  seriously  affected. 

In  fine,  the  result  will  still  remain  unaff"ected  if  we  attri- 
bute to  each  p  a  relatively  small  variation  A^^;  corresponding 
to  a  variation  of  2^p  on  p^. 

So  loose  are  the  conditions  which  suffice  for  the  fulfilment 
of  the  law  of  error. 
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LXIL  Notices  respeetijig  New  Books. 

A  Treatise  on  Anali/tical  Statics,  ivith  numerous  exam/ples.  By 
E.  J.  KouTir,  FM.S.  Vol.  11.  (Cambridge  University  Press, 
1892:  pp.  xii  +  224.) 

"DEADERS  of  Dr.  Eouth's  first  volume  were  told  iu  the  preface 
^  to  that  work  that  he  "  felt  that  such  subjects  as  Attractions, 
Asiatics,  and  the  Bending  of  Rods  could  not  be  adequately  treated 
at  the  end  of  a  treatise  without  making  the  volume  too  bulky  or 
requiring  the  other  parts  to  be  unduly  curtailed.  These  remaining 
portions  will  appear  in  a  second  volume."  No  long  delay  has 
intervened,  and  the  book  before  us  treats  the  above-named  subjects 
in  the  author's  usual  clear  ard  graphic  manner  aud  completes,  we 
presume,  what  Dr.  Routh  proposes  to  publish  on  the  matter  of 
Statics.  The  main  portion  of  the  work  (126  pages)  is  devoLed  to 
the  interesting  branch  of  Attractions.  As  the  author  points  out, 
"  The  reasons  for  believing  the  truth  of  the  general  law,"  which  is 
the  fundamental  one  iu  the  subject,  "  cannot  be  properly  ex- 
plained until  the  reader  has  advanced  some  way  in  the  study  of 
Dynamics.  At  the  same  time  a  large  number  of  theorems  which 
are  iudependejit  of  all  dynamical  consideratio'is  follow  from  this 
law.  Experience  has  shown  that  it  is  important  for  the  student  to 
acquire  an  early  acquaintance  with  these  results,  as  he  cannot 
prosecute  his  studies  in  the  higher  Dynamics  without  their  assist- 
ance. It  has  therefore  been  found  advantageous  to  study  the 
attractions  of  bodies  as  a  part  of  Statics.  Eor  this  purpose  we 
assume  the  truth  of  the  law  of  attraction  as  a  m  orking  hypothesis 
and  postpone  its  verification  as  a  law  of  nature  until  the  student 
has  read  Dynamics."  It  is  superfluous  to  examine  in  any  detail 
such  an  exhaustive  account  as  this  is,  seeing  that  every  student  of 
the  subject,  if  he  has  not  enjoyed  a  viva  voce  exposition  of  it  from 
the  author,  should  strive  to  master  its  couteni/S.  All  previous 
writers  seem  to  have  been  laid  uader  contribution  and,  with 
scrupulous  care,  each  important  result  is  assigned  to  its  fi''st 
discoverer.  This  citation  of  original  authorities  we  have,  in 
previous  notices  of  Dr.  Routh's  works,  had  occasion  to  commend. 
A  further  excellent  feature  in  the  present  case  is  the  full  Index  at 
the  end  in  addition  to  a  fairly  exhaustive  table  of  contents.  The 
object  of  the  chapter  on  the  lieuding  of  Rods  is  "  to  discass  the 
stretching,  bending,  and  torsion  of  a  thin  rod  or  wire."  It  closes 
with  a  section  on  Rods  in  three  dimensions.  The  final  chapier, 
on  Astatics,  opens  with  an  historical  note  which  states  that  the 
subject  seems  to  have  been  first  studied  by  Moebius,  in  his 
Lelirhuch  der  StatiJc,  1837.  Indexes  are  furnislied  to  the  last  two 
chapters,  and  the  whole  of  the  text  bears  evidence  to  the  extreme 
care  witli  which  it  has  been  drawn  up.  This  is  to  be  accounted  for 
on  the  ground  that  both  volumes  are  the  outcome  of  many  years' 
lectures  (see  preface  to  vol.  i.). 
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THE  EFFECTS  OF  SELF-INDUCTION  AND  DISTRIBUTED  STATIC 
CAPACITY  IN  A  CONDUCTOR.  BY  FREDERICK  BEDELL,  PH.D., 
AND  ALBERT  C.  CREHORE,  PH.D. 

T^HE  solution  obtained  by  Sir  Wni.  Thouisou  for  the  variation  of 
-■-  the  current  and  the  potential  at  different  points  in  a  conductor 
possessing  static  capacity  is  given  by  Mascart  and  Joubert, 
L'Elecfricite  et  Le  Ilar/netisme,'  vol.  i.  §  233,  and  is  treated  at 
length  by  Mr.  T,  H.  Blakesley  in  his  book  on  Alternating  Currents. 
The  object  of  the  present  communica  ion  is  to  give  the  soli^tion 
for  the  case  of  a  conductor  possessing  self-induclion  as  Avell  as 
distributed  capacity,  and  to  note  the  effects  produced  by  the  intro- 
duction of  the  self-induction. 

The  rate  of  change  of  the  charge  on  an  element  of  the  cable  is 
equal  to  the  difference  of  the  currents  flowing  into  and  out  from  it ; 
and  so,  writing  q  for  charge  and  i  for  current  at  any  time,  and  x 
for  the  distance  of  any  point  from  the  origin — •positive  direction 
being  that  of  current-flow — we  have 

dq  di 

dt  ~      d,v 

If  e  is  the  potential  of  an  element,  its  charge  is  ^  =  Cedx,  where 
C  denotes  the  capacity  per  unit  length  of  the  cable,  and  the  flrst 
equation  may  be  written 

^dt-     d.v '<^^ 

By  Ohm's  law  the  current  in  an  element  is  equal  to  the  total 
E.M.F.  (the  sum  of  the  impressed  and  that  of  self-induction) 
divided  by  the  resistance ;  and,  if  R  is  the  resistance  per  unit 
length  and  we  assume  the  back  E.M.F.  of  self-induction  per  unit 
length  to  be  equal  to  the  rate  of  change  of  the  current  multiplied 
by  a  constant  L,  we  may  write 

' SS <2) 

In  some  cases  this  assumption  may  approximately  represent  the 
true  effect  of  selL-induciiou,  au^l  the  results  obtained  from  this 
particular  assamption  may  show  the  nature  of  the  effect  of  self- 
induction  even  in  cases  wuere  the  assumption  is  not  justifiable. 

The  differential  equation  for  potential  is  obtained  by  eliminating 
i  from  (1)  and  (2),  and  is 

^.TP—       liC--0 

d.v'-^^^de-^^^dt-^- 

The  current  equation,  obtained  in  the  same  way,  is  similar  when  i 
is  written  instead  o^  e. 
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The  cjoneral  solution  of  these  equatious  is 

=.(/-C*-.-), 


k,k 

where  e  is  the  Napei'ian   base,  and  7i  and  h  are  constants  to  be 
determined. 

If  the  impressed  E.M.F.  is  harmonic,  and  at  the  origin 
f=Esinw^  where  to  denotes  anguhir  velocity,  the  solution  for  the 
potential  at  any  point  of  the  conductor  at  any  time  becomes 

e  =  ^£-^''sm(wt±u.r) (3) 

The  solution  for  the  current  at  any  time  across  any  section  of  the 
conductor  is  

i  = p=— e±P'sin{o./  +  «.r+ tan-'^l.  .     .     .     (4) 

vim.  \      —  a/ 

In  these  equations  Ini.  denotes  the  impedance,  (R^+LV)' ; 

/CZ    , ,  /Cct;     .- =^ 

/>='\/   -^T"  vim.— Lw;   and  a=\/  -^Vim.  +  Lw. 

The  solutions  in  equations  (3)  and  (4)  show  that  the  potential 
and  current  are  propagated  in  harmonic  waves  whose  amplitudes 
decrease  with  the  distance  from  the  origin  according  to  a  loga- 
rithmic decrement.  At  any  point  of  the  conductor  the  potential 
and  current  vary  as  simple  harmonic  functions  of  the  time  with 
constant  amplitudes  which  are  cUfferent  for  every  point  of  the 
conductor.      The  current  wave  is  propagated  in  advance  of  the 

potential  wave  by  an  angle  9  such  that  tan  8=^-  This  phase- 
difference  diminishes  with  increase  of  frequency  when  there  is  self- 
induction,  but  becomes  a  constant  angle  of  45°  when  L = 0.  The  wave- 
length is  —  and  the  rate  of  propagation  is  — .     The  wave-length 

and  rate  of  propagation  each  become  less  as  the  self-induction 
increases.  The  wave  of  higher  frequency  will  have  the  shorter 
length  and  be  propagated  the  faster.  This  diiference  in  rate  of 
propagation  of  waves  of  different  frequencies  is  most  marked  when 
there  is  no  self-induction. 

1 
The   distance  at  which  the  amplitude  decreases  to-^th  of  its 

value  is  —  =-^-1 ;:;  the  time  for  the  decrease  is  — r~7i*     ■'^'"^ 

p      2ir  tan  6  w  tan  a 

rate  of  decay  is  most  rapid  when  there  is  no  self-induction.     The 

waves  of  higher  frequency  decay  more  rajjidly  than  those  of  lower 

frequency ;  when  there  is  no  self-iuductiou  this  difference  in  the 

rate  of  decay  is  the  greatest. 
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The  diiference  in  the  rates  of  propagation  and  decay  of  waves  of 
high  and  low  frequency  doubtless  constitutes  the  limitations  to 
the  use  of  the  telephone.  As  the  several  harmonic  components  of 
a  complex  tone  advance  along  a  conductor,  they  keep  shifting  their 
relative  phases  according  to  the  difference  in  their  rates  of  propa- 
gation and  also  change  their  relative  intensities  according  to  the 
difference  in  their  rates  of  decay,  thus  changing  the  resultant 
combination  tone  ai  d  materially  altering  its  quality.  These  effects 
are  always  present  in  circuits  containing  distributed  static  capacity 
but  are  not  so  marked  when  there  is  no  self-induction. — SWimnns 
Journal,  November  1892. 
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EXPERIMENTS  ON  THE  CONDUCTIVITY  OF  INSULATING  BODIES. 
BY  M.  EDOUARD  BRANLY,  M.D. 

Insulating  bodies  in  a  very  thin  layer  seem  apt  to  become 
conducting,  and  their  conductivity  presents  some  peculiar  characters, 
an  idea  of  which  is  given  by  the  following  experiment. 

i'orm  a  circuit  containing  a  Dauiell  cell,  an  ordinary  galvano- 
meter, and  fine  metallic  filings  contained  in  a  tube  of  glass  or 
eboni!;e,  between  two  metallic  rods  acting  as  electrodes.  The 
file-dust  opposes  to  the  curi'ent  of  the  Daniell  cell  an  enormous 
resistance,  often  over  ten  million  ohms,  so  that  the  needle  of  the 
galvanometer  remains  in  equilibrium  at  zero. 

The  thing  being  thus,  if  one  produces  in  that  circuit  a  sudden 
displacement  of  electricity  at  high  potential,  whether  by  exciting 
at  a  distance  a  spark  of  a  Ley  den  jar,  or  simply  by  putting  for  a 
few  moments  a  point  of  the  circuit  in  contact  with  one  of  the 
poles  of  a  battery  of  one  or  two  iiundred  cells,  the  file-dust  will 
easily  convey  the  current  of  the  Daniell  cell ;  its  resistance  is 
lowered  to  some  hundred  ohuis  or  even  less,  and  such  conductivity 
persists  during  many  hours,  or  even  many  days.  It  is  immediately 
and  completely  suppressed  by  a  very  slight  shock  on  the  tube 
containing  the  filings. 

In  order  to  show  that  the  shock  has  not  suppressed  the  con- 
ductivity by  a  modification  in  the  relative  positions  of  the  molecules, 
one  may  take  instead  of  the  tube  with  metallic  filings  another  tube 
containing  a  carefully  made  mixture  of  resin  and  metallic  dust, 
in  proper  proportions,  amalgamated  at  the  temperature  of  fusion 
of  the  resin. 

!Such  a  mixtui'e,  pasty  when  hot,  becomes  solid  and  extremely 
hard  when  cold.  Such  a  tube,  which  presents  an  infini!,e  resistance 
to  the  current  of  a  single  Daniell  cell,  becomes  conducting  under 
the  same  circumstances  as  the  metallic  dust  with  intervals  of  aii* ; 
and  its  conductivity  disappears  also  under  a  slight  shock.  Ton  may 
thus  reproduce  and  suppress  it  alternately  as  often  as  you  wish. 

These  expei'iments  may  be  diversified  in  a  great  number  of 
ways. — Comptes  rendus  de  VAcademie  des  Sciences,  24  Nov.  1890 
and  12  Jan.  1891  ;  Bulletin  dela  Societe  internationale  d'electriciens, 
no.  78,  May  1891.     Communicated  by  the  Author. 
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ON  THE  THEORY  OF  MAGNETIZATION. 
BY  PROF.  DR.  WASSMUTH. 

The  lecturer  lirst  of  all  develops  two  new  formuhe  for  Poisson's 
theory  of  magnetizatiou  by  means  of  an  equation  of  Green's.  If  h 
is  the  magnetizing  number,  V  the  inducing,  Q  the  induced,  and 
y  +  Q  =  ^  the  total  potential,  he  obtains  the  equations 
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which   formuUe   may  in  some  cases  be  advantageously  employed 
along  with  the  usual  one, 
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It  is  tlius  shown  how  simply  (dl  the  known  methods  of  approxima- 
tion for  the  problem  of  magnetization  (Beer,  C.  Neumann,  Eiecke) 
may  be  deduced  from  these  equations,  and  therefore  also  the 
corresponding  series. 

It  is  next  investigated  in  how  far  the  introduction  of  tlie  idea 
"  magnetic  resistance,"  at  any  rate  in  a  special  case,  is  justifiable. 
With  this  view  is  treated  the  magnetization  of  an  incomplete 
ring,  one,  that  is  to  say,  which  has  an  air-break,  and  is  wound  tmi- 
formly  and  completely  with  wire.  By  the  aid  of  a  strongly  con- 
verging series,  the  following  expression  is  obtained  for  the  number 
X  of  lines  of  force  with  a  close  approximation, 

N=  '^'^'^ 


I         ,    /27r^■    / 


\\  here  i  is  the  stretigth  of  the  current,  s  the  number  of  all  the 
windings,  I  the  mean  length  and  EV  the  section  of  the  ring,  \  the 
length  and  E-TT  the  section  of  the  air-break,  and  K  =  l-|-47r/.-  the 
coefficient  of  mngnetic  permeability.  In  the  denominator  there  is 
actually  along  with  the  magnetic  resistance  of  iron  a  sum  which  is 
proportional  to  the  ratio  "  length  :  section  of  the  air-break,"  and 
w  hich  can  be  taken  as  magnetic  resistance  of  the  air-break.  But 
this  calculation   shows   us  also  that  the  factor  with  which  this 

ratio     .appears  multiplied  differs  from  unitv,  by  vhich  what  is 

called  "  the  dispersion  of  magnetic  lines  of  force  "  finds  an  explana- 
tion.— Abstract  of  a  Lecture  (jiven  to  the  Natar.  nied.  Verein  in 
ImisbrucJc.     Communicated  by  the  Author. 
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